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The sound velocity in xenon on the critical isochore was determined in Brillouin scat-
tering measurements at scattering angles of 40° and 90°. The sound dispersion calculat-
ed from our data, ultrasonic data, and other Brillouin data agrees with the Kawasaki the-
ory for a particular choice of parameters, but the dispersion in the Brillouin velocities
is 2 to 3 times smaller than the theory predicts when values obtained for the parameters

from other experiments are used.

The spectrum of light scattered by a fluid con-
tains a pair of inelastic (Brillouin) components
shifted symmetrically from the incident frequen-
cy by Avg=vq/2m, where q =2K,sinz0 (K, is the
wave vector of the incident light in the medium
and 6 is the scattering angle). Near the critical
point the sound velocity in the low-frequency lim-
it, v,, should approach zero as (T—Tc)“/z, where
a is the exponent which describes the critical
divergence in the specific heat ¢,. For nonzero
frequencies, however, the velocity may approach
a nonzero limiting value as T - T due to disper-
sion associated with the coupling of sound waves
to the critical density fluctuations, as first pro-
posed by Fixman.®

The presence of a dispersion in the sound veloc-

ity of a simple fluid near the critical point was

first reported many years ago by Chynoweth and
Schneider,? whose measurements in xenon re-
vealed a small but definite dispersion in the fre-
quency range 0.25 to 1.25 MHz for (T-T,)S2°C.
A large dispersion in the sound velocity was ob-
served in recent Brillouin scattering experi-
ments® in CO, (in the frequency range 420 to 800
MHz), and the temperature at which this disper-
sion occurred agreed qualitatively with the theory
of Kadanoff and Swift,* which predicts a strongly
temperature-dependent dispersion at a frequency
wg=Xx¢ "2, where x is the thermal diffusivity (x
—E)\/pc,, where A, p, and ¢, are the thermal con-
ductivity, density, and constant-pressure specific
heat, respectively) and £ is the correlation length.
The comparison of the observed dispersion with
the Kadanoff-Swift prediction was made using
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values for x and £ determined in independent
measurements of the Rayleigh linewidth.® Quan-
titative comparison of the Brillouin and ultrason-
ic data for CO, was complicated by the effects of
molecular degrees of freedom.

Sound velocities. —We have performed Brillouin
scattering measurements on xenon on the critical
isochore at scattering angles of 40° and 90° with
a Spectra-Physics model 119 stable, single-fre-
quency, 6328-A laser and a Tropel model 240
piezoelectrically scanned, 5-cm, confocal Fabry-
Perot interferometer. For the temperature rang-
es investigated, the Brillouin shift frequency
ranged from 158 to 189 MHz for 6=40°, and from
302 to 364 MHz for 6 =90°. The sample.cell ge-
ometry and thermostat are described in Henry,
Swinney, and Cummins.® The sample used in the
present experiment, filled with gas from a differ-
ent lot from that used for our other xenon sam-
ple,® has a critical temperature of (16.59+0.02)°C,
in good agreement with the value of (16.606
+0.020)°C obtained for our other sample.

Sound velocities determined from our data are
shown in Fig. 1 along with the Brillouin scatter-
ing results of Cannell and Benedek” for 6 =170°
(the Brillouin shift frequency for these data, also
obtained with 6328-A laser excitation, ranged
from 436 to 576 MHz), and the ultrasonic data of
Garland, Eden, and Mistura® at 0.55 and 5 MHz.
(To avoid confusion the data points are shown only
for the 6 =90° data.) The associated attenuation
data are discussed in a separate publication by
Garland, Eden, and Mistura.? Cannell and Bene-
dek, whose data were obtained with a high-reso-
lution, high-contrast tandem interferometer, are
also publishing a detailed analysis of their spec-
tra separately.”

