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A general method is described for obtaining a map of the variation of the electronic
lifetime over the entire Fermi surface using the Dingle temperatures measured in the
de Haas-van Alphen effect. The method is illustrated by presenting maps of the varia-
tion of the electron-impurity scattering lifetime for Au:Ag and Au: Fe dilute alloys.

We wish to present some preliminary results
in which, for the first time, a map showing the
detailed variation of the electronic lifetime over
an entire Fermi surface has been obtained. We
describe a conceptually simple and general ana-
lytical method for decomposing the orbitally
averaged lifetimes measured in de Haas-van
Alphen (dHvA) experiments to yield local values
of the lifetime. The method requires a detailed
knowledge of the topography of the Fermi sur-
face and of the distribution of electronic veloci-
ties over it. Such information has recently be-
come available for the noble metals' and we illu-
strate the method using two dilute alloys of gold,
Au:Fe and Au:Ag, in which the scattering of
electrons is dominated by the solute.

The determination of local values of the elec-
tronic lifetime over the Fermi surface in a me-
tal is a problem of considerable current interest
as evidenced by the many aspects of this prob-
lem reviewed in the published proceedings of a
recent international conference. ' For such de-

termination, one requires ideally a physical ef-
fect which arises from a local and well-defined
group of carriers. The application of one such
effect, magnetic-field-induced quantum states,
to study most elegantly the anisotropy of elec-
tron-phonon scattering in copper was reported
recently in this journal. The tilted-field Gant-
makher effect has similarly been used in potas-
sium. ' While in principle such effects may be
employed to study the scattering of electrons by
imperfections other than phonons, their applica-
tion is confined to materials of high purity rela-
tive to those which may conveniently be studied
by means of the dHvA effect. The work reported
here, while at an early stage, is intended to il-
lustrate that the dHvA method may be used to
explore in some detail the anisotropy of electron-
impurity scattering for dilute alloys of relatively
high solute concentrations. Demands upon ma-
terial characterization are thus less stringent
for the dHvA method which has the further advan-
tage that problems inherent in the preparation of
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(T ')=r 'ddt/T(t),

which may be expressed as a line integral,

(2)

(
1 1" ds + " ds() (3)T. sT(s) 2vm*„r(s)v(s) sin[v(s), H]

using the Lorentz force equation where s is the
tangential velocity along the orbit, v(s) is the
local Fermi velocity, and m* is the cyclotron
effective mass for the extremal orbit. g is an
angle in a plane normal to H which specifies the
orientation of the projection k ~ of the f vector
on to this plane, for a state on the extremal or-
bit. Using reduced (free electron) units, ' (3) be-
comes

(~ ') =(2'*) ' f [dq/T(q)] W„(q).

Here W~(q) is an anisotropic weight function

k~(q) [1+(k~ 'dk~/dry)']'~' k~'
v(~~) sin[v(q), HJ v(q) k~'

(4)

suitably shaped samples for the surface state
and Gantmakher techniques are also avoided.

One measures from the magnetic field depend-
ence of the dHvA effect the scattering tempera-
ture or Dingle temperature, x, which is directly
related to the scattering of electrons in states
which lie along a narrow well-defined extremal
orbit on the Fermi surface. Brailsford' relates
x to the electronic lifetime 7 at the Fermi sur-
face, by the relation x =k/2&k BT In. general
however, 7 will vary over the Fermi surface,
and the effective level width, 2&kqx, for a par-
ticular extremal orbit is then related to an aver-
age of the reciprocal lifetime around the rele-
vant orbit, '

(~ .. ') = 2wk, x/R.

While a single measurement of x obscures the
variation of lifetime around the orbit, the local
lifetimes may be deduced from a series of such
measurements for different but intersecting ex-
tremal orbits as follows.

Previous authors have not specified how the
average in (1) is determined. However, in the
most general case, the average scattering rate
(~ transition probability) is obtained by summing
the local scattering rates (~ local transition
probabilities). Thus to calculate the orbital
average in (1) we make the assumption that each
local value of the electronic lifetime, 7(t), con-
tributes in proportion to the amount of time dt
spent by the wave vector k in each region along
the Fermi surface orbit. So we write

where f W~(q)dr~ =2'*, which may be evaluated
at arbitrary orientations for the noble metals
using the data of Halse' and consequently can be
checked against experimental measurements of
m*. The determination of T(q) thus reduces to
the computational problem of self- consistently
inverting integrals like (4) to fit Dingle-tempera-
ture measurements corresponding to a variety
of different extremal orbits. Several inversion
schemes may be suggested. Quite generally,
one could express the local electronic lifetime
parametrically in terms of an expansion in spher-
ical harmonics of the appropriate symmetry,
and then adjust the coefficients in the expansion
to best fit the experimental data. A computer
program can then be used to perform iteratively
the least squares fitting of calculated to experi-
mental orbital averages. An alternative ap-
proach, and one which we have adopted in this
preliminary work in order to illustrate the meth-
od, is to construct a generalized model for the
variation of the lifetime and again to best fit the
parameters which describe the model by means
of an iterative least-squares fitting procedure.
Clearly, the results obtained by means of this
second method can only be regarded as approxi-
mate. However, in addition to illustrating the
principles of the method, such an analysis may
be a useful preliminary to the more general ap-
proach, in revealing the gross features of the
scattering anisotropy characteristic of a particu-
lar impurity.

