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function of N gets more and more flat as y in-
creases, so at very high intensity a large num-
ber of photon multiplicities become almost equal-
ly probable.

~H. R. Reise, Phys. Rev. A 1, 808 (1970).
It is also possible to perform the derivation in Ref.

1 in such fashion as to achieve a closed-form result
directly. This work, and further detai]s of the pres-
ent paper, will be published elsewhere.

3y~ is more significant physically than y, since field
intensity is proportional to y2.

We wish to emphasize the dynamical origin of this
zero transition probability, which distinguishes it
from zeros which arise from conservation and sym-
metry principles, such as angular momentum and pari-
ty.

5A complete vanishing of the transition probability
would not be observed experimentally because a fo-
cused laser beam is not truly a plane-wave field as as-
sumed here, and because of approximations inherent
in the intense-field method employed here.

When speaking of large values of N, one must keep
in mind that the results have meaning only when the
constraint ¹u+u' =E2 -E&~ is satisfied, i.e. , Nco
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The time-dependent variation of the photoelectric counting probability has been mea-
sured for a Q-switched single-mode laser, whose steady state is in the neighborhood of
the threshold of oscillation. The mean and the variance of the instantaneous light inten-
sity, at various times and for various pump parameters, are derived and found to be in
very good agreement with the values predicted by H, isken and Vollmer.

The problem of the time evolution of the opti-
cal field produced when a laser is switched on
has been the subject of a number of theoretical' '
and experimental' "investigations. Of the ex-
periments, only one was directly concerned with
the time dependence of the laser statistics.
But while most of the theoretical treatments are
applicable to situations where the final steady
state is not too far above the threshold of oscil-
lation, very few dynamical measurements appear
to have been carried out in this region. Yet it
is in the neighborhood of the threshold that the
results are likely to be most sensitive to the pre-
dictions of the theory. We wish to report the
first measurements of the time development of
the photon counting statistics, for a laser which
is switched from a point far below to a point in
the neighborhood of the threshold of oscillation.
Within the statistical errors, the resuIts are in
very good agreement with the calculations of
Risken and Vollmer, ' which are based on a rotat-
ing-wave van der Pol-oscillator model of the
laser.

The light source for these experiments was a
10-cm long, single-mode He:Ne laser, whose
cavity length couM be controlled by a mirror
mounted on a piezoeIectric ceramic, with the

help of a feedback arrangement, as described
previously. ' The optical pumping was held
constant throughout. By varying the cavity length
we were able to vary the atomic amplification
and thereby maintain the laser in any steady
state from well below to far above the thresh-
old of oscillation. In order to extinguish the
laser we introduced a third, external mirror,
aligned so as to form a stable Fabry-Perot cav-
ity with the laser mirror nearest to it. A Pock-
els cell optical shutter was placed between the
laser and this third mirror. By controlling the
spacing of the external Fabry-Perot cavity, it
was possible to extinguish the laser when the
shutter was opened and to switch the laser on
when the shutter was closed. " The effective
switching time (about 50 nsec) turned out to be
negligible compared with the characteristic rise
time of the laser towards its steady state, which
was of order 100 p.sec. The laser was allowed
to dwell in its steady state for about 20 msec
following the turnon, when it was again extin-
guished, and the switching cycle was repeated
about 30 times per sec. The feedback 1oop con-
trolling the laser intensity was operative only
during the 20-msec dwe11 time in the steady state.

The light beam produced by the laser was al-
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lowed to faIl on a cooled photomultiplier tube,
and the number of photoelectric pulses n regis-
tered during a short time interval from t to
t + T following the turnon of the laser was coun-
ted. This number was used as an address in a
100-channel analyzer, where the data generated
in each cycle were accumulated in the usual man-
ner." The counting time interval T was 2 p,sec,
which was short compared with the rise time of
the laser. By changing the delay time t, and the
steady-state operating point of the laser, as
characterized by the pump parameter o., we
were able to explore the variation of the photon
counting probability P(n, t, a) with t and o..

For a time interval t to t+T which is sufficient-
ly short that the instantaneous light intensity
I(t, n) does not change significantly, the counting
probability p(n, f, n) is simply related to the
probability density P(I, t, o. ) of I, by the formula"

P(n, t, n) = J, (1/nt)(o. IT)"

x exp(-o.IT)P(I, t, e)dI, (1)

in which e is a constant characteristic of the de-
tector. It follows immediately from this equa-
tion that the moments are rela, ted by

and

(n(t, o.)&
= nT(I (t, o. )&,

(n(t, e)[n(t, n) —1]& = n' 'T(I'(t, n)&.

(2)

(3)

Risken and Vollmer' have expressed P(I, t, e) in
terms of the eigenvalues and eigenfunctions of a
certain one-dimensional Schrodinger equation, "
and have computed explicit forms of P(I, t, n),
(I, I., n)&, and ([AI(t, a)]'& for certain values of
the pump parameter n (o. =0, 4, 8). Their results
are expressed in terms of dimensionless inten-
sities I (t, n) and dimensionless times f., which

may be defined, in terms of the pump parameter
a, by'

t = 0.1 l1t/[T, ]

I (t, n) 2 exp( —n'/4)~
(I (~, o.)& v'w 1+4 (n/2)

(4)

where T, is the intensity correlation time, "and
C (x) is the Gaussian error integral. We have

taken advantage of these calculations to make
measurements, and comparison with the theory,
for the same values of o..

