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We have studied the ep deep inelastic scattering in a neutral pseudoscalar-meson
theory without imposing a cutoff on the transverse momentum, by summing an infinite
set of diagrams. The main results are that (1) the final particles fall naturally into two
jets, {2) the Bjorken scaling law breaks down, (3) multiplicity of pions increases as
logy, and {4) a longitudinal impact parameter space is realized.

Recently there has been growing interest in the
analysis of high-energy hadron electromagnetic
processes through the parton model" originally
suggested by Feynman. Although the original
parton model is a physical picture of "bits" of
the hadron scattering independently, Drell, Levy,
and Yan' showed that analogous results can be
obtained from a neutral pseudoscalar (ps) meson
field-theory model. Their results are condition-
al on the existence of certain infinite-momentum
limits; these conditions are satisfied in their
model by imposing a transverse-momentum cut-
off on each pion produced. They found that Bjor-
ken's scaling law, ' that vW, (q', v) is a function of
the ratio q /2inv, is satisfied in their model.
They also predict other features of eP inelastic

scattering and of the ee annihilation process.
By introducing a cutoff on the transverse mo-

mentum of the pions, the ps meson theory be-
comes a super-renormalizable theory rather
than a renormalizable theory. In this paper we
shall study the form factor 8', in deep inelastic
ep scattering in a neutral ps meson theory with-
out cutoff. ' The purpose of this study is to find
the characteristic behavior of high-energy ep in-
elastic scattering in a renormalizable theory. In
view of the success of quantum electrodynamics,
which is renormalizable, such a study is certain-
ly desirable. As we shall see, our results are
different in many ways from those obtained by
Drell, Levy, and Yan.

The set of diagrams we considered are shown
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FIG. 1. (a) Set of straight ladder unitary diagrams
considered. (b) Same diagram with two rungs. (c) Same
as (a) with form factor included.

FIG. 2. (a), (b) Some lower-order ladder diagrams
with crossed rungs. (c) Diagram with pions interacting
in different sides of the currents. These diagrams are
not asymptotically important compared with those of
Fig. 1.

in Fig. 1. This is, in a sense, a set of ladder
diagrams. As a first attempt at this problem,
the possible nucleon-antinucleon pair creations
and pion vertex corrections are ignored. It is
not clear to us whether the inclusion of pion ver-
tex corrections would change the qualitative re-
sults of this paper. However, see (f) below.

To each order in the pion-nucleon coupling con-
stant g, we keep only the leading contribution in
q' in our calculation of W, (q', v). W, ,(q', v) a.re,
of course, the form factors of ep inelastic scat-
tering; -q' and p are the invariant momentum
transfer squared and the energy loss of the elec-
tron, respectively, in the lab frame. In the for-
ward, deep inelastic regions,

m'«q', 2mv«s,

where s is the square of the c.m. energy and m
is the proton mass. Here only 8', contributes.

In order to justify our choice of the diagrams
of Fig. 1, we have looked explicitly in lower or-
der at other diagrams. In particular, we found
that diagrams with crossed rungs [Figs. 2(a) and

2(b)] or with pions interacting between nucleons
on different sides of the currents [Fig. 2(c)] are
at least order log(q'/m') smaller than the lead-
ing contribution of Fig. 1. This indicates it may
not be a bad approximation to consider the straight
ladder diagrams.

The results of our calculation can be summar-
ized as follows:

(a) The final pions and proton fall natura. lly in-

to two groups (jets) in which particles in a, given
group move close to each other. The first group
contains all pions emitted before the proton in-
teracts with the current (the outer "rainbow" of
Fig. 1); while the second group contains the final
proton and pions emitted after the proton inter-
acts with the current (the inner "rainbow" of Fig.
1). The longitudinal momentum of the proton at
the time of interaction, measured as a fraction
x of the total longitudinal momentum, is still
governed by the same 5(q'/x-2m v) as in the par-
ton model. This x measures the fraction of the
longitudinal momentum left over by all the pions
emitted before the proton interacts with the cur-
rents.

(b) The scaling law vW, =vW, (q'/2mv) is violat-
ed in an interesting manner. For a process with
n final pions, the partial 8', contains a q-depen-
dent factor [log(q'/m')]". Other than in 5(q'/x
-2m v), the partial W, for n pions emitted after
the current insertion contains no x dependence;
pions emitted before the current insertion intro-
duce further x dependence.

