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would be f- =2( = 4R. The value of /c depends' on
the mean free path 5 in the film. We can esti-
mate 5 for the films of GD from the value A(T)
=2800 A at T, /AT =28.5, calculated from (2) us-
ing the measured depression' of the flux quantum
in one of their cylinders.

Using standard values for the London penetra-
tion depth and coherence length in pure tin and

the well-known formulas for dirty materials, ' we

can estI.mate 5 = 430 A for their material. This
value is rather low compared with values obtained
by others in evaporated tin, so we take it as a
Iver limit and calculate a maximum value &

=0.62. 7sking R=3 &10 cm and t =7 &&10 ' cm
we obtain hoq/k, T, =14~/II, . Thus we might
expect nucleation in two different states over a
range M'-O. lc,/2nR'. However, this should on-
ly be taken as a very loose upper limit on the
range over which fluctuations could be important.
If the cylinder supercools before making the tran-
sition, 4G~ could be much larger; and the nucle-
ation region could well be longer than 4R by the
time it finally closes a loop around the cylinder.

For two reasons we do not believe that the do-
main structure observed by GD is nucleated by
the above thermodynamic fluctuation mechanism.
First, GD observe domains over a range ~
which seems excessively large in view of the
above arguments. Second and more important,
they observe that in ranges of 0 where domains
are present, particular places on the cylinder
are biased in favor of the high state or the low

state for each succeeding n. Furthermore, GD

obtain highLy reproducible domain structures upon
repeated cooling in constant JI. We believe in-
stead that nucleation of the domains observed by

GD is governed by a local variation of ~ along
the cylinder which is probably due to ferromag-
netic impurities in the glass tube which encases
their cylinder. Thus for a range of 0 the local
equilibrium state of the cylinder actually varies
along the length between n and n+1. This means
also that there is little pressure to move the vor-
tices until the applied field is turned off, and we
have shown that the vortices are strongly pinned
well below the transition.

We can conclude then that while domains may
be nucleated in a uniform appLied field by thermo-
dynamic fluctuations, the range of field over
which this effect is important is certainly small-
er than the range over which GD observe domains.
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The current-voltage characteristics of superconducting weak links are measured near
their transition temperature. The effect of thermal fluctuations on these characteristics
is found to be in excellent agreement with a calculation of Ambegaokar and Halperin.

The effects of thermal fluctuations on the cur-
rent-voltage characteristics of Josephson junc-
tions have been the subject of several recent
theoretical and experimental papers. ' 4 The
most reliable experimental results have been re-
ported by Anderson and Goldman4 who measured
the I-V characteristics of an essentially ideal

Josephson tunnel junction at temperatures within
a few millidegrees of the superconducting transi-
tion temperature. Their results are in fair qual-
itative agreement with the calculation of Ambe-
gaokar and Halperin. ' Quantitative comparison
of the experimental and theoretical results was
difficult, first because one of the theoretical as-
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sumptions was only marginally satisfied in the
experiment, and second because there were in-
dications that some external noise was present
in the apparatus. In this Letter we report mea-
surements of the current-voltage characteristics
of superconducting weak links which avoid both
of these difficulties and which are in very good.
quantitative agreement with the predictions of
Ambegaokar and Halperin.

The calculation of Ambegaokar and Halperin is
valid only in the limit that the product of the time
constant of the junction and the Josephson plasma
frequency approaches zero;

(RC) (2eI,/RC) u' = 0 (( 1

where R is the normal resistance of the junction
near the critical temperature, C is the capaci-
tance of the junction, and ~, is the maximum val-
ue of the Josephson supercurrent. The problem
with using the usual oxide-barrier tunnel junction
to test the theoretical predictions is that this
geometry results in such a large capacitance
that expression (1) becomes difficult to satisfy
experimentally. In order to avoid this difficulty,
we have investigated the ~- V characteristics of
thin superconducting films containing a constric-
tion at one point in the film constraining the cur-
rent to pass through the narrow neck or bridge
(such a device is usually referred to as a Dayem
bridge' or as a weak link). The inequality in ex-
pression (1) is more easily satisfied experimen-
tally because the geometry of these weak links
greatly reduces the capacitance of the junction.

The calculations of Ambegaokar and Halperin,
although derived for Josephson tunnel junctions,
should remain valid for weak links since the
only property of the tunnel junction essential to
their results is a current-phase relation of the
form I=I, sing, where p is the quantum phase
difference across the junction. It is well known

that the Josephson effect is a general phenome-
non which appears whenever two superconductors
are coupled together weakly by any mechanism
and that, in general, the current-phase relation
may be any odd, periodic function of the quantum
phase difference across the junction. ' ' It is

only in the limit of ~, going to zero that the cur-
rent-phase relation necessarily takes the form
assumed by Ambegaokar and Halperin (&=&, sinq'),
independent of the mechanism which couples the
super conductors. ' Fortunately, the final results
of the experiments reported here are rather in-
sensitive to the exact shape of this function, es-
pecially at temperatures where noise effects are
large. This fact is discussed in more detail be-
low.

