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tion to the peripheral OPE amplitude is illustrat-
ed in Figs. 1 and 2. These data appear to be ex-
tremely sensitive to the value of g„'.

If, as an approximation, we consider the phase
shifts for l & 5 to be phenomenologically deter-
mined, and treat g,' as a free parameter which
fixes only the phase shifts E ~ 6, we may observe
the variation in (do jdt), , and P as g,' is changed.
Between 250 and 400 MeV we find that this varia-
tion is directly proportional to the change in g„'.
Thus the back-angle data in this energy range
serve as a measure of the pion coupling constant
in n-p scattering.

After completion of this Letter, the authors
learned that Phillips' had proposed the same
mechanism (interference between the long-range
QPE tail and a short-range amplitude) to explain
a narrow peak observed in n-p charge exchange
at -2 GeV. ' Byers' also calculated the high-en-
ergy n-p backward cross section using the coher-
ent-droplet model with an OPE term dominating
for large impact parameter.

The authors wish to thank Dr. J. E. Simmons
for drawing their attention to the interesting fea-
tures of the PPA data, Dr. R. Amdt for stimulat-
ing discussions and for the use of his NN analysis

code, and T. Devlin and R. Mischke for an infor-
mative discussion.
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We present a new scaling law and empirical formulas for the double differential cross
section of secondary production between 10 and 70 BeV. The 0' momentum spectrum
is found to scale according to the square root of the incident momentum, thus reflecting
the importance of the c.m. system in the pionization process. jt is pointed out that the
70-BeV production data of the Serpukhov-CERN collaboration experiment are very likely
too low by a factor of 2.5.

The problem of secondary particle production
is of great importance in two respects. First,
the phenomenon of multiparticle production is so
complex that no theory has yet been really suc-
cessful in interpreting all the experimental data.
Second, the knowledge of the secondary particle
flux from high-energy accelerators is vital to
the planning of experiments utilizing such sec-
ondary beams. Recently, considerable interest
has been focused on the particle production data
from the Serpukhov 70-BeV proton synchrotron.
As will be discussed later, the prediction of the
hypothesis of limiting fragmentation' disagrees

with the data of the Serpukhov-CERN (SC) col-
laboration experiment' by a factor of 6. The
thermodynamical model prediction disagrees
with the SC data by a factor of 5.' The parton
model prediction disagrees with the SC data by
a factor of 3.5.' Liland and Pilkuhn' have de-
scribed a scaling law for fast-pion production
based on the SC data at 70 BeV and the CERN
data, at 19.2 BeV/c. In this paper, we present a,

new scaling law together with an empirical for-
mula and show that the SC data are most likely
too low by a factor of -2.5.

In previous papers' we have constructed empir-
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ical fox mulas mhich meH represent the pion,
kaon, and antiproton production betmeen 10 and
35 BeV/c, based on certain characteristics of the
expel l111ental data. The angular and momentum
distribution of the secondax'ies in the laboratory
system can be represented by

ca~
xexp —. ~ -Fe(P-GP; cos e),

mhere P; and I' are the momenta of the incident
protons and of the secondaries, respectively, 8
is the production angle, and A through H ax e pa-
rametex s to be determined by least-squares
analysis. This formula was designed to x'epro-
duce the existing data between 10 and 35 BeV/c
as quantitatively as possible mith a number of
parameters. The term CP; cos~8 takes care of
some detailed structure of the angular distribu-
tion at lorn secondary energies and can be omit-
ted for our purpose here. It mas found that B= ~

and D =E = 5/3. Introducing new abbreviations
Y'=d'cr/dPdA and X=P/P;, we can rewrite the
formula as

F =AP 'F(X) exp(-CP, )

P'O' =Pe, the production angle is scaled by the
inverse of the incident momentum. Scaling 1am 2
is identical with that of Liland and Pilkuhn and
is illustrated in detail there. ' Scaling lam 1, nev-
ertheless, differs from that of I iland and Pilkuhn
by P ', and differs also from that of the hypoth-
esis of limiting fragmentation which predicts
that the 0' momentum distribution scales linearly
with the incident momentum. ' Let us examine
scaling lam I by the experimental data. In Fig.
l(a) are plotted the 0' v production from P-Be
collision between 11.8 and 23.1 BeV/c. ' I The
13.4-BeV/c data are obtained by extrapolating
the data of Ref. 9 and normaliz, ed by a factor of
2. The necessity of normalizing these data mas
pointed out in our previous analysise and subse-
quently so verified by a nem experimant. ' The
71-BeV/c p-Al data were converted into corre-
sponding p-Be data by a factor of 2.08 in accord
mlth absorption cx'oss sections 1n the respective
reactions, namely 472 and 227 mb. " It is seen
that the 71-BeV/c data join smoothly with the

