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er was taken to be
dT /dx = (1/v)dT /dt.

Measuring the shift of the boundary at 100 V we
obtained AT /E?~5x107°% (+25%) with dc and
about half that value with ac® (in cgs and centi-
grade). The effect is of the order of magnitude
predicted on the basis of (4).

More exact measurements are in preparation.
If external electric fields are incorporated into
the microscopic theory” of the nematic-isotropic
phase change, an interesting critical phenome-
non may be expected.® Large electric fields pro-
duce a preferential alignment of the molecules
on the isotropic side of the phase transition.
Above a critical temperature the isotropic and
nematic phases should become indistinguishable.
In other words, there should be a critical point
at a certain E, P, T where P is the polarization.
(E and P take the place of pressure and volume
in liquid-gas transitions.) It may be noted that
some problems in the application of (3) could
arise from heterophase fluctuations.® These
pretransitional phenomena are another conse-
quence of the weak dependence of Ag on AT, as
taken for the “pure” phases. The data given for
q in the literature do not separate any pretransi-
tional effects because of experimental difficul-
ties. However, it is generally assumed that the
phase transitions are of first order, with a non-
vanishing latent heat and, as a rule, a nonvanish-
ing €,-€,.
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We show that the low-temperature specific-heat anomaly in bce solid 3He can be ex-
plained in terms of an indirect interaction among pairs of spins brought about by virtual
absorption and emission of phonons in the exchange process.

Several experiments! ™ have revealed that the
specific heat of the bce phase of solid *He does
not conform to Debye T2 behavior at low temper-
atures. Recently through precision strain-gauge
measurements in very pure *He, Henriksen et
g_l." have removed any doubts that this anomalous
behavior could be due to impurities or “appsra-
tus” effects.

In this Letter, we explain the specific-heat

anomaly as arising from a phonon-mediated long-
range spin interaction in solid 3He, which pro-
vides a contribution to the specific heat varying
as T 7%, In bce solid 3He, we obtain quantitative
agreement with experimental results without ad-
justing any parameter. For hecp solid *He, we
predict that the specific-heat anomaly will occur
at temperatures lower than have been investigat-
ed experimentally, but which are easily accessi-
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ble.

By phonon-mediated spin interaction, we mean
an interaction among pairs of particles due to
the virtual emission and absorption of phonons
in the exchange process. To explain this state-
ment, we briefly review the relevant theory of
exchange®”” in solid *He. The exchange process
in this system is described by a Heisenberg-
type Hamiltonian

HX=_IZgij-fi.fj’ (1)
oJ

where f, is the nuclear spin operator for the par-
ticle Z, and 4;; is an operator, the “exchange op-
erator,” which has diagonal as well as off-diago-
nal matrix elements in phonon coordinates. The
exchange frequency J;; of a pair of particles is
given in terms of the diagonal elements of g;; by

J,-j=Tr(p£I,-j), (2)

where p is the phonon density matrix. The off-
diagonal elements of 4;; lead to the scattering,
emission, or absorption of phonons in the ex-

change process; they are in evidence, for exam-
ple, in spin-lattice relaxation in solid ®He at low
temperatures. We can formally express the op-
erator 4;; in powers of deviation ﬁ,j of the pair
i,j from the mean distance R, ;:

- 1 i 5.2
Qij—J1j+9ij’uu-+ZSU"UU +ooe, (3)

The coefficients in this expansion are renormal-
ized, in the spirit for example of the self-con-
sistent harmonic theory, such that all contribu-
tions of g;; diagonal in phonon coordinates are
contained in the first term, all contributions dif-
fering in initial and final phonons by one are con-
tained in the second term, etc. The quantities
9;;', 9;;" are complicated entities which describe
the rates of change of g;; with U, ; brought about
by the effect of U;; on the coordinates and mo-
mentum of the pair (¢,j) and of the particles sur-
rounding this pair.®

Equation (3) can be expressed in terms of pho-
non creation and annihilation operators ay, ', apy
(E, A label the momentum and the polarization):

1\ - BBy T, TRy 1T,
-ﬁij=< > ZGT&“’T& 1/2{61}’)\(6“( Rf_glk R!)+a?)\1‘(e Ik Rf_p —IK R/)}, (4)
2mN I’5%

where €3, is a polarization vector and we have taken Z=1. The virtually emitted phonons in the ex-
change of the pair (7, j) can be absorbed by some other pair (or the same pair) in the exchange of this
pair. Such a process gives an effective coupling among the pairs. We consider the two simplest pro-
cesses in which one and two phonons are emitted, respectively.

