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Bemarks are made about the hypothesis of limiting fragmentation. In particular, the
concept of favored and disfavored fragment distribution is introduced. Also a sum rule
is proved leading to a useful quantity called energy-fragmentation fraction.

This paper contains a number of remarks
about the recently proposed hypothesis' of lim-
iting fragmentation.

Further experimental evidence. —Smith, Spraf-
ka, . and Anderson have recently published a
systematic study of the single-particle (m and

n ) distribution in pp collisions in a bubble cham-
ber at five incoming energies from 13 to 28

BeV. This study remarkably confirms the hy-
pothesis of limiting fragmentation. In fact, it
seems that the single-particle distribution al-
ready approaches a limit in that region of in-
coming energies (see Fig. 1). [The main indica-
tion of this fact is that the coefficient a

~i
in Ref.

2 (for four to eight prongs) is experimentally
proportional to p, „, '~'. ] We should emphasize
that the Berkeley work' is the only published
systematic comparative study of single-parti-
cle distributions for several incoming energies.

There have appeared' high-energy z spectrum
measurements in p-Al collisions at 19 and 70
BeV/c. In the projectile system these repre-
sent slow "backward" p fragmented from the
projectile proton (i.e., region A in Fig. 1). A

comparison of the data at these two energies in-
dicates that these backward g -production dif-
ferential cross sections fall with the incoming
energy. %e remark, however, that these dif-
ferential cross sections are one or two orders
of magnitude smaller than the main g -produc-
tion differential cross sections (which are "for-
ward, " i.e. , in region B of Fig. 1, and form the
bulk of the data of Ref. 2). That the approach to
a limiting distribution is slow where the cross
section is small is a general characteristic of
all high-energy processes. [Cf. the approach
to a limit of dc/dt for elastic processes, and
Ref. 1, 53.]

It was emphasized many years ago~ by Pal
and Peters that the ratio p, +/tl, at sea level
remains approximately 1.25 up to 100 BeV.
They formulated from this fact a phenomenolog-
ical model for high-energy collisions. Their
model is in some essential respects consistent
with the hypothesis of limiting fragmentation.
(The main difference seems to be that in their
model, the limiting distributions p» p» etc.
exist, but their integrals are convergent rather
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one can prove that
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FIG. 1. do/dp
~~

distribution for n in pp collisions.
These curves are superpositions of the four-, six-,
and eight-prong fitted curves of Ref. 2, where we take
all p ~ to be 0.2 BeV/c. This procedure is adopted
since we lack the full original information for every
event. It is estimated that the error is ~+5%. The
dotted, dot-dashed, and solid curves are for 12.88-,
21.08-, and 28.44-BeV/e incoming momenta, respec-
tively.

p-ps' s

to mean the fragmentation of a proton into pm'mo

and nothing else under the impact of a p at
infinite energies. In the process p- anything,

than divergent. See R«. 1, &5.

model the incx'easing average multiplicity at
high energies is attributed to a "fireball, "while

in the hypothesis of limiting fragmentation no

fireball is needed to explain increasing multi-
plicities. ) In particular their emphasis on the
significance of the value of p, '/p, at high ener-
gies is quite x'elevant for the hypothesis of lim-
iting fragmentation: If the partial cross section
for low multiplicities were to approach zero at
high energies, the hypothesis of limiting fxag-
mentation mi.ght become untenable. However,
the ratio p'/p. would then approach unity at
high muon enexgies, in contradiction to experi-
mental facts.

A sum rule. —%e shall adopt the notation

One can limit oneself to fragmentations where
the multiplicities remain less than a fixed num-
ber and define a p, (p) for such events, to be call-
ed p, '(p). Then the integral of p, '(p) is conver-
gent, unlike (4). Instead of (6) one would have
pl obably

p, '(p)~(p„) ' for large p„. (8)

(B) One can also prove (2) by considering the

whexe in the first term all quantities refer to a
fragment proton [p is the momentum of a frag-
ment proton, p, (p) is the fragment-proton limit-
ing distribution, etc.], in the second term all
quantities refer to the fragment neutron, etc.
Generalization of (2) to the fragmentation of any
hadron is obvious.

