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straight line is plotted through T/TN=1. 000 and
(somewhat arbitrarily, although it makes little
difference) the data point at T= 284.4 K for a
number of P values. The deviation of the data
points from this straight line is given in the low-
er part of Fig. 2 for five different P values. The
best fit is for P —=0.29 which is the same conclu-
sion found by correcting Fig. 1. Within experi-
mental accuracy, set mainly by the tetragonality
data, the P thus appears to assume an Ising val-
ue in agreement with the experimental specific-
heat measurements in the critical region. "
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T. Wolfram and R. E. De%ames
Science Center, North American Rockwell Corporation, Thousand Oaks, California 91360

(Received 18 March 1970)

Calculations of dipole-exchange spin waves in thin films using a microscopic model
show no evidence of surface modes above the lowest bulk frequency, in contrast to re-
cent results based on a macroscopic model. The apparent absence of the surface branch
in the former model is explained in terms of the admixture of bulk and surface waves.
Nearly exact quantitative agreement between the two models is obtained for wave vectors
as large as 10' cm

A simple ferromagnetic insulator is character-
ized by short-range exchange interactions and
long-range dipole-dipole interactions. The Hei-
senberg exchange model (valid for large wave
vectors) predicts surface spin-wave modes with
frequencies below the bulk modes. ' ' In contrast,
magnetostatic theory (valid for small wave vec-
tors) includes only dipolar effects and predicts a
spin-wave surface mode above the lowest bulk
frequency. The behavior of surface and bulk
spin waves in the transition region for which both

dipolar and exchange effects are important has
been a subject of considerable interest recent-
ly. ' ' Mills' stated that the magnetostatic Da.-
mon-Eshbach (DE) surface branch would decrease
with increasing wave vector and exit below the
bulk band to join smoothly with the Heisenberg
surface branch. The results of a microscopic
theory in which the discrete exchange and dipolar
interactions of a 30-atomic-layer system were
numerically calculated were reported by Benson
and Mills' (BM). These authors reported that
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they were unable to find evidence of surface
modes above the lowest bulk frequency. They
commented that all surface modes found in their
work had frequencies below the bulk modes ex-
cept in the long-wavelength limit. These results
were compatible with the original suggestion
that except for the very-long-wavelength limit in

which magnetostatic theory is valid, surface spin
waves occur only below the bulk frequencies.

More recently a macroscopic theory based on

the solutions of a sixth-order differential equa-
tion derived from Maxwell's equations together
with the equations of motion. for the magnetization
ha.s been studied by Wolfram and De Wames 5-io

Detailed studies of the bulk and surface spin
waves in the transition region have been report-
ed. The correct eigenstates are admixtures of
the magnetostatic DE surface waves and bulk
waves. Spin-wave states with localized surface
character were found for a system of approxi-
mately 1500 atomic layers' (see Fig. 2 of Ref. 5)
at frequencies above the lowest bulk states. In
addition the frequency of the surface branch in-
creases with increasing wave vector in contrast
to the suggestion of Mills.

The origin of the qualitative differences be-
tween microscopic and macroscopic theories was
not evident. Since the microscopic theory was
presumably the more accurate method, some
doubt existed as to the validity of applying Max-
well's equations to very thin films.

The purpose of this paper is to show that no
qualitative discrepancy exists and that the micro-
scopic and macroscopic theories are in reason-
able quantitative agreement. In particular, we
show that the BM spin-wave states are admix-
tures of bulk and DE surface states and that the

strong mixing of the surface states with the bulk
states accounts for the distortion of the magnet-
ization from a simple cosinusoidal shape.

A detailed discussion of the macroscopic theory
has been given previously. ' We present here a
very brief description.

Consider a ferromagnetic film extending from

y =0 to y =s and infinite in the x-z plane with a
constant applied magnetic field Ifo in the z direc-
tion. Maxwell's equations V&h=0 and V (h+4wm)
= 0 together with the equation of motion for the
magnetization,

-imam =yM & h- ' -DV~ rn =0
S

S

lead to a sixth-order differential equation for
the magnetic potential g (k= —Vg),

8(8'-Q'+8)V'-8, /=0.
Bz2

(2)

The operator 8 = Q„-(D/4m)V' and the dimension-
less parameters are Q„= (P,/4aM, ) and Q = (&o/

4~yM, ). In the above equations h and m are the
small components of the magnetic field and the
magnetization which vary in time as exp( —i~i),
M, is the saturation magnetization directed along
the z axis, H,. is the internal field which in this
case is equal to IJ„and D is the exchange param-
eter. Outside of the film V'/=0. The potential
g is of the form exp(ik„x+ik, z)f (y). The essen-
tial physics involved is more apparent if we
write Eq. (2) in terms of three second-order dif-
ferential operator s:

8 ~828~$ =0,

where 8 = (D/4m)&'/By'+r„and the variables r„
are the three roots of the cubic equation

r'+r'[2Q, + 1+ (D/4m)k'] +r(Q, '+ Q, Q'+ [(2Q,-+ 1)k'-k, '] (D/4n)]

+ [(Q, '+ Q„-Q')k'-Q, k. '] (D/4~) = 0, (4)

(5)

ther
2 3~ P T2 wave

is similar to the DE surface wave. The r, root
corresponds to a very highly localized surface
wave which has no analog in magnetostatic theory.

The admixture amplitudes A and B (also C
and D) which enter into the eigenstates are de-
termined by the boundary conditions. The tan-

g = exp(ik„x+ ik, z)C exp(-ky), y &s,

= exp(ik, x+ ik, z)D exp(ky), y & 0.