In this Letter we analyze the dispersion in the
velocity data of Fig. 1, plus additional ultrasonic
data at 1 and 3 MHz, in terms of recent theoreti-
cal predictions by Kawasaki.® The sound velocity
dispersion was computed using the 0.55-MHz ve-
locity data as v, for (I'-T.)= 3°C, but closer to
the critical point the 0.55-MHz velocity data ex-
hibited significant dispersion (e.g., 2.6% at T-T
=0.5°C; see Fig. 1), and hence, for this region
it was necessary to compute v, from specific-
heat data using the expression?©:!

,002 =MT/[C1)(1 —C,)/Cp)], (1)

where M = (0P/8T),2/p? was chosen so that v,
=v(0.55 MHz) at T-T,=3°C.

Kawasaki theory. —Kawasaki® has used his ex-
tended mode-mode coupling theory to investigate
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FIG. 1. The velocity of sound in xenon on the critical
isochore. Brillouin data: A, 6=170° (Cannell and
Benedek, Ref. 7); B, 6=90°, and C, 6=40° (present
experiment. Ultrasonic data: D, 5 MHz, and E, 0.55
MHz (Garland, Eden, and Mistura, Ref. 8). Static
velocity vy: computed from thermodynamic data for T
~T, <3°C; from 0.55-MHz data for 7-T, > 3°C. The
data points shown are for the 6 =90° Brillouin data.

the coupling of the sound mode to other modes,
and he has obtained the following closed expres-
sion for the sound velocity dispersion!?:

v(w)=vy _kyT*(1-1/2) <3£> 2

v, 2miv 2p3c e \oT/,

) e

where I(w/wg) is given by

w © x? 1
d (E) - fo T+227 [1 " 4(w/wR)"2K2(x)]dx’
with

K(x)=2[1+x%+ (¢x3-x ") arctanx].

In these expressions v(w) is the sound velocity
measured at frequency w (which for Brillouin
scattering is the Brillouin shift frequency Awg),
kg is Boltzmann’s constant, and 7 is the exponent
which describes the departure from Ornstein-
Zernike behavior (n=0.06+0.06). In the mode-



VOLUME 25, NUMBER 17

PHYSICAL REVIEW LETTERS

26 OCTOBER 1970

mode coupling theory the thermal diffusivity has
the same critical behavior as the reciprocal of
the correlation length: x~&72. Since £=£(,€77
[where €= (T-T,)/T.], we can write x =x,€” and
thereby obtain wgr=x£ "2 =x,£, "2€%"

Immediately after Kawasaki reported his re-
sult for the sound velocity dispersion, Barmatz
tested the dispersion formula (2) with his ultra-
sonic data for the sound velocity in He* in the
range 1.5-50 kHz.'® For that comparison £, and
an overall multiplicative constant were taken as
adjustable parameters. The predicted tempera-
ture dependence of the velocity was found to
agree well with the data, but the theory was found
to underestimate the magnitude of the dispersion.

For our comparison of the Kawasaki theory
with the xenon velocity data it is convenient to re-
write Eq. (2) using the thermodynamic relations,

T(8P/8T),%> 1-c,/c,

2,8, 2
Vo P7Cy pc,

’

(8¢ 71/0T) = (86 71/0T),,

where the latter expression is an approximation
valid over the range of temperatures of interest
here. We now define a “reduced dispersion” (D)
which depends only on experimentally determined
quantities:

DRE[v(w}'(-;)]/U , 3)
with
BpT2(1-7/2)? c,\[o£1)\2
F<T)=3Tm5;g—<1-c—,)(—a?)p- @

Now the prediction of the Kawasaki theory is that
the reduced dispersion is equal to the function
I(w/wg). The Dy and the scaled frequency w/wg
are both functions of temperature and frequency,
but in such a way that, according to the theory,
all the data at different temperatures and fre-
quencies should fall on a single universal curve.