(c) The total form fa, ctor W, is formed by sum-
ming over all pion rainbows. As mentioned
above, W, factors into two parts, each associat-
ed with one group of particles:

1
lim W, (q', v) =, dx 2mA, (q', x)A, (q')

q2, v -+ ~
q2/u fixed

xQ —2m@
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where
g' log(q'/m')f A (q, x)x dx =exp

16 ~(~ 1)

2

A, (g') = (exp, log

The explicit structure of this result is presum-
ably quite model dependent. However, the facts
that A, has a simple exponential structure in the
Mellin transform space and that A, and A2 have
explicit q' dependence may be the general prop-
erties of any renormalizable field theory. In an-
alog to the eikonal form in the impact parameter
space, the Mellin transform space for the longi-
tudinal momentum has a profound physical mean-
ing of its own. We can make the analog more
precise by considering the two sets of variables'

(b„b„A.) = (E,/x, E2/x, K,)

and

(p„p„»a ).
+3 ls the three -direction boost and E, „the
commuting generators of the infinite-momentum
E(2) subgroup, are combinations of boosts and
rotations given by Chang and O'Raifeartaigh. '
These variables form a cornrnuting set of conju-
gate variables. Now the impact-parameter rep-
resentation, which reflects the significance of a
realization in E. .. comes from taking a two-di-
mensional Fourier transform over p, and p, .
Our A. space similarly comes from a Laplace
transform over logx, and reflects a similar real-
ization in K3. X is thus a "longitudinal impact
parameter. "

(d) The number distribution for the pions emit-
ted after the current insertion is a Poisson dis-
tribution. Because of the extra x dependence the
distribution for the pions emitted before the cur-
rent insertion is not Poisson; however, it is
Poisson in the Mellin transform spa. ce. (The ex-
perimentally observed distribution is, of course,
in the x space. ) For the pions emitted after the
current, the average number is

For the pions emitted before the current, the av-
erage number is only simple for small x, when

q2 1 1/2

Fs,=,log, log-
16~i m x

In each case, 6 depends only logarithmically on
q2. There is additional peaking in n, as x be-

comes small, i.e., as the first group of pions be-
comes soft.

(e) The longitudinal momentum distribution of
the pions does not obey the simple dx/x rule, as
suggested by phase space alone, because the in-
tegrand picks up extra x factors from the ampli-
tude. In more complicated field theories, it may
be hard to predict the x dependence of the pion
momenta.

(f) We have seen that the largest momentum
transfer takes place at the photon vertices rather
than the individual pion vertices. This would in-
dicate that inclusion of pure vertex corrections
for the pions might have only small effect, but
that corrections to the photon vertex alone may
be important. Such a correction would just con-
vert the y+ of the photon vertex to

E,(q'b. + (~/2m)E. (q') ~„.q;;

E»(q') are the nucleon electromagnetic form fac-
tors. This is indicated in Fig. 1(c). Inclusion of
this factor slIHply IHUltlplles + 2 given above by
[E(q')]'.' Physically it is clear that the possible
momentum transfer in the process must be
damped by the nucleon form factor.

(g) Inclusion of multiphoton exchange in the
production process, rather than one-photon ex-
change, can be made by using the infinite-mo-
mentum technique. Instead of the single-photon
exchange amplitude, one has an eikonal form
whose driving term comes from one-photon ex-
change. ' The form of 8', will be unchanged.

(h) Finally, we should note that accommodation
of a factor like exp[(g /32ii') log(q'/m')] would
not be a severe strain on the data. For q' run-
ning 1 to 5, this factor varies from 1 to -2.6,
which is consistent with the present data.

To compute the ep inelastic form factors, we
choose a particular frame such that the initial
proton has the four-momentum p+ ——po+p'=1, p~
=0, p =p' —p'=m', and the momentum transfer
to the system is q, = 0(1/s), il, q = 2m v. For
an ep inelastic process of fixed q2 and v, but with
very high energy s, we can ignore the term O(1/
s). Then the hadronic amplitude becomes s inde-
pendent. The leading contribution for the pro-
cess comes from the plus component of the cur-
rent, which leads simply to W, (q, v).

We now give a very rough demonstration of our
method of calculation. The example chosen is
two pions emitted before the current, Fig. 1(b).
We label the momenta of the final particles by

k;"=(x;,k;, [k +li'(m')]/x~)
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where p (m) is the mass of pion (nucleon). The x s are the fractions of the longitudinal momentum
taken by the ith particle in the ep c.m. frame. In terms of x and k, the three-particle phase-space
factor reduces to

, dx, dx, dx3 d'k, d'A2 d'A,

k 2~~2 k 2+ ~2 k 2+~2
x6 + + —2&i v-vl

X$ X2 X3

The last delta function is conservation of the minus component of the total momentum, and eventually
supplies the 5(q'/x-2m v) of the parton model.

The amplitude for this process is

&~(k..)r.(P'-0, k. +-m)r ( p' N, +-m)r, M( p)
[(p-k, -k,)'-m'+ ie][(p-k, )'-m'+ is ]

~ ~, summed and averaged over final and initial spins, is to be integrated over the phase space to
give W, . Since fd'k, d'k, gives the (logq'/m')' term below, only the leading terms in k, and k, are kept
in Q ~~'. Performing the d'k„ the contribution of Fig. 1(b) is then

In the Mellin transform space of x„ the coefficient of 2m 6(q'/x, -2m v) is

g' logq*im')
Nl 16~' x(x+1)

for N=2. This result generalizes for N pions emitted before the current. Summing over N gives
A, (q, x). The method is similar for pions emitted after the current; one finds no further x depen-
dence in this ca.se, leading to A, (q').

The details of this calculation and its applications to other electromagnetic processes, such as
e e' annihilation into hadrons, will be published elsewhere. The authors wish to thank Professor B.
Dashen for a very helpful discussion.
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