The weak links are fabricated by first evapo-
rating a thin film of Sn approximately 300 A

thick onto a glass substrate. The film is then
scratched using an eleetroetched tungsten point
so that it contains a small bridge of approximate-
ly 2 p, width (measured perpendicular to the cur-
rent flow) and a length of 6 p.. In an attempt to
minimize any external noise incident on the weak
link, the cryostat was surrounded by a Mumetal
shield, reducing ambient magnetic fields to less
than 1X10 ' Oe. In addition, the weak link was
mounted within an aluminum block which pro-
vided electromagnetic shielding. Low-pass
filters, located in an adjacent compartment of
the aluminum block, were inserted in series
with all signal leads, reducing room-tempera-
ture thermal noise and rf interference propagat-
ing down the leads. Many small holes were
drilled in the aluminum block allowing the weak
links to be in direct thermal contact with the
liquid-helium bath. The temperature of this bath
was controlled to within +2 X 10 ' K by vapor-
pressure regulation, and relative temperatures
were determined with an accuracy of +1 x10 ' K
from the helium vapor pressure. Instead of di-
rectly measuring the ~- ~ curve of the weak link,
which would have been difficult because of the
small voltages involved, the differential resis-
tance dV/dI as a function of the current & was
measured using a standard phase-sensitive de-
tection technique at 200 Hz. ' Numerical integra-
tion of the d&/d& versus & curves yielded the cur-
rent-voltage characteristics of the weak links.

Ambegaokar and Halperin's final result for the
time-average voltage 7/' appearing across a junc-
tion, in terms of the reduced variables & —= &/&»

v=7/I, R, and y=I,R/ekTN, is

4g 2'F 2& 1 2& 211 1

(e' -1) ' dq f(y) dq', + Il dq dq'

where

f(q) —= exp[—,
'

y(xq +cosq) ].
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FIG. 1. Current-voltage characteristics of a weak
link at several temperatures near T~. The solid lines
are experimental curves and the dashed curves are a
one-parameter fit with the theory of Ambegaokar and

Halperin. The relevant parameters are (u) T =3.873'K,

y =2.0, I( = 0.16 p, A; (b) T =3.869'K, y =6.2, I) =0.50 p, A;
(c) T = 3.866'K, y = 13, I~ = 1.05 p, A; and (d) T = 3.862'K,

p =28, I~=2.3 pA.

Note that y expresses the ratio of the coupling
energy of the superconductors to the thermal
energy. The concept of an effective noise tem-
perature is explicitly introduced by writing the
temperature as &~. In order to make a compari-
son with the experimental dV/dI versus I curves,
we implicitly differentiated Eq. (2) with respect
to x prior to performing the necessary numerical
integrations.

Figure I shows I-V curves for several values
of & near &,. The dashed lines represent a one-
parameter fit by Eq. (2). The actual tempera, —

ture of the bath was used as the effective noise
temperature &~, and the critical current I, was
adjusted for the best fit over the range 0&I
& 2.5I,. The agreement between the experimental
and theoretical curves is excellent. A more sen-
sitive comparison can be make by considering
the derivative of the I- V curves. Figure 2 shows
representative dV/dI versus I curves for several
values of T near &,. The dashed lines represent
the one-parameter fit by the derivative of Eq. (2).
Again, we have used the actual temperature of
the bath as the effective noise temperature T~
and adjusted I, for the best fit over the 'range 0
&~ & 2 51' Fro m the comparison in Fig. 2, and

Current (~ A)

20

from other data not presented, several conclu-
sions can be drawn. (1) For values of y &10, the
agreement between theory and experiment is es-
sentially perfect. Since this is the region where
noise eff ects dominate the junction characteris-
tics, we conclude that the noise contribution to
the &- V curves of Josephson junctions in the lim-
it of O«1 is completely described by the model
of Ambegaokar and Halperin. (2) For intermed-
iate values of y (15&y & 50), the peak in the
curves of dV/dI versus I consistently falls below
the theoretical values. (3) For y&80, the cal-
culations do not agree exactly with the data for
currents &, &I& 2J,. In particular, the value of
d V/dI falls to its limiting value faster than the
calculations indicate it should.