We use second-order perturbation theory to calculate the energy of interaction among pairs (i, )
and (m,n) due to the above processes. We find that the interaction due to the one-phonon process can

be expressed as an effective spin Hamiltonian

-

Hij,mn(l) = S(gij’) (gmn,)(li'

1)@, T,) () e oy~ sin( R0 ) sin( K Bam ) cos . ), (5)
K,A

where R is the vector joining the midpoint of the vector ﬁ,- ;7 to that of ﬁm n- Similarly, the two-phonon

process is described by the Hamiltonian

Hij,mn(2) = 32(gz'j”gmn”)(11' Ij)(Im' In)(%”lN)zZ Z‘lef)\lzleiﬁ)\ ’lz(w?)\wf')\ ’) —l(wf)\ + wi{')\’) -1

T KOn?
-o.—b.. -b.—b *,.-» ) ->'.—> . . -
xsin( k—zR—’l> sin<ﬁgﬂﬂ> sin<1-{—2—RU>sin<k—i;M> cos[(k+k’)-R]. (6)

In (5) and (6), if (m,n)=(z,) or m =j, we merely get a term of the usual Heisenberg form. This leads
to a renormalization of the exchange frequency J; j- Such terms are not of importance to us in the
present context, since J;; is known from susceptibility and other measurements and is too small to
account for the specific-heat anomaly.

_We now expand the angular factors in (5) and (6) in terms of spherical harmonics about the direction
R. We assume that ¢ and j are nearest neighbors and so are m and n. To simplify the calculation we
use the isotropic Debye approximation for the phonon spectrum. Keeping the first nonzero spherical
harmonic, we have after some calculation that

Hijmn'™ =(8/m)(8'/00(; 1) (e 1) (6% /%) [sine ~x cosx 15, (R, R ), (7
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where ©, is the T =0 Debye temperature, x,=%,,R,, where R, is the nearest-neighbor distance, and
k,, is the Debye wave vector, x =k,,R, 9'=9;;=9,,,’, and

F1rRijy Rnn) =20 mPy™" R )Py (R py ) cOSM(P 1= P 1) (8)
In (8), P,™(6) are the associated Legendre functions and ¢;; is the azimuthal angle associated with
R!Ijl.nder similar approximations, we have for the two-phonon Hamiltonian

Hijmn'® =(997/8m0,>2)° (1)) (- T, )xo(x0/%)[In(2x) sin(x) - (20/3) sin(2x) 15, (R, j, R r ), 9)
where

Fo(Ryjs Ronr) =mZ’)n P,"(R;)P," (R pn)P," (Ri)P,™ (R ) COSM(P 17 =P ) COSM (91 =P ) (10)

We have neglected the higher spherical har- ’

monics, since they give a faster-decaying inter- reflect the error quoted in 9”. Thus with no ad-

action, Also, in (9), we have kept only the lead- justable parameters, the two-phonon indirect
ing term in x 71, spin interactions account for the magnitude, tem-
At temperatures high compared with the align- perature dependence, and density dependence of

ment temperature, the contribution of the indi- the specific-heat anomaly quite well.
rect spin interaction to the specific heat per For hep *He, Richards, Hatton, and Giffard®
mole Cj, is given by

Cis E’<Hisz>/T2: (11)

= 3

where Vm 21.46 cm

His:‘é 2 (Hij,nm(l)+H]j,mn(2)+"')- g 10 - o =L

ij,mn NG —
2 o9t

To draw any quantitative conclusions about Cj;,
we need the coefficients (9’) and (9”). We have no 0.8
way of estimating 9’; however, we may use 9” as
deduced from spin-lattice relaxation measure-
ments at low temperatures. The Raman process V. =22.86cm3
. . m :
by which relaxation proceeds at low tempera-

tures is proportional to (9”)% and Richards, Hat- g 1.0 - T —_
ton, and Giffard® have estimated that for the bee S ool =

phase g”/2m =380+ 80 MHz A "2, approximately
independent of density. Using this value of 97 0.8
and the values of ©, for T =0 extrapolated from
experiment, we have calculated the contribution
of H;; ms'? to Ci;. We have used only the near- V..=23.80cm3
est value for R and have spherically averaged m

