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DISCRETE-SPECTRUM WAVES IN THE VICINITY OF CYCLOTRON RESONANCE IN SILVER

J. O. Henningsen
Physics Laboratory I, Technical University of Denmark, DK-2800 Lyngby, Denmark

(Received ll November 1969)

Cyclotron-resonance studies of silver have revealed two additional series of oscilla-
tions, one between the fundamental and the second harmonic, the other above the funda-
mental resonance. These series are caused by the excitation of weakly damped discrete-
spectrum waves propagating perpendicular to the static magnetic field.

Recording the [100] cyclotron-resonance spec- in the [100] direction, and the rf electric field
trum of silver, we observed two additional sets was polarized in the [110]direction. The addi-
of oscillations, one between the fundamental and tional signals were strongest when the magnetic
the second harmonic, and the other above the field was parallel to the surface. A tilt of i' led
fundamental resonance. The cyclotron-reso- to a shift of 2% towards lower magnetic fields,
nance signals are due to belly orbits, and are and at the same time it reduced the amplitudes
adequately described by the Azbel'-Kaner theo- considerably. Two different samples of thick-
ry. ' We show that the additional sets are caused ness 0.7 and 0.45 mm gave identical results.
by weakly damped electromagnetic excitations Both of them had a resistivity ratio of 7500. No
called discrete-spectrum waves. " special precautions were taken to make them

The experimental results are shown in Fig. 1. plane parallel, and they were only polished on
This is not the first observation of cyclotron res- one side.
onance in silver, but previous measurements4 The concept of discrete-spectrum waves was
did not cover the range of magnetic field above introduced for a free-electron model by Kaner
the second harmonic in which we see the addition- and Skobov. ' They noted that a wave can propa-
al oscillations. Our experiments were performed gate weakly damped in a direction almost perpen-
at 45.2 and 70.2 6Hz. In both cases we used su- dicular to a static magnetic field if an integral
perheterodyne reflection spectrometers and 270- number of wavelengths fit into the orbit diameter
Hz magnetic field modulation. The temperature of electrons from the central part of the Fermi
was 4.2'K. The sample surface was parallel to surface. ' This geometric condition selects a dis-
a (110) plane, the static magnetic field pointed crete set of allowed wavelengths. The physical
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FIG. 1. Recording of discrete-spectrum waves in silver. One series is seen between the fundamental and the
second harmonic of cyclotron resonance, the other above the fundamental.
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origin of the nondamping condition is that the in-
teraction between electron and wave cancels out
at the two turning points of the orbit. Here the
interaction is particularly strong because the
electron moves in a plane of stationary phase.
In a magnetic field parallel to the surface all
electrons contribute to the effective conductivity.
However, their orbit diameters vary over the
Fermi surface, and the nondamping condition
can not be simultaneously met by them all. By
tilting the magnetic field slightly, the contribu-
tion from the noncentral electrons is reduced
because of their drift velocity. The effective con-
ductivity is now dominated by the central elec-
trons which all have nearly the same orbit diam-
eter, and wave propagation is possible. The
original work of Kaner and Skobov dealt with the
low-frequency case ~ «~, . Later Blank and
Kaner showed that similar waves exist in the
vicinity of each of the cyclotron-resonance har-
monics ~ =n~„and this prediction has recently
been experimentally confirmed.

It follows that discrete-spectrum waves can
propagate if a group of electrons with nearly the
same orbit diameters dominate the effective con-
ductivity. In the high-frequency case they must
have the same cyclotron frequency as well. The
electrons between the necks of the silver Fermi
surface (the shaded area in Fig. 1) constitute,
to a good approximation, such a group. ' By us-
ing a simplified Fermi-surface model in which
the remaining electrons are neglected, we show
that discrete-spectrum waves can propagate even
when the magnetic field is parallel to the surface.
Further, we show that this causes a periodic
structure in the surface impedance, and we com-
pare the period of this structure with our exper-
imental results.

Let us begin by considering wave propagation
in the infinite metal. The wave numbers of the
propagating modes must satisfy the dispersion
equation imago(q)

q
2

»1 (mks units),

s' 1 1 sin(qD)
cup, iq I q sinh(my) '

&xy &yx Oyy
=

O~

y = i-(u/(u, + I/(u, 7.

