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the critical behavior is different from that in
typical order- disorder transitions.
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We use the low-energy pion-nucleus interaction as a means for investigating the dis-
tribution of nucleons in nuclei. An optical-model analysis of existing experimental data
on pionic atoms is used to study possible differences in the rms radii of the neutron and
proton densities. The difference in these radii, assumed to be independent of mass
number, was found to be -0.01 + 0.16 F. The absence of any significant difference in
these radii should be considered an average behavior for a wide range of nuclei.

The present situation concerning possible dif-
ferences in the rms radii of the neutron and pro-
ton distributions in nuclei is not clear. For ex-
ample, Greenlees, Pyle, and Tang' used an op-
tical-model analysis of proton-nucleus elastic
scattering for several nuclei from Ni" to Pb' ',
and found that the rms radius of the neutrons is
about 0.6 F larger than the rms radius of the
protons. This result is supported by shell-mod-
el analyses of single-particle energies, ' although
a more recent study' indicates that the difference
in these radii approaches zero in the lighter nu-
clei. In contrast to these studies, investigations
of Coulomb displacement energies' lead to the
general conclusion that the rms radius of the
neutron distribution is just slightly larger than
that of the proton distribution„

In this Letter we use pionic atoms because of
the strong pion-nucleus interaction which fur-
nishes an additional means for studying the dis-
tribution of neutrons and protons in nuclei. The
possibility of using pionic atoms as a tool for

the investigation of nucleon distributions has pre-
viously been recognized, ' although in these stud-
ies no attempt was made to examine possible dif-
ferences in the nucleon densities. However, the
utility of this probe has been exploited in a study
of pion atomic transitions in the nickel isotopes, '
and it was found that the experimental data are
consistent with equal rms radii for the neutron
and proton densities.

Experimentally, the pion atomic-transition en-
ergies and the energy-level widths (due to nucle-
ar absorption of the pions) a.re measured, and
these quantities provide information concerning
the pion-nucleus interaction. The energy levels
and widths can be calculated by finding the (com-
plex) eigenvalues F. of a modified Klein-Gordon
equation

(&'+ 2m [(E -V, )+ (E —V, ) /(2m„)])4
= 2mrV~, 4,

where m, and m denote the pion and pion-nucleus
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reduced mass, respectively. The electromag-
netic potential V, is taken to include both the
Coulomb and vacuum -polarization potentials.
The strong pion-nucleus interaction is represent-
ed by an optical-model potential' that has both
local and nonlocal contributions,

where

~.(2') = 41/([cg-+c (P. P,)]-
+i [COP,P/, + C, (P Pp)p/, -]) (4)

This optical-model potential has eight free pa-
rameters if we assume that the nucleon densities
are known. Our analysis indicates, however,
that the absorptive parameters B, and C, are not
well determined, and are consistent with values
of zero. Accordingly, we have set these param-
eters equal to zero, thus reducing the number of
parameters from eight to six. In order to deter-
mine these six quantities, the pion transition en-
ergies and level widths were computed using Eq.
(1) for 38 nuclei ranging from B"to Bi"'. The
neutron and proton densities were assumed to
have the same shape, and for each nucleus a
Fermi or modified Fermi distribution was used,
with geometrical parameters obtained from elec-
tron-scattering analyses and muonic-atom x-ray
data. ' The density parameters were corrected
for the finite size of the proton. The calculated
results were compared with a weighted average
of existing experimental data' and a least-squares
search routine was used to determine the optical-
potential parameters which best fit the experi-
mental data.

The resulting parameters are presented in Ta-
ble I. These quantities are in good agreement

Table I. Optical-potential parameters.

b, =-0.o33 *0.001m„-~
b( ——-0.117 + 0.019m -1

Bp = 0,076 + 0 005m „

cp = 0.200 + 0.010~' „
c

&
= 0.139 + 0.107m ~

Cp= 0.300 + 0.035m„

In order to emphasize the dependence of this po-
tential on the neutron, proton, and matter densi-
ties denoted, respectively, by p, p~, and p~,

=pz+p, we write

y(r) = (4-1//2m, )([b,p „,+ b, (p, p, )]-
+z(B,P„P +B,(p P)P —]].

Similarly, for the nonlocal part we use

with those deduced in previous studies' and the
parameters referring to the real part of the po-
tential are in good agreement with theoretical
predictions. ". As in previous analyses the ab-
sorptive permit a quantitative description of the
experiments, but are about twice as large as the-
oretical predictions.

The pion-nucleus optical potential has been de-
termined, as described above, by assuming that
the neutron and proton densities have the same
shape. Since, however, the calculated energies
and widths depend on these densities, it is rele-
vant to determine whether or not a better de-
scription of experimental data would be obtained
if these densities were not assumed to be identi-
cal. Furthermore, if the calculated results de-
pend strongly on assumed differences in these
distributions, we may expect pionic atoms to pro-
vide information on the nucleon densities.

