
VOr. UME 25, NUMBER 18 PHYSICA 1. RKVIKW LKYTKRS 2 NOVEMBER 1970

out separately, by means of an axially and radial-
ly movable probe. We found, by interferometry,
that the wave signals were primarily concentrat-
ed within the axial length of the T probes or
grids. When the detecting probe was outside of
this region, the signal dropped by 60 dB. Our
measurements indicated that in the axial direc-
tion the waves were essentially standing waves,
with the dominant Fourier components having
twice the probe lengths; i.e., k „'=v/l', etc.
Thus, by approximating the standing waves in
the axial direction with cos(k„'z), cos(k~, "z), we
find from theory that for k

~~
«k~ the dominant

contributions to the matrix elements are given by
k II

=k ~~'+k ~~". By varying the lengths of the re-
ceiving and transmitting probes in the nonlinear
Landau damping experiments, we have verified
that this model of wave excitation gave good
agreement with theory.

In summary, we believe that we have observed
experimentally nonlinear Landau damping of
plasma waves in the presence of an external
magnetic field. The qualitative features of the
experimental results agreed well with the pre-
dictions of the nonlinear Landau damping theory.
In particular, the observed decay of a finite-
amplitude wave into a single perturbed wave can-
not be explained by resonant mode-mode coupling
or parametric theory. The amplitude variation
of the perturbed wave as a function of the pump
wave followed the predictions of the third-order
theory, through at least four decades. The mea-
sured nonlinear wave-particle coupling coeffi-
cient was found to agree with theory within ex-

perimental error. A detailed account of this
work will be published elsewhere.
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bluth and Professor B. Coppi for invaluable dis-
cussions. Technical assistance received from
J. Semler, K. Mann, and W. Lamont is acknowl-
edged. We thank H. Fishman for performing the
numerical integrations.
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Electron cyclotron waves are shown to grow unstably in the presence of small rela-
tive drifts of a warm ion distribution perpendicular to the J3 field. Numerical simula-
tions show that this instability causes anomalous diffusion of plasma across the mag-
netic field and heating of the electron thermal spread to values much greater than the
relative ion-electron drift velocity.

Most methods for heating and confining high-temperature plasma involve a flow of electric currents
normal to magnetic field lines in the plasma. This Letter reports the theoretical properties of a high-

frequency electrostatic plasma instability which is driven by the relative drift of ions and electrons in
such a normal current flow and which is expected to occur and cause anomalous resistance to the cur-
rent in a, wide range of applications. The calculations presented here are done for an infinite, uni-

form, collisionless plasma with a fixed magnetic field B,. The electrons have no drift and the ions
liave a drift v, in the x direction. The ion and electron temperatures are T; =Mv /2 and T, =mv, '/2.
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Because the grmvth rates are large compared with the ion cyclotron frequency, the ions are assumed
to have straight-line trajectories; and the appropriate dispersion x'elation for normal linearized elec-
trostatic waves of the form E„-exp[i(kx-&ut)] is the dispersion relation of Bernstein' for electron cy-
clotron waves with an additional term, the Z' function, ' added to give the ion contribution to the per-
turbed charge density:

Here Q, =eB,/mc is the electron cyclotron fretluency, A. + (kr, )'/2, r, =v, /Q, is the mean electron gy-
roradius, and XD is the Debye length. Figure 1(a) illustrates the source of the instability. Values of
tc/Q, for the first three harmonics of the electron cyclotron waves are plotted against kr, together with
straight lines of slope tc/k =v~ and v~+ v; for the case &u~/Q, =1.0, v, =0.75v„T,=T,, and m/I =1/100.
The instability xesults from a resonance between the otherwise puI ely real electron cyclotron waves
and ions on the positive-slope side of the ion distribution (v~&0), i.e., with velocities less than v~.
Modes vgith some k paxallel to 8, will grow more slowly because of I andau damping of the electron
cyclotron waves. Because the instability is resonant with the ions, the maximum growth rate for each
harmonic occuxs near the point of maximum slope of the ion velocity distribution, which is about
where the electron-wave curves intersect the dashed line ~/k=v, -v, . In fact, all electron cyclotron
waves to the right of the line cu/k =v~ are unstable with the reservation that the growth rates and ini-
tial fluctu3tions IDust be large enough that nonlinear distortion of velocity distr iblltions occurs in jess
than Rn ion gyx'o period.