To prove (2) we remark that if in an event a
proton fragments into m particles, the sum of

'(e-PI} over all m fragments is equal to 1
according to Eq. (I-10). We can then attribute
to each fragment a fraction x—=M, '(e-p ~~) of
the event. Summing all such fxactions for all
fragment protons over a large number of events
gives a quantity proportional to the first term
of (2). Similar meaning can be given for other
terms. (2) is then obvious. The following points
are perhaps worth noticing:

(A) Equation (2) implies that each of the inte-
grals on the left side is convergent. On the
othex' hand, the integral' of p, is divergent:

fp, (p)[M, '(e-p „)]d'p = convergent,

fp, (p)d'p = divergent.

Since the divergence occurs in the region of
large pI and finite pg, whel'e 8-pg~(p (() ~ (3}
can be replaced by

fp, (p)(p ~, } d'p = converge tnat large p ~~. (5)

Our speculation, from (4) and (5) and from the
general trend of experimental data, is that

px(p)~(p y) for I»ge p g.

(6) suggests that the average fragmentation mul-
tiplicity (I) increases logarithmically with the
1Qcomlng energy E.
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Table I. Bough estimate of fragmentation fraction
for p X for different fragments X. The estimate
given includes the elastically scattered protons.

Table II. Experimentally observed favored and dis-
favored fragmentations.

Fragment X

p

all 7l s
all K's

Fragmentation
fraction

0.40
0.12
0.40
0.05

Favored

p,"p
7t' = r
x+ = x+p

Bef.

1, 5
6, 7

8

Disfavored

p — - A, K'

p = A, 7t, K'
—p

7r - 7t'

p '=~' A'

Bef.

9
6, 7
6, 7

5

fragmenting proton as a projectile with energy
E&„,=M,y which is very large. In the laboratory
system the energy of the outgoing fragment is
then y(e-p„) = E;„,M, '(e p„). T—hus M, '(e —p„)
is the fraction of E,„,that becomes the energy
of the fragment. The different terms in (2) are
thus, respectively, the averages of such frac-
tions for fragment p's, n's, A' s, w"s, etc. We
thus call the different terms in (2) the energy-
fragmentation fractions, or simply fragmenta-
tion fractions, for p, n, A, g+, etc. , in p-any-
thing. Notice that the first of these is the usual-
ly defined average "elasticity" of the proton.
In Table I we list a very rough estimate of the
fragmentation fraction in p- various particles.

Favored and disfavored fragment distributions.
—Can one say anything about the fragment dis-
tributions? It seems that one can in those cases
where one fragment is slow in the fragmenting
particle's rest system and the others are all
very fast. E.g. , consider P-v v'P where m

is slow and the other fragments fast in the rest
system of the fragmenting proton. Such a frag-
mentation is highly unlikely since it entails the
large acceleration of two positive charges, a nu-
cleon number, a total I of ~, etc. This is indeed
borne out by experimental information. [See
Fig. 3(b) of Ref. 1. The r, function drops rapidly
to zero toward the left. ]

Generalization of the argument leads to many
qualitative features supported by various experi-
ments. Stated concisely, the generalization as-
serts that for those fragmentations p„=cr„+ v

where o„(a delta function) exists because the
fragmentation satisfies certain selection rules
(Ref. 1, &15), ~„does not vanish near its kine-
matic boundary S„[cf. (I-10)];otherwise it van-
ishes. The former type of Y„will be called fa-
vored, the latter disfavored; e.g. , consider w p
—p'+ ~ ~ ~ . For inelastic outgoing highest energy
pions in the laboratory system, z is favored
(since for m there exists a delta-function o,

x=M, -'(e-p ). (10)

Thus for infinite energy, the transformation (p, i,

p„,) —(x', pi) is a simple and finite one. Using x,
the hypothesis of limiting fragmentation can be
easily formulated in terms of distribution func-
tions p, (x, pi)dxd pi, p, (x„p,i; x„p, i)dx,dx,
xd p»d p», etc. There are some advantages
in so doing: Equation (I-10) becomes simply
+x=1. The fragmentation fraction of, say, w'

in the fragmentation of P becomes the average
per collision of the sum of the x's of all p "s

due to elastic scattering), and z' is disfavored.
This is indeed in excellent agreement with exper-
iments, "and explains the dramatic difference
in p' momenta distribution in p p interactions
as exhibited, for example, in Figs. 16 and 17
of Ref. 6.