Data analysis. —Recent Rayleigh linewidth mea-
surements by Henry, Swinney, and Cummins®
on xenon have determined x,, v, and £, and, as
mentioned previously, the specific heats ¢, and
c, are known for xenon,'*"**"** so the Kawasaki
theory can be compared directly with the velocity
data with no adjustable parameters. The veloci-
ty data extend three orders of magnitude in w and
over more than one order of magnitude in €, so
these data should serve as a thorough test of the
theory.

The experimental results for the reduced dis-

persion are compared with Kawasaki’s theory
[the integral for I(w/wz) was evaluated numeri-
cally] for two sets of the parameters x,, v, &, in
Fig. 2'® (for these plots we have taken n=0). In
Fig. 2(a) the values of the parameters are those
determined in measurements of the Rayleigh line-
width®: x,=6.94X107* cm?®/sec, v=0.751, and
£,=0.606 A (a later best-fit value of £, to the
linewidth data was slightly lower, £,=0.58 R).
The ultrasonic data are seen to be in reasonable
agreement with theory, but the Brillouin scatter-
ing values for the reduced dispersion are approx-
imately 5 times smaller than the theoretical val-
ues.

The parameters x,, v, and &, were all varied
over a large range (v from 0.40 to 0.76) in an at-
tempt to improve the fit of the data to the theory.
Both wg and F(T') have a temperature dependence
which is sensitive to the value of v: wgiz~€3’, and
F(T) is a monotone increasing function for ¥20.6,
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FIG. 2. The reduced sound dispersion in xenon,
scaled according to Kawasaki’s theory: (a) with pa-
rameters from Rayleigh linewidth measurements (Ref.
6), Xp=6.94x107* cm?/sec, v=0.751, and £,=0.606 A;
(b) with the parameters which give the best overall fit
to the data, x,=0.64x 10™* em?/sec, v=0.54, and £
=2.94 A,
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and monotone decreasing for v<0.6.1° The result
for the set of parameters which produced the
best agreement between the theory and all the ve-
locity data is shown in Fig. 2(b). Here the Bril-
louin and ultrasonic data are both in fair agree-
ment with the theory, and the values used for v
and &,, v=0.54 and £,=2.94 fk, agree fairly well
with those obtained from measurements of the
angular dependence of the linewidth and the scat-
tering intensity for xenon!”; however, this value
for v and the value used for X,, X,=0.64x107*
cm?/sec, are in complete disagreement with the
results from Rayleigh linewidth measurements of
the thermal diffusivity.®

In the mode-mode coupling theory**® the criti-
cal behavior of both x and £ is characterized by
the exponent v, but the exponent - obtained for
X in Rayleigh linewidth measurements, Y-y
=0.751+0.004, is significantly greater than the
generally accepted value for v, v=0.64+0.03
(see discussion in Ref. 6). However, Garland,
Eden, and Mistura® have derived Kawasaki’s re-
sults for the sound dispersion®® and attenuation
without the assumption that x and £ are charac-
terized by the same exponent. In this case wy is
given by wg=X,&, 2€” "¥*2”, We have calculated
D" with y—# v, using values obtained for the
parameters from other experiments: x,=6.94
x107* cm?/sec, y—-9=0.751, n=0.06, £, =1.40
A" and v=0.64; for these parameters we have
wg=(3.54 X10'%)e%%® gec™!, The resultant plot of
the reduced dispersion is similar to Fig. 2(a);
however, for this case Dy for the Brillouin data
is 2 to 3 rather than 5 times smaller than the
theory predicts.