T

over the angles Rij and R,,,. The results are ?; 1.0 |+ =%
shown in Fig. 1 for three molar volumes in § ool =
terms of an effective Debye temperature 6 given )
in terms of ©, by 0.8 -
234(T /0)° = 234(T /6,)* + Cy,. (12) I S SR S N S SR
.0lo .0l4 .0I8 .022
We have also plotted there the experimental re-
(T/©0)

sults of Sample and Swenson; the results of Pan-
dorf and Edwards agree very well with these. FIG. 1. The normalizeq effective Debye temperature
The experiment by Henriksen et al. gives values ©/0,) v ersus the normalized temperature (T,/ ©,) for

/3 X — three different molar volumes. The dashed lines are
for y'*0©, where y is the Griineisen parameter, the experimental results of Ref. 2; the experimental
which is also in general temperature dependent. scatter is not shown. The solid lines are the predic-
In Fig. 1, we have not displayed the experimental tions of the theory; the error bars reflect the uncer-
scatter. The error bars on the theoretical curves tainty in 9” quoted in Ref. 9.

205



VoLUME 24, NUMBER 5

PHYSICAL REVIEW LETTERS

2 FEBRUARY 1970

estimate (¢”/27)=130+40 MHz A2 From this,
we predict that the anomaly in specific heat in
hep 3He should be observable below about T
~0.0050, at molar volumes of about 19 cm?,

It should be noted that a Hamiltonian of the
form (6) does not contribute to the zero-field
susceptibility at high 7. The bec phase of solid
3He exhibits an anomaly in the NMR measure-
ments!®!! also. The spectral function for the
transverse relaxation is quite distinctly not a
Gaussian, as is expected approximately for an
exchange-narrowed line. On a preliminary exam-
ination, we find that indirect spin interactions
may be responsible for this anomaly. We intend
to explore this matter further as well as other
consequences of indirect spin interactions includ-
ing their effect on thermal conductivity.
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OBSERVATION OF COLLISIONLESS ELECTROSTATIC SHOCKS*
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Large-amplitude ion-acoustic waves (e¢ /kT . < 0.3) are excited in the University of
California, Los Angeles double-plasma device by the interpenetration of two plasmas
with high electron-to-ion temperature ratios (6<T./T; <20). A compressional wave
with a ramp shape is found to steepen in a fashion consistent with the classical overtak-
ing predicted by the usual Riemann invariants. This steepening continues until disper-
sive short scale (2~ %kD) oscillations develop at the front. Ions streaming in front of the

shock are also observed.

Moiseev and Sagdeev' and Montgomery? have
shown that, in the limit T./T, »>1, the develop-
ment of a finite-amplitude ion-acoustic wave is
given by a Riemann solution which results in a
steepening of the ion waves into a shock-like
front. Andersen et al.’ have reported observa-
tion of steepening of ion-acoustic waves in a @
device. Their shock thickness was determined
by the ion-ion collision distance and was more
than 1000 Debye lengths xp.

Here we wish to report the observation of a
magnetic-field-free collisionless shock forma-
tion with a thickness of about 51 . These shocks
are excited by either a step or a ramp voltage
applied between two plasmas (the driver and the
target). Steepening is observed (of course) only
for the ramp initial condition.
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The two plasmas are produced in the Universi-
ty of California, Los Angeles double-plasma de-
vice* by electron bombardment of argon at about
5x107* Torr in two identiczl chambers, placed
end to end, which are insulated from each other
and separated by a negatively biased grid, held
at a fixed potential. The grid isolates the elec-
trons in one plasma from those of the other. The
chamber dimensions are length=diam =30 cm
=1000r. Ion-ion collisions are unimportant
since typical densities are 10° ¢m ™2 with ion tem-
perature about 0.2 eV (A ;>10%\). The ion-neu-
tral collision effects can also be ignored. The
mean free path for charge transfer is greater
than 300X .

Our wave excitation mechanism is different
from the well-known grid excitation.® Although



