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that deformation is expected to occur abruptly
between 86 and 88 neutrons for the nuclei dis-
cussed here. These calculations, which are
based on the Nilsson model, combined with the
Strutinsky normalization procedure, reproduce
the general trend of decreased deformation for
nuclei with 88 neutrons on both sides of Z= 62.
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tial energy is calculated only in the first-order
perturbation theory. Recently Nemeth and Sprung'
have calculated the energy of a system of neu-
trons and protons using the more realistic Reid"
potential and the reaction-matrix theory of
Brueckner and Goldstone. Similar calculations
for a system of neutrons have been done by
Binder, Pierce, and Razavy' and by%ang,
Rose, and Schlenker, ' using different potentials.
These calculations are only carried out in the
first order of the Brueckner-Goldstone theory;
at higher densities than nuclear, higher orders
of that theory become important and are almost
prohibitively difficult to calculate. It is, there-
fore, desirable to have a better knowledge of the
equation of state at high densities (p ~ 10" g/cm')
to construct more realistic neutron-star models,
and even apart from studying the structure of
neutron stars, the problem has an intrinsic im-

A solid-body model for neutron matter is proposed for calculating the equation of
state for densities beyond the nuclear density using the Reid soft-core potential for the
neutron-neutron interaction.

The equation of state for cold, catalyzed mat-
ter ha, s been studied by a number of workers' '
for densities of the order of nuclear density (p
-Sx10"g/cm'). However the extension of the
existing calculations to higher densities is beset
with two difficulties: (i) an inadequate knowledge
of the nucleon-nucleon interaction at high ener-
gies and (ii) the lack of reliable methods for
computing the interaction energy of the system
at densities higher than the nuclear density.
Even if we ignore the first difficulty, the second
one is in itself formidable. The methods used in
the works cited, generally, are designed for
densities near nuclear density and do not work
well at higher densities. For example, Cameron
and his collaborators" have studied extensively
the properties of neutron stars over a wide range
of densities using the velocity-dependent poten-
tial of I evinger and Simmons, ' where the poten-

)125



Voz.UMs 25, RUMBLER 16 P HYSI CAL RK VIE%' LETTERS 19 OCTOBER 19?0

portance from the point of view of understanding
the behavior of highly condensed matter.

In this paper we wish to explore the possibility
of extending the equation of state beyond the nu-
clear density region. For this purpose we pur-
pose a solid-body model for dense neutron mat-
ter" (for simplicity we ignore the presence of
other particles) at zero temperature. The neu-
trons are assumed to form a body-centered cubic
lattice, with lattice distance a such that the neu-
tron at the center of the cell has a spin opposite
to that of the eight neutrons at the corners (such
an arrangement would give the most attraction).
In the lattice calculations we take into account
interactions up to the fourth-nearest neighbors.
The interaction between the neutrons with oppo-
site spins is assumed to be

Vt(s ) 2(~singlet+ ~triplet)i

where the singlet potential is given by the 'So

Reid" potential,

~singlet(S')

= (pr) t(Ae ""+Be 4&" +Ce '"").
The constants &, &, and C (in MeV) are, respec-
tively, -10.463, -1650.6, and 6484. 2 and p. =0.7
fm '. For the triplet potential we make the rea-
sonable assumption that it is purely repulsive
and that it is identical with the repulsive part of

where

2Ã 2E

~ v(a, ,}+— Q ((,.—(,)'v, ,"(a,,). (3)
i&j =1 f&J =1

Here (; is the displacement vector of the ith neu-
tron from its equilibrium position and v;,"(a;,) is
the second derivative of v(r) evaluated at the
equilibrium position. Then the secular equation
for the oscillation angular frequency of the lat-
tice is obtained in the standard way. It is a 6
& 6 determinant which factorizes into two 3 x 3
determinants,

d, + ~x-~'

b,2& a,2

~u ~ a~3

~~2'au

d2+ b2-mu2

13 13

b»&a„=0,(4)

v, (s.) =(p.x) 'Ce

The vibrational energy of the solid can be cal-
culated in the harmonic approximation using
standard methods. " Let N be the number of lat-
tice points in each direction so that there are a
total of 2N' neutrons. Assuming that the dis-
placements from the equilibrium position of the
lattice point are small, the potential energy may
be expanded in Taylor's series,

N32

v r;-r,.

d, = 2o'. +4P sin'y, +4y 2y cos-2y, (cos2y, +cos2y. ,.) + (22/3)5,

16
&, =2a. cosytcosy, cosy, + —Q cos3y, cosy cosy„+—flcos3y, cosy, cosy, ,

f,nt, tl

b;, = 2y sin2@; sin2@,,

a;, = 2& sing; sing, cosy~ +25 sin3y, . siny, . cosy, 26 sing, . sin3@,. cosy~

+ &6 sing; sing, cos3y,

with

i+jtk =1, 2, 3, and lpm~n=1, 2, 3.