This instability would not, however, be seen experimentally as electron cyclotron noise in the ion
frame, which is usually the lab frame, because of the drift-velocity Doppler shift. In the limit of
small v, /v, where growth rates are smaller and the resonances occur at large kr„ the electron wave
frequencies are asymptotic to the cyclotron harmonics. Substituting cu = ~a+i@ into Eq. (1) and assum-
ing [y~ «[to„( gives an estimate of the growth rate of the nth harmonic:

y n T ImZ'((u&z-kv~ )/kv;)
Q, 2v'"kr, T; [1 +(kXn)'-(T, /2T;) ReZ'((&vs-kv„)/kv;)]'

' (2)
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FIG, l. (a) The superposition of vs/Q, vs Kr~ for the first three electron cyclotron harmonics and diagonal
straight lines « the velocities v~ +v; (upper dashed linc), v~ (solid line), and v~ -v; (lower dashed line), for the
case ru&/Q~ =1.0, T, /T;=1.0, m/M=1/100, and v~/v, =0.75. (b) The same as (a) but with the exact solutions of
ths dispsrsion 1'slation l.ncludlng indicated valuss of the growth rats'y/Q~. (c) The sxact solution fol' ths .cass (dp/
Q, =5, T, /T;=1.0, m/M=1/100, and v„/v, =0.75.
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For Rll (dII &kvg~ p/Qq 18 posltlve coI'I'espolldlng
to unstable growth. From this expression one
can see that (1) when kXD & 1 there is a (@AD)

attenuation of growth rates, which produces an
effective cutoff for large kko; (2) for kr, large
but kk. D&1 all harmonics have about the same
growth rate because the resonance condition is
IIr, =nv, /(v„-v;); (3) because of this condition
and the fa,ct that the maximum of ImZ' is about
1, y is of the order of Q, v, /v, when v, &v; and
kXD & 1; (4) the growth rates are essentially inde-
pendent of the electron-ion mass ratio; (5) the
Debye length cutoff occuxs at smaller values of
v„/v, in cases of larger ~~/Q, because of the
form of the resonance condition above and the
fa« that », =l11,(Q, /~2~, ). Ther«ore m»e
harmonics will grow in cases with larger &u~/Q, .

Figures 1(b) and 1(c) are plots of co„/Q, vs kr,
with indicated values of y/Q, from computed solu-
tions of Eq. (1) fol tile cRse illustrated ill Flg.
1(a) and for the case &u~/Q, =5.0, v~=0.75v„T,
=T;, and I/M =1/100. For (kiD)'&1 there is a
strong interaction between the electron cyclotron
mode and the ion mode as implied by the pres-
ence of the ReZ' term in the denominator of Eq.
(2). This distortion results in the topological
connection of the harmonic number n with a+1,
where the n =6, k =0 undamped mode is just the
lower hybl ld frequency.

It should be noted that the effect of temperature
ratio and mass ratio is xelatively weak for this
instability. For the set of parameters shown in
Fig. 1(c) but with 0&T;/T, &5, the maximum
growth rate ranges ovex 0.160,&@~„&0.040, .
For the mass ratio M/I =1836 and the same
range of temperature, the maximum growth-rate
range is 0.0640, &y „&0.040, . Although the in-
stability ls nonresonant with the ions for g
the growth rates are only slightly increased over
those in the resonant region.