The dilute gold alloys that we have investigated
are 0.237 and 0.51 at.% Au:Ag and 190 ppm Au:

Fe, as determined by both spectrographic anal-
ysis and residual resistivity ratio. Dingle tem-
peratures have been measured for the five ex-
tremal orbits which are observed with the mag-
netic field along the [100], [110], and [111]axes
in goM. For both computational and experimen-
tal reasons it was convenient in the initial exper-
iments to confine measurements to these sym-
metry directions although in general this would
not necessarily be the optimum procedure. Din-
gle temperatures per atomic percent of solute
determined from these measurements, and from
similar measurements for the pure solvent ma-
terial, are summarized in Table I. A computer
program was written to evaluate the 5'„using
the data of Halse' and to perform iteratively the
least-squares fitting of calculated to experimen-
tal Dingle temperatures. A model expression
was used for the lifetime anisotropy having the
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be seen in these maps is that there exists a local,
highly anisotropic electronic lifetime, and that
this anisotropy is strikingly different in Au:Fe
from that in Au:Ag.

Following Ziman, ' the anisotropy of the relaxa-
tion time for Au:Ag may be qualitatively under-
stood as being linked with underlying changes in
the symmetry type~ ox' hybrldlzatlon of the elec-
tronic wave functions at different points on the
Fermi surface. In particular, because wave
functions for the electrons in the neck regions
of the Fermi surface have nearly pure p charac
ter, these electrons are not strongly scattered
by an uncharged impurity, such as Ag in Au,
which is expected to produce only a very local-
ized disturbance of the lattice potential and hence
primarily s-wave scattering. Thus, for such an

impurity, the lifetime of states in the belly (pre-
dominatly s-like) region of the Fermi surface is
expected to be considerably shorter than in the
neck ( p-like) 1'egioii Rs folllld 111 ollr Flg. 1 Rlid

in earlier comparisons of orbitally averaged
neck and belly lifetimes.

One can see that Ziman's argument is suffi-
ciently general that is possible to extend it to
consider othex scattering centers; for example,
a transition-metal impurity such as Fe in Au:Fe.
Qualitatively, we expect particularly strong
scattering in xegions of the Fermi surface where
the conduction-electron wave functions have been
strongly admixed with functions having the same
symmetry type as the impurity-induced distur-
bance to the lattice potential. In the nobel me-
tals the anisotropy of the electronic lifetime can
then also be linked with the Rnisotropy of the
FerIQ1 surfRce itself thRt 18 with its depRrtuI'es
from sphericity, since these departures are
also associated with changing wave-function sym-
metry throughout the Bx illouin zone. The strong-
ly lllcl eRsed scRttel'illg wllicll we fllid lleR1' (101)
in Au:Fe can be interpx'eted in terms of the cor-
responding distortion of the noble-metal Fermi
surfaces near (101). This distortion is largest
in Au and takes the form of a "pushing in" of the
Fermi surface to form a large concave region
extending from [101] toward [001]. This fea-
ture is clear in several Fermi surface calcula-
tions, '" "and is due to the strong admixture
of a d-wave component into the electronic wave
functions near the (101) directions. " Thus, . it
appears that it is this d-like component of the
conduction-electron wave function which is strong-
ly scattered by Fe impurities. Further, the re-
gion of strong scattering at [101] extends approx-

imately 3 times as far toward [001] as toward
[111](Fig. 2), in good agreement with the gen-
eral shape of the concave part of the Fermi sur-
face. It is interesting that Dugdale Rnd Bailyn
have suggested" that the large negative phonon
drag thermopower s which are observed when
transition-metal impurities are added to gold
might be explained if at low temperatures these
impurities produce a large amount of scattering
in the concave regions of the Fermi surface.
Our results for Au:Fe provide rather direct ex-
perimental support for this suggestion, and in
fRct lndlcRte thRt peI'hRps R 81IQllRr RI'guIQent

will hold quite generally for noble-metal alloys
having transition-metal solutes. Thus, we ex-
pect that de Haas-van Alphen maps of electronic
lifetime anisotropy can be of direct use in under-
standing the effect of impurities, or of small
amounts of any other lattice defects, on metallic
transport coeff icients.

It is emphasized that the maps in Figs. 1 and 2

are at present rather crude, based as they are
on a set of five orbitally averaged electronic
lifetimes for each type of scattexing imperfec-
tion. They can readily be improved by extend-
ing the experiments to include a larger number
of orbits in nonsymmetIy directions, for each
of wlllcll m+ iI1 (5) II1Ry Rlso be detel'111111ed by
the dHvA technique, and then to employ a more
general fitting procedure such as that based on
cubic harmonics as mentioned. Such work 1s
curx'ently in progress. These maps do however
demonstrate convincingly the quite different elec-
tron scattering anisotropies in two cases where
the scattering is dominated by a specified im-
purity. They also reveal that conclusions per-
taining to scattering anisotropy based on orbital
averages alone, for example, the ratio of neck
to belly Dingle temperatures, can be misleading
This is evidenced by reference to Fig. 2 from
which it is seen that the electronic lifetime va-
ries by -5:1 around the (111) belly orbits.