Here

e=&v," a, =v "a,
12 „~11

y = v "(W2a) 5= —v " — a
2 I

Fu=ther, m is the neutron mass and ~WSa, a,
v 2a, and n(11)t~2a are, respectively, first-,
second-, third-, and fourth-nearest-neighbor
distances. The maximum (Debye) frequency
given by the combination (0, &ir, ~tr) for (y„
y,) is

(uz&'= (4/m)(o. +P+y+ fl).

y,. = 2' s /X,

where C; are integers such that -~~ -t";

%e assume for the frequency spectrum the Debye

expr ession

g((d) =C(d,
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where C is determined by the condition that the
total number of modes be equal to 6@',

I

J g(u) dry = LV',

which gives

e„„;,=a '[8v, (a&sa) +6v, (a) +12v,(v2a)

+ 24v, (2 (11)'~mg)].

The pressure P is calculated from the relation
C = 18¹/uD'.

p = -e-aQde/dQ. (i4}
The vibrational energy density is then

s „;b= (N'a') 'J —,'Ku) g((u) d&u,

9 h—(d D.4a'

The total energy density is

~ = ~rest+ ~static+~viby

where

c„„=(2/a') mc'

{io)

(12)

The results of the numerical evaluation of
Eqs. (10)-(14) are displayed in Table I for vari-
ous values of the density p =2m/a', and the pres-
sure-energy-density plot is exhibited in Fig. 1.

It may be noticed from Table I that as p in-
creases the sound speed given by c, = c(dp/d~)"'
approaches the velocity of light c. Evidently our
nonrelativistic treatment is no longer applicable
and the oscillations of the neutron should be
treated relativistically. In the absence of such a
theory we have adopted the following procedure:

Table I. The total energy density & and the total pressure P for various val-
ues for the density p. The values of q, the adiabatic index 1 = [(p + e)/p) dp/de,
and dp/dc are also tabulated. Note that in the second, third, and fourth col-
umns the digits after the plus sign refer to an exponent of 10; thus, for exam-
ple, 7.65+14 stands for 7.65x10' .

X=PA erg/ea&

1,145 7 65 + 14 7 28 + 55 2 88 + 55 Q 476

1i120 8.iS + 14 7+99 + 55 5i08 + 55 0 451

1.090 8.87 + 14 8.94 + 55 5.52 + 55 0.595

1.060 9.65 + 14 1.01 + 56 4.14 + 55 Q.565

1 050 1 05 + 15 1,14 + 56 4 98 + 55 0 542

1,000 1 15 + 15 1 29 + 56 6~0? + 55 0,525

0+970 1+26 + 15 1.48+ 56 7.48+ 55 0.507

0+940 1+58 + 15 1+71+ 56 9+51+ 55 0+295

0.9X) 1.55 + LS 1.9S + 56 1.17 + 56 0.280

Q.88Q 1.69 + 35 2,54 + 56 1,.48 + 56 QiR69

(hr845 1+90 + 15 2+87 + 56 1e97 + 56 OoR58

0.8M) 2.16+ 35 5.56 + 56 2.66 + 56 048

0+147

Oe577

0~515

0+602

0.668

Qi724

OoVV5

Oe825

0 868

0+911

0.958

0 52

Rg51

2+55

Ri55

0 e576 6+01 + i5 2.45 + 57 Re56 + 57

Qe486 1+00 + 38 6.71 + 57 6e62 + 57

0 284 502+ 38 1675+ 59 1674+ 59

Q.R25 1.01+ 17 6.771+ 59 6.VVO + 59

2o{j3.

2+001

0 M4 1.02+ 38 6.942 + 41 6.942 + 41
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Al

O
UJ

a 37-

(30

range. For p) 2.2x10", as pointed out earlier,
the vibrational energy should be calculated rel-
ativistically. We have, however, adopted a sim-
plified procedure for the purpose of the present
calculation.

The proposed model therefore offers a possi-
bility of extending the equation of state beyond
the nuclear density. Admittedly, our model is
somewhat idealized from the point of view of cal-
culating the structure of highly condensed neutron
stars in that it neglects the presence of protons,
electrons, and other particles. Nevertheless, at
least for neutron matter, our calculations indi-
cate the nature of the equation of state at high
densities.

It is a pleasure to thank Professor H. A. Bethe
for suggesting the investigation and for a very
helpful correspondence. Thanks are also due to
Dr. V. Gupta, Dr. V. Mubayi, and Dr. A. K.
Rajagopal for discussions.
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LOG ENERGY DENSITY (ERG/CM )

FIG. 1. Log pressure versus log energy density.

When c, comes close to c at p-2. 2x10"g/cm',
we set dp/d& = 1 and thereafter compute p and e

with the help of Eq. (14),

de/da = -(3/a)(e+p).

In the high-density limit then p tends to & in
agreement with Zel'dovich's" result for a purely
repulsive Yukawa potential. For low densities
we cannot reliably extend our calculations below
p-7. 5x10" g/cm' since the lattice structure be-
comes unstable as a result of the potential ap-
proaching its point of inflexion.

The calculation of the vibrational energy has
been done in the harmonic approximation for the
density range 7.5 x 10"(p (2.2 && 10" g/cm'. The
physical requirement for the validity of the ap-
proximation that

(8/(uD m) 't'
(&3/2)a

the ratio of the amplitude of the zero-point oscil-
lation to the nearest neighbor distance, be much
smaller than unity is satisfied throughout this
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