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“The focusing or defocusing of paramagnons near
the adatom might change this probability numerically,
but it is hard to see how it could change its energy de-
pendence.

5J. Kondo, Progr. Theor. Phys. 32, 37 (1967).

SE. I. Evzerikhin and G. D. Lyubarskii, in Scientific
Selection of Catalysts, edited by A. A. Balandin ef al.
(Israel Program for Scientific Research, Jerusalem,
Israel, 1968), Vol. XI.

"Where nickel-cobalt is ferromagnetic, the spin fluc-
tuations are (a) noncollective with a gap in their spec-
trum equal to the exchange energy, (b) spin-wave ex-
citations filling this gap. Only the former of these are
considered here, and Eqgs. (3) and (4) must be modified
to allow for the gap. However, spin-wave excitations
will likewise contribute to the desorption.

8E. Ilisca, Phys. Rev. Lett. 24, 797 (1970).
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Anderson’s theory of localization in disordered systems is extended. It is shown that
mobility edges exist, in agreement with the Mott—Cohen-Fritzsche-Ovshinsky model.
As the randomness increases, the mobility edges move inwards into the band, and their
coincidence is termed Anderson’s transition. A criterion is developed restricting the
energy regions where mobility edges can be found; explicit results are obtained for a
Lorentzian distribution of single-site energies.

Recent models of the electronic structure of
disordered materials suppose that there are con-
tinuous bands of extended states with tails of
localized states.”? Current interpretations of
experimental data rest heavily on this notion,?
but no rigorous proof has been given. There
seems little doubt of the existence of localized
states in the tails,® but whether the character of
the eigenstates changes abruptly from localized
to extended at certain critical energies (termed
mobility edges?) remains in question. Anderson?*
had demonstrated that for an electron moving in
a rigid lattice subject to a Hamiltonian with ran-
dom matrix elements satisfying certain condi-
tions, the states in the middle of the band are
localized, and transport ceases when the random
ness in the matrix elements of the Hamiltonian
exceeds a certain critical value related to the
bandwidth. Mott' synthesized Anderson’s result
with the work on localization inthe band tails by
arguing for sharp transitions from localized to
extended states and back to localized states with-
in the band, for randomness smaller than Ander-
son’s critical value. This model, proposed inde-
pendently by Cohen, Fritzsche, and Ovshinsky,?

we refer to as the Mott-CFO model.

We consider the motion of a particle in a three-
dimensional periodic lattice*5 such that at each
site 1l of the lattice the particle can occupy a
Wannier state |fi) of energy €7, The Hamiltonian
is

(TIH @)= embrm* Vi, (1)

where Vi =V, 5. and Vpp=0. The disorder is
introduced into the system by allowing the single-
site energies €y to be random variables; any two
quantities €, € are taken as statistically inde-
pendent whenever the distance 73 is longer than
a finite correlation length. This eliminates long-
range order from our system. For simplicity we
assume that Vpy is a constant, V, for nearest
neighbors, and zero otherwise.

Following Anderson we use as a criterion for
the existence of localized states overlapping with
a given site I=0 the absence of complete diffusion
from this site, i.e., p,,#0, where p,, is the prob-
ability of finding the particle in the state |0) at
¢t =coif initially (¢#=0) it was in |0). It can be
shown that

i S o . .
Doo =s1-1»%}; ‘[wdE Go(E +15)Go(E ~1s), 2)
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where Gy(E) is the 0,0 matrix element of the Green’s function G(E)=(E-H)™'. Equation (2) can be
written as py, = L %f,(E)E, where f,(E) is a positive quantity given by

Jo(B) =ng(ENim, {1 ~[Ay(B + is)~ A(E -is)] /2is} . 3)

Here n,(E) is the contribution to the density of states from site 0, and A (EF)=E=-€,~G, Y (F) is the self-
energy for site 0. Thus, in order to have p,,#0, eigenstates of energy E overlapping with the state
|0) should exist [i.e., no(E)+0] and should be localized fi.e., [1=[Ay(E +is)-Ay(E~is]/2is]"*#0}. The
latter holds when Ay(E) is analytic across the real axis. Isolated singularities in Ay(E) on the real
axis have no importance because #,(E) simultaneously vanishes. Only a branch cut in Ay(E) on the
real axis corresponds to extended states.