(compare with Chambers' ). The x axis is perpen-
dicular to the direction of propagation and to the
magnetic field. The constant s is proportional
to the reciprocal skin depth and is essentially de-
termined by the Fermi-surface parameters.
For fixed q, the conductivity oscillates with two
periods in 1/B. The larger of these comes from
the factors coth(wy) and 1/sinh(my), and reflects
the temporal resonance between the cyclotron
frequency and the frequency of the electromag-
netic field. The smaller period comes from the
factor sin(qD), and reflects the spatial reso-
nance between the wavelength of the Fourier com-
ponent and the orbit diameter of the electrons.
For a free-electron model, the integration over
different orbit diameters will introduce an addi-
tional factor of (qD) "' in front of sin(qD). In
the limit (qD)"'»1, this will destroy the effect
of the spatial resonance as long as the magnetic
field is kept perpendicular to the direction of
propagation.

We discuss the solutions to the dispersion equa-
tion in the limit of an infinite relaxation time.
o(q) is then purely imaginary. Figure 2 shows,
for a fixed magnetic field, the functions q' and
impo(q) for real, positive q. Each of the inter-
sections corresponds to an undamped propagat-
ing wave. Assuming the surface scattering to be
specular, we can estimate the inQuence of such
waves on the surface impedance of a semi-infi-
nite metal. Under this assumption, the expres-
sion (2) for the conductivity holds for all z &0,

q' i&u go'(q-) = 0,

where o(q) is the Fourier transform of the non-
local conductivity appropriate to the infinite me-
dium. The space and time dependence of the
wave, propagating along the z axis, is given by
exp[i(qz-&ui)j. The particular features of the sil-
ver Fermi surface enter in the calculation of the
conductivity. Treating the section between the
necks as a cylinder and neglecting the remaining
part, we obtain, in the asymptotic limit (qD)"'

q/s

s=3.3x10 rn

Do=10.3&&10 m

u/u, = 1.25

FIG. 2. Graphical solution of the infinite-medium
dispersion equation for fixed ~ and B in the limit cuT

Intersections correspond to undamped modes.
Su.rface-impedance anomalies occur when the two
curves touch.
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and the surface impedance is given by'

2tco p. " dq
7T ~, q' t—(d'p(T(q)

Here the solutions to the infinite-medium disper-
sion equation appear as poles of the integrand.
A change in magnetic field causes a change in
the period and the amplitude of o(q). This is ac-
companied by a smooth change in the surface im-
pedance until one of the peaks of i~go(q) just
touches q . When this condition is fulfilled, the
dispersion equation is satisfied for a finite range
of q values, and we get a sudden increase in Z.
This is known from helicon propagation in a semi-
infinite metal, where the touching of the two func-
tions gives rise to the so-called edge anomaly in
the surface impedance. '" In terms of the dis-
persion law of the waves, the condition corre-
sponds to d&u/dq = 0. This means that an undamped
wave causes a change in the surface impedance
at the moment when its group velocity becomes
zero. In the present case the condition is period-
ically fulfilled because of the oscillatory charac-
ter of o(q). To a good approximation the touch-
ing points correspond to sin(qD) =+I, the upper
sign valid for 2n «u/~, & 2n+ 1, the lower for
2n+1&~/&o, &2n+2, where n is an integer.

Inserting this in the dispersion equation (1) we

get, for td7-~, "

parameter s. Using k F
= 1.20 x 10"m

rive at the values indicated in the figure. If we
take the width of the cylindrical Fermi surface
section as 0.7k F, we get from a first-principles
calculation at 45.2 GHz

F ~ =7 6x106m ~ (5)