+Be ~ +ANYT

l00

mith

F(X)=X'"(1-X)exp(-ax"') „ (3)

,d e(Q )

dpd Q

mhereA, B, and C are nem paxaxneters, P, =P8
is the transverse momentum, and F(X) is the
"shape factor" mhich depends only on X. Note
that F(X) is an invariant of P; and commands the
main feature of the momentum distribution. For
the same X and P, Eq. (2) thus provides scaling
lam I:

I (X, P„.P, ) =(P,. /P, )"'I (X, P„.P,),
which means that the paxticle yield for given X
and I', is scaled by the square root of incident
momentum. In particulax', the shape of the mo-
mentum spectrum at 0 (P, =0) for a certain type
of secondary particle is given by F(X) while the
yield is proportional to P ' ' The exponential
distribution of the transverse momentum is a
mell established fact at least to the first approx-
imation. For the same X and P, , it also provides
scaling lam 2:

e =(p, /p, )e,

which means that for given X = P /P =P/P and~

UJ
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2

0.0I.4 ,5 .6 .7 .8 .7 .8 .9 ).0

FIG. l. (a) x production at 0' from P-Be collision
between 11.8 aud 23.1 BeV/c. 0' m production from
p-Al collision at 71.BeV/c is converted into p-Be col-
lision by a factor 2+08. FGUr cQlves predicted by var1
ous authors are also plotted. (Data from Hefs. 2, 8,
9, aud 10.) (b) 0 m production from P-P aud P-Al
collisions. The 19.2- aud 30-BeV/c curves indicate
an energy-dependent scaling law. It is very unlikely
that the 71-BeV/c curve should lie below the 19.2-
aud 30-Bev/c curves (see text).
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11.8-BeV/c data by accident. Four curves ex-
pected, respectively, by our scaling law, by the
hypothesis of limiting fragmentation, by the ther-
modynamical model, and by the parton model are
also plotted. They differ from the experimental
data by factors 2.5, 6, 5, and 3.5, respectively.
To provide further evidence of the energy-depen-
dent scaling law we plot the m data from p-p col-
lisions at 18.8, ' 19.2,"and 30 BeV/c" [Fig. 1(b)J.
The data at 19.2 and 30 GeV/c are obtained by
extrapolating the data of Refs. 12 and 13. We
note that there is definitely an energy depen-
dence in the yield of pions. However, a mean-
ingful scaling law cannot be obtained by com-
paring these data. We emphasize that the 18.8-
and 19.2-BeV/c data disagree with each other by
a factor of -2. We have already mentioned that
the data at 13.4' and 12.3 BeV/c" also disagree
by a factor of -2. It is important to point out
that all these experiments were carried out by
external targets and are supposedly more re-
liable as far as the absolute normalization is
concerned. In light of these inconsistent exam-
ples, it would hardly be a surprise if the 70-BeV
data turned out to be off by a factor of -2.5 as
predicted by our scaling law, especially because
this experiment was carried out by an internal
target with inherent uncertainty in the targeting
factor, in addition to the already less favorable
experimental conditions, such as the fringing
field effect of the synchrotron leading to uncer-
tainties in solid angles, constrained geometry,
etc.

The scaling factor I',.'" can be interpreted as
follows. The c.m. differential cross section of
secondary pions (or kaons, etc. ) varies slowly
as the incident energy, as can be judged from
the slow increase of the mean pion (or kaon, etc. )

energy in the c.m. system. '4 If we assume that

the c.m. differential cross sections are identical
for different P, , the factor P,."' follows directly
from the Lorentz transformation of the forward
longitudinal momentum from the c.m. to the lab-
oratory system. This reQects the importance of
the c.m. system in the multiparticle production
process. Also as a consequence, the scaling
laws cannot be expected to hold for low-energy
secondaries (X( 0.2) as can be seen from
Fig. 1(a).
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FIG. 2. Examples of secondary pion, kaon, and anti-
proton momentum spectra. Curves are calculated by
formula (1) with appropriate parameters given in Ref.
6. (Data from Refs. 8, 9, and 16.)
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FIG. 3. (a} Y(0'}P; '/ X (1-X) plotted against X . The deviation of data from the line at X& 0.8 is dis-
cussed in the text. 30-BeV/c (P-P) aud 71-BeV/c (P-Al) data are properly normalized. (Data from Refs. 2, 8, and
13.) (b) Plot of Y( 5.7 )/Y'(0') against the secondary momentum P. Both (a) and (b) show how formula (2) can rep-
resent the experimental data, . (Data from Refs. 8 and 9.)