It can be shown® that the renormalized perturbation series* (RPS) for Ay (E), i.e.,

- 1 1 1 -
AO(E)-QVORE—€E>—A[?O Vﬁ’O+ E}Z VOE’E_GE_)_AE)O V'r?l E_GI_,_A_I_,O,"I‘I'VIO-‘- ) (4)
n =0
=0, i”

converges to an analytic function apart from l

simple poles everywhere on the complex E plane tirely of extended states, and the solutions of the

except on those portions of the real axis which equation L(E_ ) =1 give the positions of the mobil-
correspond to extended states. Thus an eigen- ity edges E,. L(E) is therefore a localization
state of energy E overlapping with the state [0) function.,
is localized if and only if the RPS (4) converges. Suppose that T is a measure of the degree of
In (4) An»ﬁl' """ is the self-energy corresponding randomness in the system. Then I'=0 corre-
to a Hamiltonian which differs from (1) in that - sponds to the case of a perfect crystal and, since
€Ep TEP T er T, all the eigenstates of the system are then extend-
Following Anderson’s original suggestion, we ed, L(E)r.,>1 for E inside the band, with the
have approached the problem of convergence of equality obtaining at the band edges. On the other
the RPS (4) probabilistically: For each energy hand, when I'~ one can show that Ay(E) ap-
E we find the probability that the series (4) con- proaches zero everywhere and consequently that
verges (diverges). It can be shown® by mathemat-  L(E)F=%0. Assuming that L(E) is a continuous
ical and physical arguments that, when there is function of T for each E, we can conclude that
no long-range statistical correlation among the for each energy E there is a critical value of T,
variables {e=}, there exist two non-negative T'(E), such that for T=>T(E), L(E)<1l. If we
functions L(E) and x(E, s) such that the magni- define T',=max{T',(E)} we see that for T'>T,, L(E)
tude of the Nth-order term of the RPS (4), la N[, <1 for every E and consequently all states are
is sharply distributed” around the quantity xME, localized. This is the Anderson transition. For
s). Moreover when L(E) <1, x(E,s);=5L (E) and 0<I'<T, there are mobility edges at energies
when L(E) =1, x(E, s)s=¢1. The quantity L*(E) E,, satisfying the equation L(E ) =1, which sepa-
is defined as® rate regions of localized from regions of extend-

ed states, in agreement with the Mott-CFO mod-
el. It should be pointed out that Anderson and
also Thouless® have examined the case E =0 and

L*EB)=T Vo, 0r Vi, B ™ Virpor  (5)

10 0y

where have found qualitatively similar results although

1,1{;&0- AL <1nIE"€n"i"Aﬁ’iD' e, G -1{'1), (8) not identical with the estimates to be presented
here.

and Y indicates summation over all the indices One can obtain an order-of-magnitude estimate

fi,» - -fiy with the restrictions i, #0, i, #1,,0, * - -, for the localization function L(E) by neglecting

fi,=fy.y, ***,0. Thus the following theorem sum-  the Az ""i"1in Eq. (6) and by assuming that

marizes our results: the distribution functions for each €3 are identi-

Theorem: Consider the function L(E) defined cal. Then

by (5) and (6.). The regions c?f the energy spec- L(E)~aKV/e, ™

trum for which L(E) <1 consist entirely of local-

ized states, those for which L(E)>1 consist en- where InZ ={n|E-¢;|), and « is a correction
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factor determined by the condition L(E,)r-,=1,
where E, is the band edge. K is the percolation
constant® which is about equal to 2Z/3, and Z is
the number of nearest neighbors. We have ob-
tained explicit results in two specific cases:

(a) when the distribution of €, is a rectangular
one with total width W; (b) when the distribution
of €; is a Lorentzian one of half-width I'. For
case (a) the result for L(E) is identical to Z
xexp(ln| T|) where {In| T|) is given by Eq. (11) of
Ref. 5. In case (b) the result is

L(E)~ZV /(E?+T?)\2, (8)

Anderson’s transition occurs when W =W, and
Ir'=T, for cases (a) and (b), respectively, where

W, ~2.1B, (9a)
T.~3B. (9b)

In Egs. (9), B=2E,=2ZV is the bandwidth. Let
us note that Anderson’s best estimate for W, is
4.3B. Usmg the correspondence iW—r [prob( le, |
<§W)=% and prob(|e;|<T) =3 for the rectangular
and Lorentzian distributions, respectively], we
see that the estimate (9b) for the Lorentzian is
about 25% less than the estimate (9a) for the
rectangular. The fact that the Lorentzian gives
a lower value for the critical randomness is
probably due to its long tails.

A probably better estimate for the quantity
L(E) can be obtained if we replace the quantities
Ag” T " in (6) by Ay, and assume that the sys-
tem is periodic on the average. Then

L(E)~BKVG,, (10)

where B is determined from the condition L(E,) .,
=1 and G, is given by Eq. (6).

