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to the left of H,el =-2.
IIn general, we expect g (l) to be a meromorphic function of m (l) . Even powers of m(l) yield a fixed cut in the

spin-flip amplitude, while odd powers give a fixed cut in the nonflip amplitude. Nucleon exchange in backward z+p

scattering may be qualitatively fitted with only even powers of m(l) in g (l) .
~ The contribution of the Feynman diagram for the exchange of an unnatura1 parity resonance has the form of (1)

with m(t) replaced by -m(l). SR(m(l)) +OR(-m(t)) has no odd powers of m(l) and hence no cnt in /.
H. L. Sugar and J. D. Sullivan, Phys. Bev. 166, 1515 (1968).
See D. L. Steele, thesis, University of Illinois, 1969 (unpublished).
If g (o. o)

= 0, there would be no infinity in (7) and no auxiliary pole n 2(u). However, the Hegge-pole contribution
to the nonflip part of BR at u =0 would be of order g(u), which by assumption is sma11. Nucleon-exchange data in
backward x+p scattering shows no indication of any dip at u = 0. (See also Ref. 9.)
' Note that nq and n2 collide at u=0 and become complex for u&0. If there is only one moving pole (see Ref. 13),

then n does not become complex. Also note that Q.
& &(0) no longer coincide with the branch point o. o.
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We apply the soft-photon theorems of Low, Adler and Dothan, and Burnett and Kroll
to the radiative decays E 7t'l vy and K m. +l vy (l=e or p, ) to obtain the leading
terms in the respective matrix elements. Numerical results for the photon spectra and

for the decay rate (as a function of the minimum photon energy) are given in terms of
the conventional &~& parameters f+(O), t, X, and A.

In this Letter we present the results of an extensive theoretical investigation of radiative K~, decays.
Because the ordinary Kz, decays have been studied in great detail, both experimentally and theoretical-
ly, the radiative modes provide a unique opportunity to check the predictions of soft-photon theorems,
in particular the presence of derivative terms, which are not present in two-body decays and very dif-
ficult to observe in scattering processes due to the lack of a simple theory of the elastic-scattering
matrix elements. A few of these radiative events have already been seen' and thus our results are of
immediate interest to those phyicists working in this area. With slight modifications, experiments
now in progress could be designed to examine radiative Kz, events and check our theoretical predic-
tions. We give all our results in terms of standard K~, parameters f+(0), $, A. +, and X . For full de-
tails of the calculations, we refer the reader to a previous paper' and to another to be submitted for
publication. '

I.et us write down the relevant K~, matrix element to establish our notation. Assuming the ~LI ~
=-,'

rule, V-A theory, and p-e universality, we obtain the T-matrix element for & (P) -&+(Q)+l (p)+v(g)
(or K —n'I v):

T(K-gatv) =M(P) [f,(t)iy. (P+ Q) +f (t)iy (P-Q) ](1+y,)u(q), (1)

where t =-(P-Q)'. In the SU(3) limit f (0) =0 and f+(0) =1/W2or 1 for charged or neutral K decays,
respectively, and are real as we neglect CP-nonconserving effects. The decay rates are

I'(K —woe v) = 4I'o sin'()f+'(0) (1.1826+4.3725k+) x 10

I'(K -m+e v) =4I"o sin'Gf, '(0)(1.1977+4.1396k,) xlO

I'(K -m p, v) =41" sin'Hf '(0)[0.7636+4.4925K +0.0227$'+0. 1992$'a +0.1495$

(2)

(3)

+0.5622$(g, +A. )]x10 ', (4)

I'(K -m+ p, v) =4I'0 sin'Hf+'(0) [0.7728+4.24741+ +0.0223$'+0.1828$'a +0.1492$

+0.5234$(z, +x )]xl0 ', (5)

where g=f (0)/f, (0), e is the Cabibbo angle, I",=O'M'/64~'=3. 118x10' sec ' with G=1.435xlO 4'

erg cm' the Fermi constant obtained from muon decay and with M = &(M~o+Mz-), and where the pa, -
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rameters X, are defined by f, (t) =f, (0)(1+A., ])/m '). It should be emphasized that we have used the ex-
act masses in all calculations and the factor M' was divided out explicitly to make the numbers in
brackets dimensionless and to express them in the same units for all processes.