The good agreement between the ultrasonic ve-
locity data and the Kawasaki theory is paralleled
by a similar agreement between the theory and
the sound attenuation data of Garland, Eden, and
Mistura®; on the other hand, while we find that
the Brillouin sound-velocity dispersion is 2 to 3
times smaller than the theory predicts when rea-
sonable values are used for the thermal diffusivi-
ty, Garland, Eden, and Mistura® found that the
Brillouin sound attenuation data of Cannell and
Benedek,” when plotted as a function of the scaled
frequency w/2wg, fall on the same curve as the
ultrasonic attenuation data. In their comparison
of the theory with experiment, Garland, Eden,
and Mistura took F(T') as a constant, F(T')=0.30
[in terms of their B, F(T)=B/27], and wg = (2.69
% 10'2)e® sec™!. This value “2” for the critical
exponent for wy is obtained if, for example, the
mode-mode coupling result y-3 =v is combined

1168

with the assumption that v=% (see Ref. 8), but
for this value of v, F/(T') has a significant temper-
ature dependence.'® On the other hand, we have
found that if ¥=0.62, then F(T') is essentially in-
dependent of temperature over the temperature
range of interest, and, moreover, this value of
v, together with the parameters x,="7.58 x10™*
cm?/sec, y=$=0.76, n=0.12, and £,=1.68 A,""
yields F'~0.30 and wg=(2.69 X10'%)e? sec™!, as

in Ref. 8. This set of parameters, in good agree-
ment with other experiments, is nearly the same
as those used in our data analysis discussed in
the preceding paragraph. Thus, by following

the Garland, Eden, and Mistura data-analysis
procedure, we again find that the dispersion in
the ultrasonic velocities is in agreement with the
theory, but the dispersion for the Brillouin veloc-
ity data is 2 to 3 times smaller than the theory
predicts.

Discussion. — Although we have shown that there
exists a set of parameters which brings both the
ultrasonic and Brillouin velocity data into agree-
ment with the Kawasaki theory, it is disturbing
that this requires a thermal diffusivity which is
in complete disagreement with that obtained in
Rayleigh linewidth measurements. For reason-
able values of the thermal diffusivity and the oth-
er parameters, the ultrasonic velocity data and
both the ultrasonic and Brillouin attenuation data
all appear to be in good agreement with the theo-
ry, while the observed dispersion in the Brillouin
velocities is one-half to one-third that predicted
by the theory. Three possible explanations of
this discrepancy have been proposed?:

(1) Perhaps the high-frequency data do not
scale with w/wgz. On the other hand, the Bril-
louin data do fall on a single curve, so apparently
wpg is the relevant scale frequency.

(2) As Mountain and others have pointed out,
the information obtained from Brillouin scatter-
ing experiments (where ¢ is real and w is com-
plex) is not necessarily to be interpreted in the
same way as the information obtained from ultra-
sonic experiments (where w is real and g is com-
plex).?! However, the difference between the re-
sults of the two types of experiments is expected
to be significant only when the sound dispersion
and attenuation are large, while for the data pre-
sented here the largest discrepancy between the
ultrasonic and Brillouin results occurs for the
smallest values of the dispersion, [v (w)—vo]/v0
<0.04.

(3) The range of scaled frequencies w/wg for
which the discrepancy between the ultrasonic and
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Brillouin data is most serious, 0.1 Sw/wgz<100,
corresponds to different temperature ranges for
the two sets of data: 0.15T-T.50.8°C for the
ultrasonic data, and 0.8 ST -T,510°C for the
Brillouin data, where the 7-T .~ 0.8°C crossover
temperature corresponds to w/wg~0.4 for the ul-
trasonic data and to w/wz~80 for the Brillouin
data. Thus if the static sound velocities v, were
correct for T-T,50.8°C but were high by an
amount increasing to several percent at the high-
er temperatures, then this would explain the ob-
served discrepancy; however, the 0.55-MHz
sound velocity data of Garland, Eden, and Mis-
tura, used for v, for T-T.> 3°C, are believed to
be accurate within 1% (see Refs. 8 and 15).

Note added in proof. —The third explanation
above seems most likely, since values for v,
calculated using the Habgood and Schneider!! data
for (8P/8T), in Eq. (1) are approximately 5.5%
lower than the values used in the above analysis.
The Brillouin dispersion calculated using these
lower values for v, is in reasonable agreement
with the Kawasaki theory.
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