In order to investigate these questions, we in-
troduce a parameter 4 which represents a differ-
ence in the rms radii of the distributions of the
neutrons and the protons:

g- (~ 2) 1/2 (~ 2)1/2

Since we have no basis for predicting the depen-
dence of 4 on the mass number, we have assumed
& to be the same for all nuclei. In the present
work, this difference in the rms radii was in-
duced by changing the half -density radius param-
eter in the Fermi distribution. The optical-po-
tential parameters together with the parameter
4 were again varied to produce a set of quantities
which best describe the experimental data. The
resulting optical-potential parameters were es-
sentially identical to those given in Table I and
the best value of ~ was found to be

4 = —0.0l+0.16 F.
This result is consistent with equal rms radii for
the neutrons and protons, but it must be empha-
sized that this result reflects only the average
behavior for a very broad range of nuclei.

To demonstrate the sensitivity of pionic-atom
data to possible differences in the rms radii of
the neutrons and the protons, we display in Fig.
]. X' as a function of 4. The optical-potential
parameters have the values given in Table I.
There is clearly a very strong dependence of g',
and hence the calculated results, on ~, which
illustrates the practicability of pionic atoms for
investigating nucleon distributions.

The pion-nucleus interaction and, in particular,
its absorptive part, will have to be better under-
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stood before full advantage can be taken of the
precision of m-mesonic-atom data. Our result
that for nuclei in general there is no significant
difference between the rms radii of the neutrons
and protons is based on the assumption that this
difference is independent of mass number. Al-
though this assumption must be further investi-
gated, this conclusion is in good agreement with
similar conclusions obtained from studies of iso-
baric analog-state energies and also with more
general considerations concerning the neutron
and proton distributions. '

A more detailed discussion of the work pre-
sented in this Letter will appear elsewhere.

~Work supported in part by the National Aeronautics
and Space Administration under Grant No. NGL-47-
004-033.

G. W. Greenlees, G. J. Pyle, and Y. C. Tang, Phys.
Rev. 171, 1115 (1968).

E. Rost, Phys. Letters 26B, 184 (1968); L. R. B.
Elton, Phys. Letters 26B, 689 (1968).

C. J. Batty and G. W. Greenlees, Nucl. Phys. A133,
673 (1969).

4J. A. Nolen, Jr. , J. P. Schiffer, and N. Williams,
Phys. Letters 27B, 1 (1968); H. A. Bethe and P. J. .
Siemens, Phys. Letters 27B, 549 (1968); J. A. Nolen,
Jr. , and J. P. Schiffer, to be published.

5M. Krell and T. E. O. Ericson, Nucl. Phys. B11,
521 (1969); D. K. Anderson, D. A. Jenkins, and R. J.
Powers, Phys. Rev. (to be published).

6D. A. Jenkins, R. J. Powers, and G. H. Miller,
Phys. Rev. 185, 1508 (1969).

7The potential we use is similar to that employed in
other investigations (Ref. 5) and is based on the work
of M. Ericson and T. E. O. Ericson, Ann. Phys. (N. Y.)
36, 323 (1966).

H. R. Collard, L. R. B. Elton, A. Hofstadter, and
H. Schoper, in Landolt-Bornstein Numerical Data and
Functional Relationships in Science and Technology,
edited by K.-H. Hellwege (Springer-Verlag, Berlin,
Germany, 1967), New Series, Group I, Vol. 2.

~The experimental work on 7l-mesonic atoms can be
traced from D. A. Jenkins and R. Kunselman, Phys.
Rev. Letters 17, 1148 (1966); H. Koch, G. Poelz,
H. Schmitt, L. Tauscher, G. Backenstoss, S. Chara-
lambus, and H. Daniel, Phys. Letters 28B, 279 (1968);
R. J. Harris, Jr. , W. B. Shuler, M. Eckhause, R. T.
Siegel, and R. E. Welsh, Phys. Rev. Letters 20, 505
(1968).

~ L. Wilets, Rev. Mod. Phys. 30, 542 (1968).

RMS CHARGE RADII OF ' ' 0 BY ELASTIC ELECTRON SCATTERING*

R. P. Singhal, J. R. Moreira, f and H. S. Caplan
Saskatchewan Accelerator Laboratory, Saskatoon, Canada

(Received 6 Qctober 1969)

The charge radii of ~6'7'~Q have been determined by elastic electron scattering using
a gas target system. The result obtained is R$7~R)6~A/8.

Anomalies in the charge radii of isotopes have
been observed in fairly recent measurements of
muonic x rays' and by elastic electron scattering'
as well as by earlier results on the optical iso-
tope shift. ' The charge radii of isotopes do not
follow, even approximately, the A"' law. '

The anomalies in radius are especially marked
for closed-shell nuclei and the experiments on
the calcium isotopes where neutrons are added
to the doubly closed d shell have stimulated
great theoretical interest. ' We have therefore
measured the rms charge radii of the oxygen iso-

topes where neutrons are added to the doubly
closed P shell.

Muonic x-ray experiments are very accurate
for medium and heavy nuclei; however for light
nuclei (Z ~ 20) elastic electron scattering is a
preferable technique. '

The experiments were performed using the
electron-scattering facility at the Saskatchewan
Accelerator Laboratory' and a gas target system
developed at this laboratory. ' The elastic -scat-
tering cross sections for "'"'0 and hydrogen
mere measured at incident electron energies