In order to make contact with the theoretical
expressions, it was first necessary to identify
the threshold of our laser (n = 0), and to deter-
mine the corresponding correlation time T, ,
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which provides the time scaling according to Eq.
(4). Fortunately, the threshold is easily identi-
fied by the predicted value of the steady-state
normalized second factorial moment, '

( (,o)[ (",o)-1]&/& (, o)&' = /2, (5)

&n&
= (n, &

+ (n, (n, -1)& 5-(n~&,

(n(n —1))= (n, (n, —1)& [1+5(3—2(n, &)]

+25(n, (n. -1)(n, -2)&

(8)

Here 6 is the ratio of dead time to counting time
(5X10 ), and (n~& is the mean number of
counts due to the background light alone, as de-
termined from a separate measurement. As re-
gards the correction for the finite counting time

T, this can be shown'4 to require an increase
of the normalized second factorial moment of
4T/3(I& (at most 0.03 in practice). The cor-
rected moments of n(t, n) were then used to de-
termine the first two moments of I (t, o.) from
Eqs. (2) and (3).

The experimentally derived values of (I(t, a)&

which is obtained from the measurements. With
the laser adjusted to operate at threshold, the
mean number (n(~, 0)& was noted, and the cor-
relation time T, (about 40 psec) was then de-
termined from an auxiliary experiment. This in-
volved measuring the steady-state normalized
second-order factorial moment for various val-
ues of the counting time interval T, from which
the correlation time T, can be obtained by a
straightforward linear extrapolation procedure,
as has recently been described. ' ' ' When the
laser was to be operated at other values of the
pump parameter o., the feedback control circuit
was adjusted until the steady-state mean number
of counts Q(~, n)& satisfied the relation' implied
by Eq. (4),

(n(~, o.)& nv'm exp(-o. '/4)
(~(, o)& 2 1+@'(o'/2)'

Three corrections to the experimental data
were necessary in practice, in order to account
for dead-time (-10 nsec) effects in the counting
circuits, for background light from the laser
gas discharge, and for the finite counting time
interval. As regards the first two effects, if
n, and n refer to the experimentally observed
and to the corrected number of counts, respec-
tively, the corrections to the first two moments
can be shown to be of the form' ' ' '3
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FIG. 1. Variation of the mean light intensity with

time, in normalized units, for three different values
of the pump parameter o. The statistical uncertainties
of the experimental points are too small to show. The
full curves are computed by Risken and Vollmer (Ref. 2).
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FlG. 2. Expanded display of the low-t portion of
Fig. j., with statistical uncertainties of the experimen-
tal points shown. The full curves are those from
Ref. 2.

(I (t, a)) = (2/a)[exp(2at )-I], (9)

for pump parameters o. = 0, 4, 8, together with
the curves of Risken and Vollmer, ' are shown

in Figs. 1 and 2. The laser was switched be-
tween 10000 and 25 000 times for each experi-
mental point. In addition to the indicated statis-
tical uncertainties of the derived values of
(I(t, a)), there is a statistical uncertainty of
about +2%1 in each t value, due to the uncertain-
ty" of [T,]„,. For short times t the predicted
form of I(t, a) is given by

which converges to 4t for sufficiently short t
for all a values, and this is seen to be well
borne out in practice (see Fig. 2). However, it
was found that the extinction of the laser pro-.
duced by the external mirror was not quite com-
plete at t =0, although the initial slope of the
curve was as predicted from Eq. (9). In other
words, the light intensity behaved as if it had
started to rise from (I(t„a))=0 at some slight-
ly earlier tlDle t 0 & 0 We therefore determined
the normalized average intensity before the laser
was switched on, and divided this by 4 to arrive
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FIG. 3. Variation of the normalized variance of the light intensity with time, in normalized units, for three dif-
ferent values of the pump parameter o.'. The error bars represent statistical uncertainties of the experimental
points. The full curves were computed by Risken and Vollmer (Ref. 2).
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at a normalized time ~to~ (-0.02), which was
added to the experimental delay, in order to
make (I(t, n)) =0 at t=0.

The experimentally derived time dependence
of the normalized variance ([AI(t, o.)]') /(I(t, o)),
together with the computed curves of Risken and
Vollmer, ' is shown in Fig. 3. Inevitably, the
statistical uncertainties associated with the sec-
ond moments are much greater than those in
Figs. 1 and 2.

It will be seen that, within the expected uncer-
tainties, the measured and computed values are
in very good agreement. We would like to em-
phasize that no scaling parameters have been
arbitrarily adjusted to produce this agreement.
We conclude that the dynamical predictions of the
nonlinear oscillator theory, no less than the
steady state ones, are very well confirmed.
We would like to express our appreciation to

W. Davis for considerable help with the compu-
tations.
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