Formula (1) proved to be able to represent
well the pion, kaon, and antiproton production
between 10 and 35 BeV.' Examples are shown
in Fig. 2. There is no doubt that formula (2) can
well represent pion, kaon, and antiproton produc-
tion between 10 and 70 BeV. The parameter A

is the normalization factor, 8 dictates the fall-
off slope of the 5/3-power exponential tail of the
0' momentum distribution, and C is related to
the average of the transverse momentum distrib-
ution. Figure 3 shows how the existing data can
fit to formula (2). Figure 3(a) is a plot of Y(0')

P~-i X- (1 X)-I s4, ainst X The dropoff
of the experimental points from the straight line
at X20.8 reflects (1) the kinematical effect near
the production threshold where only single parti-
cles can be produced, and (2) the excess of neu-
tral pions at very low charged pion multiplicity. "
In applying formula (2) such deviation has to be
corrected in the region X& 0.8. Figure 3(b) is
a plot of Y(-5.7')/Y(0') versus the secondary mo-
mentum. Below P& 2 Bev/c, detailed fitting can
be improved by modifying the angular dependence
term to exp[-E8(p —G cosH8)]. Rough estimates
of A, 8, and C can be obtained by means of
Fig. 3, but detailed least-squares fitting to all
data has yet to be carried out.

Our scaling laws are essentially based on about
300 m' data between 10 and 33 BeV. ~ '6 It j.s

reasonable to expect that the same scaling law
should extend to a higher energy range covering
a factor of 3 or even higher. In order to test
various theoretical models as well as predict
secondary particle fluxes from a future genera-
tion of high energy acce1erators such as the Ba-
tavia 500 BeV machine, it is of utmost urgency
to examine experimentally the various scaling
laws up to 70 BeV with internally consistent
data at several incident energies, say 70, 50, 30,
20, and 10 BeV.

The author appreciates discussions with Dr.
D. Berley, Dr. M. L. Shen, and Professor C. N.
Yang.
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Bemarks are made about the hypothesis of limiting fragmentation. In particular, the
concept of favored and disfavored fragment distribution is introduced. Also a sum rule
is proved leading to a useful quantity called energy-fragmentation fraction.

This paper contains a number of remarks
about the recently proposed hypothesis' of lim-
iting fragmentation.

Further experimental evidence. —Smith, Spraf-
ka, . and Anderson have recently published a
systematic study of the single-particle (m and

n ) distribution in pp collisions in a bubble cham-
ber at five incoming energies from 13 to 28

BeV. This study remarkably confirms the hy-
pothesis of limiting fragmentation. In fact, it
seems that the single-particle distribution al-
ready approaches a limit in that region of in-
coming energies (see Fig. 1). [The main indica-
tion of this fact is that the coefficient a

~i
in Ref.

2 (for four to eight prongs) is experimentally
proportional to p, „, '~'. ] We should emphasize
that the Berkeley work' is the only published
systematic comparative study of single-parti-
cle distributions for several incoming energies.

There have appeared' high-energy z spectrum
measurements in p-Al collisions at 19 and 70
BeV/c. In the projectile system these repre-
sent slow "backward" p fragmented from the
projectile proton (i.e., region A in Fig. 1). A

comparison of the data at these two energies in-
dicates that these backward g -production dif-
ferential cross sections fall with the incoming
energy. %e remark, however, that these dif-
ferential cross sections are one or two orders
of magnitude smaller than the main g -produc-
tion differential cross sections (which are "for-
ward, " i.e. , in region B of Fig. 1, and form the
bulk of the data of Ref. 2). That the approach to
a limiting distribution is slow where the cross
section is small is a general characteristic of
all high-energy processes. [Cf. the approach
to a limit of dc/dt for elastic processes, and
Ref. 1, 53.]

It was emphasized many years ago~ by Pal
and Peters that the ratio p, +/tl, at sea level
remains approximately 1.25 up to 100 BeV.
They formulated from this fact a phenomenolog-
ical model for high-energy collisions. Their
model is in some essential respects consistent
with the hypothesis of limiting fragmentation.
(The main difference seems to be that in their
model, the limiting distributions p» p» etc.
exist, but their integrals are convergent rather
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