A study of Eq. (4) reveals that. one of the roots
r, is real and produces a bulk wave similar to

where Q, = Qs+ (D/4w)k' and k' = k„'+k, '.
The solutions of Eq. (2) may be constructed from the three characteristic types of solutions,

S

/=exp(ik, x+ik, z)Q (A g '+& g ) (0&y &s),
CX=&

where 8 g„' = 0 and the functions g
' are just

the plane waves exp(+[4mr„/D] ' 'y) . The solu- the magnetostatic bulk wave, while the o
tions outside of the film are two roots r and r are ima nar . The
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gential components of h and the normal compo-
nents of h+ 4m'm must be continuous across the
surfaces at y =0 and y =s. This gives only four
of the eight required equations because the tan-
gential boundary conditions are redundant. Four
additional conditions are obtained which include
microscopic surface perturbations as well as
dipolar effects by starting from the linearized
microscopic equations of motion and passing to
a continuum representation. This procedure
leads to equations containing the values of m
and its normal derivatives at the surfaces.
These detailed boundary equations have been
given elsewhere but are not essential to the
present discussion. Numerical calculations have
verified the fact that both the eigenvalues and
eigenvectors are relatively insensitive to large
variations in the latter type of boundary condi-
tions for k 107 exn '. These microscopically
derived boundary conditions control principally
the amplitude of the highly localized r, wave.
Variations in the x, wave cause changes in the
magnetization eigenfunction only very near the
surfaces and cause little change in the gross
shape. "

Imposition of the boundary conditions on the
solutions leads to a matrix eigenvalue equation.
We have solved these equations numerically for
the ease of a film whose thickness, exchange
constant, and saturation magnetization corre-
sponds to the parameters used by BM. The cor-
responding parameters are s =30, D/4m= (J,+44,)j
(4mM, ) =3/2. 5, 4mM, =2.5, II0=1.0, y„=k„
=k„and p, =k,. Lengths are measured in units
of the lattice spacing a, wave vectors in units of
a ', and energies in units of 4wyM„where y is
the gyromagnetic ratio. These parameters are
not typical of those used in previous calculations
and lead to very large surface-bulk admixtures. "

Before describing the results at large values
of k„ it is important to note that when p = p, = 0
there is no mixing between the bulk and surface
waves and the solution of Eq. (2) yields for the
bulk exchange eigenstates (in the units described
above)

ur„= (4wM, )[II„(II„+1)]"',
II„=(1/4vrM, )[II,+ (J,+4&,)(nw/s)'],

y, = (nm/s) (n = 1, 2 3 ~ ~ ~ ).
In this case the Kittel uniform mode is a mode

belonging to the DE surface branch whose ener-
gy is given by Eq. (7) with n = 0. It should be
noted that the y, wave vectors are quite large

for s =30 even for small n so that Eq. (7) is not
a long-wavelength result. The accuracy of this
macroscopic result is quite good. For example,
it gives 1.8708, 1.9103, 2.0272, and 2.2181 for
the first four lowest levels (n = 0, 1, 2, and 3).
By numerically summing the discrete dipole and
exchange interactions, BM obtained the values
1.8725, 1.9101, 2.0297, and 2.2181. The mag-
netization wave functions are nearly cosinusoidal
curves and are essentially identical for the two
theories.

As y„ increases the surface branch rises more
rapidly than the bulk exchange branches because
of dipolar effects, 4 and in the absence of the ad-
mixture effect it would cross the bulk exchange
branches. Because of the mixing, the branches
repel each other and do not cross. The spin-
wave spectrum with and without the admixture
effect is shown schematically in Fig. 1. For the
parameters considered here the mixing is quite
large. For example, at y„=3(w/30) =O. ln, y,
=0, the first four levels are approximately equal
admixtures of surface and bulk waves. In Fig. 2

we show the x component of the magnetization as
a function of y across the film for the four lowest
levels. The dashed curves are sketches of the
BM results (Fig. 3, Ref. 8) which are normalized
to our curves at one of the maxima. The percent-

I/2
Ho(HO+ 4 7T Ms)

O. l vr

~x
FIG. 1. A schematic of the spectrum for y» =0 as a

function of p„. The dashed curves represent the bulk-
exchange branches in the absence of the admixture
effect. The dotted curve is the unmixed surface branch.
The solid curves are the admixed bulk-surface eigen-
states.
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0
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~ = 2.6337
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(1) The microscopic and macroscopic theories
are in general qualitative agreement. (2) Spin
waves in the transiton region in which both dipole
and exchange interactions are important are ad-
mixtures of surface and balk waves. (3) For p„
= 0 and p, = 0 the low-lying spin-wave modes of
films consisting of as few as 30 atomic layers
may be calculated accurately from the simple
macroscopic result of Eq. (7).

Recent conclusions of Sparks" based on erro-
neous interpretations and incorrect boundary con-
ditions are contradicted by both the present re-
sults and the results of Benson and Mills.

FIG. 2. The x component of the magnetization for the
first four lowest levels with @„=O.lm, and &,=0.0.
The solid curves are obtained from the macroscopic
theory while a sketch of the microscopic BM results
is indicated by the dashed curves. The BM eigen-
frequencies are enclosed in parentheses. The percent-
age surface (S) and bulk (B) admixture for each state
is indicated.

age surface (S) and bulk (B) amplitudes for each
state are also indicated. The fact that no mag-
netization wave function is highly localized at
the film surface is a result of the large admix-
ture of the bulk wave. Nearly pure surface states
(i.e., rs waves which are eigenstates) exist at
smaller values of p„. The eigenvalues obtained
by BM (shown in parentheses) appear to be con-
verging to our values for the higher levels, but
differ by about 15% for the first level. This
discrepancy does not appear to be due to intrin-
sic differences between the microscopic and
macroscopic theories but at the present time has
not been resolved. Nevertheless, the qualitative
agreement between the two approaches is good
enough to assert the following conclusions:
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