*National Science Foundation Postdoctoral Fellow;
present address: Department of Physics, University
of Oregon, Eugene, Ore. 97403.

M. H. . Halse, Phil. Trans. Boy. Soc. London 265,
607 (1969).

2Proceedinge of an International Conference on Elec-
tron Mean I'~ee I'aths in Metals, Zurich, Sseitzexland,
2968 (Springer, Berlin, 1969); Phys. Kondens. Mater.
9, (1969).

J. F. Koch and H. E. Doezema, Phys. Bev. Lett. 24,
507 (1970).



VOLUME 25, NUMBER 16 PHYSICAL REVIEW LETTERS 19 OcTQBER 1970

T. G. Blaney and D. Parsons, J. Phys. C: Proc.
Phys S. oc., London 3, 126 (1970).

A. D. Brailsford, Phys. Rev. 149, 456 (1966).
6A. V. Gold, in Electrons in Metals, Simon Ixasex

University Lectures, SoBd State Physics, 2965, edited
by J. F. Cochran and R. R. Haering (Gordon and
Breach, New York, 1968), Vol. I, p. 54.

J. M. Ziman, Phys. Bev. 121, 1320 (1961).
P. E. King-Smith, Phil. Mag. 12, 1123 (1965).
P. T. Coleridge and I. M. Templeton, to be pub-

lished.
' M. Springford, J. R. Stockton, and I. M. Templeton,

Phys. Kondens. Mater. 9, 16 (1969).
B. Sega11, Phys. Rev. 125, 109 (1961).

~ H. %. Morse, A. Myers, and C. T. Walker, J.
Acoust. Soc. Amer. ~33 699 (1961).
' D. J. Hoaf, Phil. Trans. Roy. Soc. London 255, 135

(1962).
J. S. Dugdale and M. Bailyn, Phys. Bev. 157, 485

(1967).

EFFECTIVE ELECTRON AND HOLE INTERACTIONS IN A POLARIZABLE FIELD

S. D. Mahanti* and C. M. Varma
Bell Telephone Laboratories, Murray IIil/, %ezra Jersey 07974

(Received 10 August 1970)

The problem of exciton states is considered in the presence of the interactions of the
electron and the hole with optical phonons. In the two limits exciton Bohr radius x~x
much smaller and much larger than the polaron radii ~, I, *, the problem can be solved
exactly. An interpolation scheme for obtaining results for intermediate values of the
parameter r~„/r~ I,

* is proposed. An effective nonlocal electron-hole potential is ob-
tained which reduces to the physically expected results in various limits.

We consider the problem of an electron and a hole interacting with each other and with longitudinal
optical phonons as a prototype of the problem of two particles interacting with a field. We are motivat-
ed by the availability of experimental results on electron-hole bound states —the excitons in ionic semi-
conductors. We confine our attention to the case that the exciton state has a binding energy E~ small
compared with the insulating energy gap & (Wannier exciton limit). A number of experimental results'
in this limit reveal the importance of optical phonons; for example the measured E~ for Wannier ex-
citons in TlCl and TlBr are an order of magnitude different from that calculated by hydrogenic formu-
la using either the static or optical (high frequency) dielectric constants. It is also equally away from
the calculated value using the existing theoretical potential derived by Haken. '

Our method consists in examining the poles of the t matrix for electron-polaron (ep) and hole-polar-
on (hp) scattering due to Coulomb interactions and interactions mediated by phonons, since these poles
occur at the bound states of the pair. The interaction between the electrons or holes and the phonons
is represented by the Frohlich Hamiltonian. ' This many-body formalism has been outlined by Nozieres~
and has already been used by Sham and Rice to derive the effective-mass equation for the Wannier ex-
citons, considering only the Coulomb interactions between a bare electron and a hole.

The t matrix satisfies the Bethe-Salpeter (BS) equation whose homogeneous part may be written'

t(k, k', q) = Q„-I(k,k";q)G(k"--,'q)G (k" + —,'q)t(k" k'q)

In Eq. (1) G(k) is the single-particle Green's function and k—= (k, &) is momentum-energy four-vector;
k —k2 2q, k' = k,—2q, where k, and k, refer to the ingoing and outgoing electron and q = (Q, ~) is the to-
tal four-momentum carried by the electron-hole pair. Since k and q are fixed parameters, we will
use t(k, k', q)-T(k) for brevity. The single-particle Green's function G for ep and hp are given by the
sum of the coherent and incoherent parts: G =G„h+G;„„where

(2)

G;„,(k, f) =

In (2),

p, (k, E)
~Be(k)+ E ~

(4)
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