Other checks with experiments are tabulated
in Table II,

If the concept of favored and disfavored frag-
ment distribution is valid, one could make many
interesting predictions. For example in the co-
herent process

+ nucleus —p p p'+ nucleus,

the most energetic outgoing g would rarely be a
The average energy of the outgoing p

would be higher than that of the outgoing g', etc.
Notice that'these are conclusions that are not
natural in any resonance interpretation of (9).

In 59 of Ref. 1, an argument was given that
for all cases 7, should vanish on the boundary.
That argument was insufficient since it only
proved that a fragmentation with a small b, be-
comes increasingly unlikely. It does not prove
that 7., should vanish, which is a stronger con-
clusion. We now no longer believe that 7., van-
ishes on the boundary for favored fragmentation.

Scaled variable x. —Many authors use" R scaled
variable x equal to P ii*/P ii*i;„„where both P*'s
are measured in the c.m. system. For infinite
incoming energy, I orentz transformation trival-
ly gives
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in the fragmentation process, etc.
But there is also a disadvantage in using x

rather than the laboratory p p: The scaling of
p ~~* involved in defining x renders obscure such
geometrical concepts as the angle between two

outgoing fragment momenta in the laboratory
system. Thus correlations cannot be usefully
discussed with the x variable.

Pionization. —Since there is confusion about
the definition of pionization in the literature,
a few remarks will be in order here. We adopt
the following definition of pionization: Consider
the fraction f of outgoing hadrons that have a
c.m. energy less than a quantity W. For fixed
8', let the incoming energy E;„,go to infinity.
If fapproaches a nonzero limit (for any W), we
say there is pionization. If it approaches the
limit zero, we say there is no pionization. [A
more general form of the definition of pioniza-
tion, w&hich we shall not adopt, is to study the
limit of ffor W= Wo(E;„,)'~', where 0 ~a &1.]
The hypothesis of limiting fragmentation is con-
sistent with either the presence or the absence
of pionization although we favor the absence of
pionization. In either case, all the particles
included in p, (x, p ~)dxd'p ~ [for example, p, =x
x exp(-pp ~')] are fragmentation products and
not pionization products. [This fact was already
emphasized in italics in 57 of Ref. 1. Notice
that our definition of pionization is different
from the definition of Cheng and Wu. " Their
statement that the two definitions are the same
is due to a misunderstanding. ] If there. is pion-
ization, a very important question is whether
there is always pionization or sometimes pioniza-
tion, depending on how the fraction f fluctuates
from event to event.

The variables v and q'. —The variables v and
q' used in inelastic e-p scattering are simply
related to the laboratory variables p ~~ p ~

..

0 = (Zpi) ~ ~=ZPii~

where the sums extend over all fragments of the

target and we have taken the limit I,-„,- ~. Sim-
ilar variables in hadron-hadron collisions should
also prove useful.

Definition of p„.—For identical particles the
definitions of p„, v„, and T„given in Ref. 1 give,
conveniently, a number of relations. As an ex-
ample consider the case where all outgoing par-
ticles are p"s. We have then

P2(pl% P2) P2(P2% Pl)t

f&,p„d'p, .d'p„= (n!)(cr oss section

(12)

for nw'),

~,(p, ) = fo, ( „P.)d'p. +2,fo.(p, P., P.)d'p.d'p,

1
+—0 dgp+ ~ ~ ~

4

(13)

(14)

etc.
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