10-

s& agrees very well with this result, whereas s&,
is too small. From (5) we see that s is propor-
tional to &u"'. We thus expect a ratio of s»,/s„
= 1.16, which is slightly smaller than the ob-
served ratio of 1.24. We believe that the discrep-
ancies are mainly caused by the oversimplified
Fermi-surface model. In our calculation of the
conductivity we neglected the electrons from out-
side the cylindrical section. These electrons do
not give rise to resonances because they cover a
wide range of orbit diameters and cyclotron fre-
quencies. However, they will add a slowly vary-
ing contribution to the conductivity. A quantita-
tive estimate indicates that the inclusion of such
a contribution in (4) will leave s, essentially un-

2&(p-j) =»,$ . , 2n &$ &2n+ I,cosmic-I
—sine)

cosmic+ 1
2w(p ——,') = sD, g , 2n+1&$ &2n+2,—sinn(

n —012
p = 3 4 5 ~ ~ ~

where $ =&a/&u, and D, is the orbit diameter of
the electrons at the fundamental cyclotron reso-
nance. By solving for $ we determine the posi-
tion of the pth surface-impedance anomaly in
units of v/&u, .

We are now able to relate the experimental ob-
servations to our theoretical model. In Fig. 3,
the right-hand side of (4), taken at the observed
peak positions, is plotted versus an integer p.
The points lie on reasonably straight lines, al-
though II shows some deviation for low $. p de-
notes the number of wavelengths enclosed by an
electron orbit. At 45.2 6Hz Do is approximately
10 p, and a. typical wavelength of the discrete-
spectrum waves is therefore of the order of 1 p. .
From the slope of the lines we can determine the

Hz 0& )&1
Hz 1&)& 2

Hz 1&5&2

s, =72 10m6 -1

sll =3.8~]P m6

s~-4.7~10 m

0.5
I

1.0 1.5

1/3costi[+ 1)-sin Tip

FIG. 3. Observed values of ( f(cosa(+ 1)/( —sine))] ~3

plotted versus an integer P. $& is the position of the
Pth surface impedance anomaly expressed in units of
(d/co~. The upper sign is used for 1&co/&@~&2, the low-
er for 0&m/w & 1.

825



VOLUME 24, NUMBER 15 PHYSICAL REVIEW LETTERS 1$ APRrL 1970

changed, whereas s» will be shifted upwards by
a substantial amount.

It may be instructive to compare the present
case with experiments on plane-parallel slabs
which are normally used in investigation of wave
propagation. In the general case the wave num-
ber and damping of the propagating waves vary
smoothly with the magnetic field, and no struc-
ture will be seen in the surface impedance un-
less a standing wave is set up. In a slab experi-
ment this is done by reflection from the second
boundary, and the allowed wavelengths are de-
termined by the slab thickness. In our case the
standing wave is set up in the bulk metal by the
simultaneous excitation of two waves of the same
frequency but opposite wave number, each of
them having zero group velocity. The observed
surface-impedance anomalies therefore corre-
spond to standing-wave resonances of the infinite
metal, and the allowed waveIengths are deter-
mined by the orbit diameter of the electrons.

It follows from the preceding discussion that
the particular shape of the silver Fermi surface
allows discrete-spectrum waves to propagate in
a magnetic field parallel to the sample surface.
It follows further that the periods of the observed
surface-impedance oscillations can be related to
the infinite-medium dispersion equation. How-
ever, we cannot draw any conclusions regarding
the amplitudes of the oscillations from the ex-
pression (3) for the surface impedance. This ex-
pression rests upon the assumption that all elec-
trons interacting with the surface are scattered
specularly, regardless of their impact angle.
This is physically unrealistic. When we are less
than an orbit diameter away from the surface,
the diffusely scattered electrons introduce a cou-

pling between normal modes of different wave
numbers. This invalidates the concept of inde-
pendent propagating modes. Moreover it gives
a real contribution to the conductivity so that any
wavelike disturbance will immediately be damped.
The discrete-spectrum waves therefore only ex-
ist in the bulk region z)D. As a possible excita-
tion mechanism, we suggest that the waves are
launched by electrons which skim through the
skin layer and transfer rf energy down to z=D.

Thanks are due to Professor Dr. K. Saermark
whose suggestions and comments have continu-
ously forced me to evaluate the arguments. Also,
I wish to thank Professor Dr. J. F. Koch who
drew my attention to the analogy between the
present problem and that of helicon propagation.
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