Estlmate (10) however invloves the nontrivial
task of evaluating G,=exp{In|G,|). This evalua-
tion can be done exactly for the case where the
€, are independent random variables with a
Lorentzian distribution function. Explicit results
will be reported in detail elsewhere.®

We conclude this Letter by showing that an up-
per limit can be found for the quantity L(E) when

Gr M ()= 85, M U E-X(B)], (11)
where g n->i°'“ r’"" is the 0;,N; matrix element of
the Green’s function corresponding to a Ham-
iltonian of the form (1) with €,=¢€g =+++ ==

and €7 =(e7") =0 for every i# 0,n,*+. X (E)

is in general a complex functlon of E. One can
then show that |9a° T [E=X3(E)] <Gz LR

x[|[E-T3(E)[] if |E-3(E)|> ZV. Thus if we de-

-every R).

fine

£ME)

=2 Vor Se IE-Z E)NWVr 2y Vo (12)
it follows that

L(E)<L(E) for |[E=)(E)|= 2ZV. (13)

However £¥(E) as defined in (12) is nothing else
than the Nth-order term of the RPS for D[ |E
-2 (E)]], where D, is the self-energy corre-
sponding to the periodic case €z ={e7) =0 (for
From the theory of periodic systems
it is well known that the RPS for D (F) converges
if |[E|>ZV. Consequently £(E)<1 for F(E)=ZV/
|[E-Y3(E)|<1. Thus we find that

L(E)<1if F(E)<1, (14)
but that L(E)—~1 as F(E)~-1 only in the limit of
zero randomness. Otherwise L(E) remains less
than one as F(E) becomes equal to unity.

To summarize, if (11) is true then all the
states with eigenenergy E satisfying the relation
F(E)<1 are localized. In the limit of zero ran-
domness the solutions of the equation F(E,’) =1
coincide with the mobility edges E,. For any
finite randomness the mobility edges are always
in the region where F(E)>1. One can estimate
the difference F(E, )~L(E ') =1-L(E,’) as being
o{lmy (E,")/[E —ReZ}(Ec’)]I’/Z} for small ran-
domness. This can be used for estimating the
difference E_~FE ’.

The practical importance of the preceding re-
sults lies in the fact that there are cases where
(11) is satisfied either exactly (case of Lorentz-
ian distribution for €z) or within the framework
of certain approximations [single-site approxi-
mations, most notably the coherent potential
approximation!®!! (CPA)]. We consider the
Lorentzian case here; the case of a binary alloy
has been treated numerically in Ref, 11 via the
CPA. In that paper, L(E) was incorrectly as-
sumed to be equal to F(E). However, the re-
sults reported remain valid because F(E)~ L(E)
where they pass through unity except for the case
of large 6 (see Ref. 11 for definition) and for the
impurity sub-band, where the mobility edges
can be expected from the present analysis to be
well within the region designated there as con-
sisting of extended states. This is why the posi-
tion of the asymptote (Fig. 3 of Ref. 11) as cal-
culated from F(E) differs from the correct one
given by percolation theory.

1447



VoLUME 25, NUMBER 20

PHYSICAL REVIEW LETTERS

16 NOVEMBER 1970

<n(E)D LT

,,,,,,,,,,,

-E, o Ey

FIG. 1. Sketches of the average density of states per
atom ((E)) for three different values of the half-width

T of the Lorentzian distribution of single-site energies.

The mobility edges +E, separate regions of localized
states (shaded) from those of extended states, and al-
ways lie within the interval [-E/,E/]. T is Ander-
son’s critical value of the randomness.

Observing that
In|G(E)|=21im [InG(E +is) + InG(E~is)],
S—D
and using a trick similar to that of Lloyd,'? one
can prove that (11) holds for the Lorentzian case
with 05 (E) =is(E)T, where s(E) is 1 if ImE>0

and -1 if ImFE <0. Thus in the Lorentzian case
F(E) is given by

F(E)=E,/(E*+T?)2, (13)

and consequently all the eigenstates for |E| >E,’
are localized. +E ' are given by F(zE,) =1, ie.,

EC;=(Ebz_I-\2)1/2. (14)

The mobility edges +E_ always satisfy the rela-
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tion E,<E,’ with E,=E,'-O(T'V?/E,}?)~E, as
I'~0. As I increases, +E_ ' move inwards into
the band (and so do the mobility edges +E,), thus
broadening the intervals of localized states at
the expense of extended states. Anderson’s crit-
ical value I'| is always smaller than T',’ calcu-
lated from E_(I'=T,’)=0. In other words,

r,<T,/ =3B, (15)

and consequently all the states are localized if
I'> 3B. This discussion is presented pictorially
in Fig. 1 through a sketch of the average density
of states per atom ®(E)) for three different val-
ues of the parameter T.
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