The matrix elements for the radiative processes can be obtained using the general work of Low' and
of Adler and Dothan. ' One takes the contributions of diagrams corresponding to radiation from exter-
nal charged lines, expands them in the photon energy k about k =0, and adds terms necessary to give
a gauge-invariant result. The I ow theorem states that this procedure gives, in a model-independent
way, all contributions to the matrix element which are of order k ' and k . The order k terms, i.e.,
the structure-dependent terms, correspond to radiation from internal lines and must be obtained from
a particular model. The resulting T-matrix elements are

y(tt -rr t vy)=u(p)( — + ')[2f (t)ty ~ Q mf t)(—](lay)v( )rt

e ~ P 9, 8-2 e -k
k

+ 2— I'iy -nz —,t 1+y, 5'

+structure-dependent terms of O(k),

(y tp rr t py) =u(p)( — + ) [2f (t)ty p+mf (t)](1 +y )v(V)

+2(v ~ p tt p u—(p) 2 f (t)ty p—+m f {t) (1+y,)v—(rt)
e Q 8

k Q et + Bt

+structure-dependent terms of O(k),

where e& is the photonpolarization vector, m is the lepton mass, andf, =f++f, f, =f+-f . Note that
these amplitudes contain an infrared-divergent term proportional to the nonradiative amplitude and
two terms of order k', one of which involves derivatives of K» form factors.

The squares of these matrix elements (summed over the photon polarization) involve terms of order
k ' and k ' which can be obtained immediately using the theorem of Burnett and Knoll' and terms of
order k' which have to be calculated by usual methods. ' In the square of the matrix element, we have
consistently kept all terms of order k ', k ', and k' except those order-k' terms coming from inter-
ference between the structure-dependent and infrared-divergent parts of the matrix element and ex-

- cept for all terms of second order in A, The terms which were neglected are very small, as dis-
cussed below.

The terms retained, after one momentum has been eliminated using four-momentum conservation,
number approximately 250 in each decay and must be integrated over the three remaining final mo-
menta. We used invariant integration techniques to do all of the integrations algebraically except for
the final two which were done using Gaussian quadratures. The last integration in both cases was the
photon energy so that we could make the proper cutoff E& &E;„. Our final results for the radiative
rate can be expressed in the form

I'(K mlvy, E& &E;„)= I'Osin ef (0)(A~+A~A++A~$~+A4$ A. +A, g+A6$A. +A7)A. ).

The coefficients A, to A. , are given in Table I for the various modes and for several values of the min-
imum photon energy E~«. For the electron mode &, to A, are essentially zero as they are propor-
tional to the lepton mass.

For specific values of the Kz, parameters ( and X„we can obtain branching ratios; e.g. , assuming
&+=0.029, A, =0 for K and A. + -—0.019, t[. =0 for K0, 9 we obtain, for )=0, —1, respectively,

I'(K -))'e vy, E„&30MeV)

0 ' )-0739 10 ' 0.7 0 10-'
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Table I. Numerical coefficients A& to A& in Eq. (8) for the rate for the radiative process K—~ivy as a function
of the minimum photon energy Em;„.

E =20 MeVmin E . =30 NeV
mj.n E =40 Nev

min
E . =20 NeVmin E . =30 MeV

min E . =40 NeVmin

Al

A2

A3

A5

A6

A7

3 ' 206xl0

2.852x 10

1.323xlO

8.620xlO

5.797x10

l. /48x 10

l.624x10

2.038x lQ

2.084x 10

8.799xl0

5.252x 10

3.586x10

l.006x10

8.959x10

1.354x10

1.578x 10

6.107x10

3.353xl0

2.318x10

6.079x10

5.138xl0

l.050x 10

5.007x10

2.277xl0

l.661x10

1.304x 10

3.861x10

3.413x10

6.786x 10

3.264xlO

l.434x 10

3, , 052x 10

7.688x 10

2.100x10

1.863x10

4.558xl0

2 ~ 224x 10

9.443x 10

7.001x10

4.672x10

1,230x 10

1,028xl0

p
K ~~ e uy

-0 +
K. ~T( e uy

E . =20 NeV
min

E . =30 NeV
min

E . =40 NeV
min

E . =20 MeV
min

E =30 NeV
mi. n

E . =40 MeV
min

A

A2

1.325xj Q

5.253x10

9.616x10

3.752xlQ

7.265xlQ

2.761x10

1.573x10
l

5.734x10

1.138x10

4.225xlQ

8.567x10

3.239x10

1 (Eo —m+e vy, E Y & 30 Me V =2.39x10 ',r(Z'- v+e v)