The Bebye length cutoff implies, of course,
that the instability is most effective with u~-A,
for drifts large compared with the electron ther-
mal speed. %ith the assumptions of phase veloc-
ity greater than the electron or iog. thermal
speed, Eq. (1) reduces to'

For Q,/&o~«1 this equation gives the usual two-
stream instability. Physically, this equation can
be thought of as the inteI'action of the uppex hy-
brid mode with the Doppler-shifted lower hybrid
mode. A necessary condition for instability is

kv„&Q, . For Q, /sr~-1 the mode is quite differ-
ent from the two-stream instability but has a
maximum growth rate only slightly less than the
maximum two- stream value.

Thus the range of paxameters which give rise
to rapidly growing maves is not limited to E,

and co»Q a,s implied by Q ong mho a,iso
considered the dispersion relation of Eq. (1).
As a consequence there is instability when ion
acoustic waves in the absence of a magnetic field
would otherwise be stable.

There appear to be thl ee conditions under which
this instability would be squelched: (1) when the
current drift is removed, which could result
from field diffusion caused by the instability;
(2) wllen tile lnstablllty lleRts tile electl'0118 to 'tile

Debye-length cutoff; (3) when the ions are reso-
nantly heated until the maximum of ID1Z' for the
fundamental is very small and/or lies beyond
the Debye-length cutoff. When v, «v, and IAI~, /Q,
»1, sufficient electron heating is more difficult
to achieve and the third condition, ion heating,
is I1101'e 1mportant. Tllls lnstablllty, llIllike tile
ion-acoustic instability, can be an effective ion-
heating mechanism because the resonance occurs
at or near the point of maximum slope of the ion
velocity distribution.

Numerical simulations of the nonlinear develop-
ment of this instability have been done by the
particle-in- cell method in the three-dimension-
al phase space (x, v„v, ) with a fixed B, and an
artificial gravity, g„applied to the electrons to
give the drift g„. The effect of the B, field on
the ion motion is included in the simulations.
Figure 2(a) is the total E, field energy as a func-
tion of time in plasma periods fox a run corre-
sponding to Fig. 1(b). Figure 2(b) is the energy
history for the first 200 of a total of 400 plasma
periods of a run corresponding to Fig. 1(c). In
both cases the computed and simulation growth
rates agree to within a few percent as they do
for a, number of other x'uns that have been made.
%avelengths of maximum growth rate also agree
within the limits of grid-length quantization.
Full scale on Fig. 2(a) is 0.16 times the total ini-
'tiRl elect1'011 t1181111Rl energy Rlld oil Flg. 2(b} fUll
scale is Q.05. The long-time-scale oscillations
in Fig. 2(b) indicate repeated development, satu-
ration, and decay of the resonant instability at
the wg, velength predicted by the linear theory.
The instability forms repeatedly near the point
of IHRximuDl Slope of the ion velocity distribu-
tion, which point changes in time because of res-
onant heating of iona and because of ion gyxo mo-
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FIG. 2. Electrostatic field-energy histories from the
two cases treated here. The full-scale energies are in
units of the total initial electron thermal energy.

tion. The 400 plasma periods constitute 0.8 ion
gyro period in this second case. During this
time the ion thermal spread, v, , increases by a
factor of 1.7, or a temperature increase of 3.0;
and the electron thermal spread, v„ increases
by 3.6 to a remarkably large 4.8 times v„. The
electrons of course remain quite isotropic in
velocity because of gyro motion.

In addition to heating the plasma, the effective
electrical resistance of the turbulence produces
a drift and diffusion across the 8, field in the y
direction. In the simulation computations the mo-
tion of the guiding-center position, y„of each
simulation particle is followed by integrating the
equation for canonical momentum (written here
for electrons),

dP„/dt = -eE„,
and using the fact that in a uniform B, field the
definition gives

P„=m v„-eA„/c =mv +eB,y/c =mQ, y~

FIG. 3. Mean guiding-center displacement (yz) and

root mean square spread of electron guiding centers
(&yz, ) and ion guiding centers P,y;) j2 about this
mean, from the simulation of the second case I Fig.
2(a)]. These results clearly show anomalous diffusion
perpendicular to the magnetic field.