In an attempt to improve the fit between the ex-
perimental and theoretical results, we have nu-
merically investigated the effect of assuming a
current-phase relation other than I= I, sing. One
form which is particularly easy to treat is that

FIG. 2. Differential resistance-current character-
istics of a weak link at several temperatures near T~.
The solid lines are experimental curves and the dashed
curves are a one-parameter fit with the theory of Am-
begaokar and Halperin. The dotted curve in (b) is a
one-parameter fit using an alternative current-phase
relation to describe the weak link (see text). The rel-
evant para. meters are (a) &=3.871'K, y =3.1, I~=0.25

pA; (b) T =3.862 K, y =28, I~ =2.3 p, A; and (c) T
=3.854'K, y = 80, I)=6.50 p, A.
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of a sawtooth of either positive or negative slope.
These current-phase relations can be integrated
to obtain the free energy as a function of the
phase which can then be inserted into the calcu-
lations of Ambegaokar and Halperin in the ap-
propriate manner. ' The results of numerical
integration lead to the following conclusions:
(1) For values of y& 10, (i.e., for those temper-
atures where noise has the greatest effect on the
I-V curves) the exact form of the current-phase
relation produces little detectable change in
either the calculated I-V or dV/dI Icur-ves.
(2) For greater values of y (15&y & 50), both saw-
tooth current-phase relations yield dV/dI I-
curves which have a smaller peak than the re-
sults using ~=1,sing, but still greater than ob-
served experimentally. These numerical re-
sults are illustrated in Fig. 2(b) by the dotted
curve. For the largest values of y (60&y&100),
the new dV/dI Icurves-again become essentially
identical in shape to those computed using I
=I, sing. We conclude that alternative current-
phase relations do improve the agreement be-
tween the theoretical and experimental results,
but some discrepancies still remain.

As mentioned earlier, the theoretical expres-
sion [Eq. (2) I is exactly valid for 0 «1. This
criterion is satisfied for the weak links used in
these experiments. By observing the hysteresis
in the current-voltage characteristics at temper-
atures well below T, and comparing the results
with the calculation of McCumber, "we are able
to estimate the capacitance of the weak links to
be of order 0.3 pF. With this value of the capac-
itance, and the measured values of 8 and I„ the
largest value of 0 corresponding to the data in
Fig. 2 is less than 0.1.

*Work supported by the Alfred P. Sloan Foundation
under Grant No. BB-1060.

)Alfred P. Sloan Foundation Fellow.
Yu. M. Ivanchenko and L. A. Zil'berman, Zh. Eks-

perim. i Teor. Fiz. —Pis'ma Redakt. 8, 189 (1968)
[JETP Letters 8, 113 (1968)], and Zh. Eksperim. i
Teor. Fiz. 55, 2395 (1968) [Soviet Phys. JETP 28,
1272 (1969)].

V. Ambegaokar and B. I. Halperin, Phys. Bev. Let-
ters 22, 1364 (1969).

3ualitative results on tunnel junctions have been re-
ported by A. A. Galkin, B. U. Borodai, V. M. Svistunov,
and V. N. Tarasenko, Zh. Eksperim. i Teor. Fiz.
—Pis'ma Redakt. 8, 521 (1968) [JETP Letters 8, 318
(1968)]; and T. Shige, Y. Saji, S. Nakaya, K. Uchino,
and T. Aso, J. Phys. Soc. Japan 20, 1276 (1965).

J. T. Anderson and A. M. Goldman, Phys. Rev. Let-
ters 23, 128 (1969).

P. W. Anderson and A. H. Dayem, Phys. Bev. Letters
13, 195 (1964}.

B.D. Josephson, Rev. Mod. Phys. 36, 216 (1964);
Advan. Phys. 14, 419 (1965}.

P. W. Anderson, in Lectures on the Many-Body Prob-
lenz, edited by E. R. Caianiello (Academic, New York,
1964}, Vol. 2; and in Pvogress in Lozv Temperature
Physics, edited by C. J. Gorter (North-Holland, Am-
sterdam, The Netherlands, 1967), Vol. 5.

F. Bloch, Phys. Rev. Letters 21, 1241 (1968), and
to be published.

See, for example, W. L. McMillan and J. M. Bowell,
in Treatise on Superconductivity, edited by B. D. Parks
(Marcel Dekker, New York, 1969), Chap. 11.
toThe function f(y) in Eq. (2) can be written as f(y)

=exp[-U(cp)/T}, where U(p) is the potential energy of
the junction in series with a constant-current source.
This energy consists of two terms, one proportional to
xp, representing the contribution of the constant-cur-
rent source, and a second proportional to the integral
of the supercurrent.
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