=2.17X10 ' 2.35X10 '.
1 (Zo —m+ p, v)

~ p ~

It should be emphasized that, because of the in-
frared divergence in the radiative rate, these re-
sults are very sensitive to the value of the min-
imum photon energy which the experimental ap-
paratus can detect, as is evident from Table I.
Indeed, for E;„=20 MeV, the branching ratios
involving electrons change to 2.82&10 ' and 3.29
&10 ', respectively.

In Figs. 1 and 2, we show typical photon spec-
tra. Note that the radiative rate is larger for the

than for the E mode. This is qualitatively
what we expect, since the rate for the radiation
emitted depends on the mass of the radiating par-
ticle. For electron modes the radiation from the
electron dominates and there is little difference
between the two cases, but for the muon modes
we see that the Z case (with muon and pion ra-
diating) is a factor of 3 larger than the E case

i (with muon and kaon radiating).
Next we consider the order of magnitude of the

terms neg1ected in the above formulas. The con-
tribution of the structure-dependent terms was
discussed in some detai1 in Ref. 2, where we re-
tained terms in the square of the matrix element
coming from the interference of the infrared-di-
vergent term and the dominant structure-depen-
dent terms. Then the hypothesis of partial con-
servation of axial-vector current and current-
a1gebra techniques were used to give a rough
estimate of the magnitude of the coefficients of
these terms, with the result that their contribu-
tion to the rate is very small, of the order of 1-
2 /p. The terms proportional to A., ' can be esti-
mated by comparing, for example, the f,' term
with the f+'A+ term coming from the expansion
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ERRATA

DETECTION OF NONRESONANT NEUTRON
CAPTURE IN Pb VIA THE THRESHOLD PHO-
TONEUTRON CROSS SECTION FOR Pb.
C. D. Bowman, R. J. Baglan, and B. L. Herman
[Phys. Rev. Letters 23, 796 (1969)].

The direct cross section vd;„determined in
this work to be 1.2 mb/sr, is the (y, n) direct
cross section gy n and not any as implied. Gny
=oy~(ky'g /k~'gr) =0.45 mb/sr.

The definition of angle n was omitted: n
= tan '(ImD/ReD).

On page 799, column 1, line 16, Lane and
Lynn's Predicted (n, y) cross section is 4.5 mb/
sr, not 0.045 mb/sr This t.ranslates to 0.005
mb/sr at 40 keV as stated in the Letter.

These errata do not change any of the conclu-
sions in the Letter.

OPTICAL DISPERSION AND THE STRUCTURE
OF SOLIDS. S. H. Wemple and M. DiDomenico,

Jr. [Phys. Rev. Letters 23, 1156 (1969)].
The factor (2/m)' should be omitted from Eq. (6).

MAGNETOMORPHIC SIZE EFFECT IN TUNG-
STE¹ D. E. Soule and Z. C. Abele [Phys. Rev.
Letters 23, 1287 (1969)].

On p. 1288, column 1, line 6 should read, "to
1.3'K for this principal electronic band, it is
considered ~ -."

The last sentence of the caption to Fig. 3
should read, "

~ ~ extrernal dHvA orbits. "
On p. 1290, column 1, line 22 should read,

"the $ orbit ~ ~ ."
On p. 1291, column 1, line 16 of the second

paragraph is changed to read "- ~ ~ ellipsoids, the
effective bandwidth (8R/8kH) ', and the ampli-
tude factor R' are 0.45, 0.33, and 1.0, respec-
tively, showing the mixed contribution of these
limiting point signals. "
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