because the particle's y position for v„=0 is that
of its guiding center. Figure 3 shows the time
dependence of the mean guiding-center position,
(y, ), in the case u&~/Q, = 5 [Figs. 1(c) and 2(b)]
for both particle species —they must be equal be-
cause of momentum conservation —and the root
mean square deviations about this mean, (by, ')'"
and (by„')'", in units of the initial Debye length,
which can be converted to units of c/&u~ if P of the
plasma is given. Such a resistive slippage of
plasma across magnetic field is often associated
with subcritical collisionless shock waves. '
More generally, because lower values of v~/v,
are required by the Debye length cutoff in cases
of larger co~/Q„regions of low magnetic field
in many shock and pinch device plasmas, includ-
ing regions of field reversal, should be suscept-
ible to this instability. However, in some exper-
imental situations the instability demonstrated
here may be prevented from developing by Cou-
lomb collisions of the electrons at a frequency
of the order of the growth rate, i.e., approach-
ing the electron cyclotron frequency 0, . Thus
plasma resistivity might be larger for condi-
tions giving very low and very high collision fre-
quencies with a minimum in between.

Linear analysis including a time-varying mag-
netic field indicates that this instability is essen-
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tially longitudinal until particle energies become
relativistic. One- and two-dimensional numeri-
cal simulation of the cases treated here by a ful-
ly electroDlagnetlc slmulatlon method and with
Rn initial electron temperature of 17 keV (Vtbg/
c = 0.25), i.e., an electron P, = (5/4)' when u&~ /0,
= 5, have shown the development of the instability
to be essentially unchanged by finite P, effects.

The reader may be interested to know that the
instability presented here was initially found with
the numerical simulation code.

The authors are grateful to Dr. E. Hintz for
encouraging study of anomalous resistivity in
connection with low Mach-number collisionless
shocks.
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Magnetic field splitting of the quasiparticle energy states in superconducting aluminum

films has been observed in a tunneling experiment. The magnitude of the splitting was
found to be 2', and is attributed to the magnetic moment of the quasiparticles. The ob-
served tunneling conductance is in qualitative agreement with theory.

%e have observed splitting of the quasiparticle
states in thin superconducting aluminum films in

a parallel magnetic field. The density of states
was obtained" by measuring the tunneling con-
ductance~ dI/d V~ of Al-A120s-Ag junctions Rs R

function of voltage V for various applied magnet-
ic fields, II.

In the absence of a magnetic fieM the quasipar-
ticle energy spectrum in a superconductor is giv-
en by the Bardeen, Cooper, and Schrieffer (BCS)
theory' to be E = (e'+ LP)' ', whel. e e ls the kinet-
ic energy measured from the Fermi surface and

2~ is the energy gap. A magnetic field applied
to a thin superconducting film will act on the

spins of the electrons as well as on their orbits.
Both interactions will change the quasiparticle
spectrum. If the film is thin enough, however,
the effect of the field on the electron orbits will

be negligible compared with the effect on the elec-
tron spins, provided the spin-orbit splattering

rate is sufficiently small. In this case the quasi-
particle spectrum becomes simply Ei i= (e +& )'
+ p&, where p, is the electron magnetic moment.
It will be shown later that our samples fulfill the
above conditions. As a consequence we would ex-
pect the total tunneling density of states to con-
sist of the addltlon of two BCS-type density-of-
states curves shifted in voltage by +)JH/e with re-
spect to the curve in the absence of field. '

This behavior has been observed experimental-
ly as shown in Fig. 1, where (dI/dV), is plotted
versus V for various values of H. The magnitude
of (dI/dV), has been normalized to the normal-
state conductance, (di/dV)„. According to theory
we expect that the energy change of the peaks in
the spi.n-up and spin-down density of states should

be proportional to +H. Figure 2 shows a plot of
the positions of these peaks as a function of &.
The spin splitting agrees well with the simple
theory given above over the entire range of field.


