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We have observed self-steepening and narrowing of transverse heat pulses in pure NaF
at high input-pulse powers when the ambient temperature is in the ballistic regime of
the thermal-conductivity curve. The details of such nonlinear propagation of heat are
found to be in agreement with the theory proposed by Tappert and Varma, which shows
that under certain conditions heat pulses develop an instability.

In comparison with other systems in which
nonlinear phenomena have been observed, the
nonlinear parameters for the vibrational proper-
ties of solids are quite large. For example, for
a typical insulating crystal the quantity e€=a/
a,, where a, and a, are the second (harmonic)
and third derivatives, respectively, of the inter-
atomic potential and 7 is the lattice spacing, is
of order unity. However, it is usual to linearize
the equations of motion for the atoms in the solid
and obtain for example a diffusion equation or a
wave equation for propagation of heat in solids.
Experimentally, the vibrational properties of
solids are studied either at very low frequencies,
where the available power input is insufficient to
drive the nonlinearities, or by studying propaga-
tion of heat by introducing a differential increase
of temperature. By the second method the phe-
nomena of thermal conductivity, second sound,
and ballistic propagation of heat have been stud-
ied. In this paper we describe experiments in
which we have observed propagation of heat under
conditions in which the nonlinearity and disper-
sive nature of the vibrational properties of solids
is dramatically illustrated.

Recently a great deal of mathematical and nu-
merical-analytic work has been devoted to the
study of nonlinear dispersive waves and a variety
of interesting effects are predicted. The work
relevant to our experiment, and its extension to
cover our special experimental situation, is dis-
cussed in the succeeding paper.!

Our experiment is performed in the ballistic
regime of the thermal conductivity curve, and
we use the method of heat pulses.? In this meth-
od an alloyed metal film, serving as a heater,
is deposited on one end of the solid to be studied
and a superconducting film, serving as a bolom-
eter, on the other. The typical lifetime of a
phonon in a metal is 10~!2 sec and since the typ-
ical width of our pulses is 1077 sec, the heat
pulse is “thermalized” in the heater, so that a
heater temperature T, can be defined. The vi-
brations so generated are transmitted to the solid
under study. In the ballistic regime the mean
free path of phonons is of the order of the size
of the sample so that a temperature in the heat
pulse cannot be defined. The heat pulse merely
serves to launch a packet of phonons at one end
of the solid which travel down the crystal; the
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energy is stored in the vibrations of the atoms covered by the pulse. The atoms covered by the heat
pulse vibrate incoherently with a power spectrum given by3

&lw, Ty, T,) = (7w*/87°)[v, "*(w) + 2v, ~*(w) { [exp(Fw /R T, ) -1] "' ~[exp(iw/k T,)-1]""}. (1)

In Eq. (1) T, is the ambient temperature of the
crystal. For T,>»T,, g(w, T}, T, has its maxi-
mum at 7w, ,, ~2.827T,. In addition, the mean
square displacement of the atoms is approxi-
mately given by

@2 = (97 /mkz00)(T,/6p) (2)

in the MNebye approximation. For propagation
along a symmetry direction, a part of the vibra-
tions so set up travels approximately at the lon-
gitudinal sound velocity and the others at the
transverse velocities. For Zw>-kT,, the lowest
transverse branch has an exponentially decreas-
ing decay rate (~exp[-7Zw/kT,]) into other branch-
es,* and this is the one that shows the nonlinear
behavior.

The heat pulses were propagated along the (100)
direction in pure NaF at an ambient temperature
(1.4 to 4.2°K) which is within the boundary-scat-
tering (ballistic) regime of the thermal conduc-
tivity curve. The single crystal was a piece of

(a)

(c)

‘ double-grown NaF grown by G. Schmidt of Cor-
nell University and was of dimensions 1.9%1.9
x1.1 cm® The 50-Q Constantan heater was var-
ied in size between 5x5 and 9X9 mm?® The in-
dium bolometer® of similar size was biased by
means of a magnetic field and currents up to 30
mA. In order to generate the high heater tem-
peratures necessary for the experiment, the
output of a Hewlett-Packard 214A pulse gener-
ator was amplified such that peak pulse ampli-
tudes up to 500 V could be conveniently obtained.

Figures 1(a)-1(d) show some of the data ob-
tained for different heater powers at an ambient
temperature of 2°K. The pictures were taken
under identical conditions except for the differ-
ent amplifier gains employed to compensate for
the larger signals at the higher powers. At low
powers [Fig. 1(a)] we observe typical ballistic
longitudinal and transverse pulses with a width
somewhat larger than that of the input pulse.®

(b)

(d)

FIG. 1. Power dependence of heat pulses in NaF near threshold conditions. In some of the pictures the input
pulse I is superimposed. Power densities (2) 50 W/cm?, (b) 350 W/cm?, (c) 1000 W/cem?, and (d) 600 W/cm?.
Time scale 0.5 psec/div in (a)-(c) and 2.0 u sec/div in (d). The ambient temperature of the crystal was 2°K. The
amplifier gain is not the same in the various cases. See text.
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Above a threshold pulse power [Fig. 1(b)] a sharp
spike is seen to develop on the usual transverse

pulse. This spike grows dramatically in intensity

and narrows in width with increasing pulse power
[Fig. 1(c)]. Figure 1(d) was taken at an inter-
mediate power level and on a four-times shorter
time scale. It shows both the sharp spike and
the background (diffusive) heating of the sample
at these high powers. In all cases, the width of
the transverse spike at half-height is narrower
than the input pulse width. The peak amplitude
of the transverse pulse in case (c) is 100 times
that in case (a) for a power change of factor 20.
The nonlinear growth of the transverse pulse is
also demonstrated by comparing the relative
amplitudes of the longitudinal pulse (which shows
no unusual behavior) and the transverse pulse

in cases (a)-(c).

It is clear that we are observing nonlinear
propagation of the transverse heat pulse when
the amplitude of vibration of atoms in the pulse
is high enough. The phenomenon depends upon
a competition between dispersion which tends to
broaden the pulse and the nonlinearities which
tend to narrow it. The theory of such effects is
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FIG. 2. Plot of the output width A versus H~1/2
where H is the output-pulse height at fixed input-pulse
width. Estimated heater temperatures are also in-
dicated.

H—1/2

discussed in the following paper.' Here we com-
pare quantitatively some of the predictions of the
theory with the experimental results. The strain
y(& =x-v,t), where v, is the linear group velo-
city of the dominant phonons, is predicted to be
of the form

y(£)=Asech(t/s), ®)

where A~A~!, Such pulses are referred to as
envelope solitons. In the experiment it is the
energy density E ~* that is measured. We have
found that the observed pulse shapes fit a sech?#
behavior to within the experimental error. Equa-
tion (3) predicts that the width of the pulse is
proportional to the inverse square root of its
height H. In Fig. 2, we plot A as a function of
The theory predicts a lower and an up-
per limit on T, based on the consideration that
the typical length in which the instability devel-
ops must be less than both the length of the crys-
tal and the mean free path due to scattering from
defects. The limits are given in terms of the
nonlinearity coefficients and the dispersion.
Unfortunately these parameters are hard to esti-
mate for NaF. Experimentally the lower and
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FIG. 3. Semilog plot of output height H versus square
of input width ¢? at a fixed input-pulse height.
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upper bounds of T,, for our sample of NaF, are
~5 and 10°K, respectively, for an ambient tem-
perature of 2°K.

The theory predicts that the typical length (or
time) for the development of the instability var-
ies as 0”2, where o is the input width. In Fig. 3,
we have plotted the output height H against o®
and find that for small o, H~exp(o?) verifying
that the time constant for the instability does
indeed follow the predicted behavior.

In addition to the experiments described above,
measurements were made in other heater-de-
tector geometries. In one such experiment, a
large heater (1.2x1.2 cm?®) was deposited on one
end and a linear array of three detectors of size
3.5x3.5 mm? was deposited at the other end. It
was found that each detector received approxi-
mately the same amount of energy at all power
levels. Thus power-dependent spatial focusing
effects are unimportant in our experiment. In
another experiment heat pulses were propagated
-approximately 20° from the (100) direction. No
pulse steepening was observed, confirming that
propagation along a symmetry direction is nec-
essary to observe the effects discussed here.

In summary, we have observed nonlinear prop-
agation of heat pulses in solids in excellent agree-
ment with the theory of Tappert and Varma.
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Using an asymptotic analysis leading to a modified Korteweg-de Vries equation and a
nonlinear parabolic equation, it is shown that under certain conditions on phonon disper-
sion and lattice anharmonicity, self-trapping of heat pulses occurs in solids at low tem-

peratures.

In an insulating crystal at an ambient tempera-
ture 7', in the ballistic regime of the thermal
conductivity curve, a heat pulse generated at
temperature T, >T, may be regarded as a collec-
tion of large-amplitude waves propagating on a
nonlinear lattice. The propagation of heat pulses
is determined by the equations of motion,

oo aB, B aBv, B, v
mu " =37 pa;; " u; +EjBZ>lllaijl U;u,

8
+Ej6211)2m5 aijlma By ujﬁulvumé’ (1)
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where ;% is the displacement of the ith atom

in the « direction, and the a@’s are derivatives of
the interatomic potentials. Along a symmetry
direction the propagation of different polariza-
tions decouple (a; j"B~ 8,p) in the harmonic ap-
proximation. Nonlinear terms with B, v, *+*

= a produce self-action effects, whereas non-
linear terms with B, v, -+ * # a produce coupling
to other polarizations and therefore loss (or
gain) to the pulse. Neglecting the short initial
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FIG. 1. Power dependence of heat pulses in NaF near threshold conditions. In some of the pictures the input
pulse I is superimposed. Power densities (a) 50 W/em?, (b) 350 W/em?, (c) 1000 W/em?, and (d) 600 W/em?,
Time scale 0.5 usec/div in (a)-(c) and 2.0 p sec/div in (d). The ambient temperature of the crystal was 2°K. The
amplifier gain is not the same in the various cases. See text.



