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We have observed that liquid crystals of the P-azoxyanisole type exhibit macroscopic
rotational motion above a threshold voltage. The vortex motion of the birefringent liquid
results in a lattice of cylindrical lenses whose focal lengths are voltage variable. These
experiments are in excellent agreement with the dynamic predictions of the continuum
theory.

The effects of electric fieMs on the optical
properties of liquid crystals have received con-
siderable attention recently because of their dis-
play applications. ' We report experiments in-
volving the dynamic scattering mode (DSM)'
which is observed in certain nematic liquid crys-
tals. Electric fields applied to P-azoxyanisole
(PAA) induce a visible pattern, referred to 3.s a
domain pattern. ' Our experiments are the first
to demonstrate that the visible pattern results
from the formation of liquid crystal lenses con-
comitant with cells of liquid rotation. The ex-
periments also provide the first complete experi-
mental description of the threshold voltage for
vortex formation. We believe that these observa-
tions give conclusive verification of Helfrich's
conduction- induced- alignment theory. ~

We have used the customary experimental con-
figuration in which the liquid crystal is held in a
parallel plate capacitor with transparent Nesa-
tron electrodes. The sample thickness d was
held fixed by Teflon spacers. PAA was purchased

commerically and used without further purifica-
tion. The sample was viewed with a Leitz polar-
izing microscope in the transmission mode. A
hot stage regulated the temperature in the liquid
crystal region, 116 to 136 C for PAA. Both Nes-
atron surfaces were wiped vigorously along a
single direction in order to promote a uniform
alignment of the order director S.' In the con-
tinuum theory of liquid crystals, S is a unit vec-
tor pointing in the average direction of molecular
order in a fluid volume element. ' An orthogonal
coordinate system is established by defining the
x direction as the rubbing direction and the z di-
rection as the axis of the applied electric field
and the gravitational field. The domain lines can
be observed using either dc or audio-frequency
ac electric fields. We have found that the elec-
trical and optical properties are much more re-
producible when ac fields are employed. dc
fields may unnecessarily complicate the experi-
ments because of impurity-ion polarization and
electrochemical reactions at the electrodes. The
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FIG. 1. Domain pattern in PAA observed in transmission. A 38-pm sample has been subjected to a 7.8-V driv-
ing voltage at 130 C. The rubbing direction g} is horizontal and the voltage is applied perpendicular to the page
(z). The microscope is focused near the top electrode and has a ~0-pm depth of focus. The top set of bright do-
main lines are visible and have a spacing of 31 pm or ~A, When the microscope is focused at the sample bottom,
another set of bright domain lines is visible. Several dislocations in the domain pattern are visible as are many
particles of dust, some badly out of focus.

experiments reported below were performed in
the neighborhood of 100 Hz and the voltages are
given in rms volts. No frequency dependence
was noted from 50 to 500 Hz. The typical resis-
tivity of our samples in the liquid crystal region
was 10' 0 cm at 100 Hz.

Figure 1 shows a transmission photograph of
the domain pattern at 7.8 V and 130'C for a sam-
ple thickness d=38+1 pm. The top conducting
surface is in focus. The incident light was polar-
ized in the x direction; an analyzer was not used.
The bright lines form a pattern generally paral-
lel to the y direction and are known as domain

lines. The lattice pattern is not completely reg-
ular as indicated by the visible dislocations.
This particular pattern first became visible at a
voltage of 6.8 + 0.2 V and had a periodicity in the
& direction of A. , =62+ 2 pm. Investigation at
slightly different depths reveals that the pattern
repeats every other line as might be concluded
from Fig. 1.

Previous experiments" have shown that the
voltage for the first observation of the domain
pattern is insensitive to sample thickness, lead-
ing to the term threshold voltage. It has also
been found that the ratio A. , /2d is not sensitive
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to d. ' While 30@ sample-to-sample variation in

both 'V, and A. , /2d is seen, we have found that
the product V, = V, )1., /2d is not sample dependent
and may be called a characteristic voltage. For
the sample pictured in Fig. 1, V, = 5.5+0.2 V
which is typical of the V, 's observed for other
samples. We have found that A. , is independent
of voltage up to 3 V above threshold and may thus
be referred to as a threshold wavelength. The
domain pattern is stationary on a time scale of
several seconds up to 2 V above threshold. As
the voltage is raised further, the pattern be-
comes increasingly dynamic in the x-p plane,
and many more dislocations appear. This turbu-
lence is the reason for the DSM name. This pa-
per will be principally concerned with the static
pattern at threshold. Previous experiments have
shown that the domain pattern is not visible when

the incident light is completely polarized in the

y direction. ' It should be emphasized, however,
that the pattern is clearly visible in unpolarized
light.

Visual investigation of the domain pattern re-
veals two features which have not been previous-
ly reported. First there are two sets of bright
domain lines. One set appears above the mid-
plane (z = 0) of the sample and the other below.
The idealized positions of the domain lines are
indicated schematically in Fig. 2(a). The figure
shows a cross section of the capacitor of thick-
ness d = 2x. The lines above the sample mid-
plane are in focus at (z, z) =((n+-,')X, , N'( V)r)

and the bottom lines have (x, z) = (~Eh. , -N(V)r),
where n is an integer. N and N' are approxi-
mately equal and depend on voltage. At threshold
a typical value of N is 4, i.e. , the lines are ob-
served to lie outside the liquid crystal sample
volume. The observation of bright lines exterior
to the sample implies that the light is being fo-
cused. N and N' decrease with increasing voltage
and saturate at approximately 1 at 3 V above
threshold. The liquid crystal appears to act as a
lattice of cylindrical lenses producing real and
virtual images of the microscope lamp source at
a voltage-variable focal length. Note that the
real and virtual images are separated by —,'A. , on
the x axis.

The second important feature is the direct ob-
servation of fluid rotation by means of tracer
particles inside the sample. Dust particles are
inevitably introduced into the sample during prep-
aration. Typical particle diameters of 5 pm are
easily resolvable at X100 magnification. Below
threshold voltage the dust is stationary. At
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threshold the particles begin a well-defined oscil-
latory motion which is closely correlated with
the domain pattern. By observing the particles
move in and out of focus, it can readily be de-
termined that the orbits are roughly circular and
are in planes perpendicular to the y direction.
Figure 2(a) shows the location of the idealized
streamlines with respect to the domain lines.
The particles revolve between the upper (z & 0)
domain lines which thus define the fluid rotation
cells. In adjacent cells, the vorticities are ob-
served to be antiparallel. The observed particle
orbits have steady-state diameters of approxi-
mately —,'A, Oscillation periods at threshold
range from several seconds for d =125 pm to
fractions of a second for d =38 pm. It is experi-
mentally clear that at threshold the liquid crystal

S = e„+cocos q E coe
d
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FIG. 2. Idealized spatial order. (a) A cross section
of the fluid vortex pattern is observed by tracer parti-
cle motion. The streamlines are approximated by cir-
cles in cells of width 2X&. The vorticity is antiparallel
in adjacent cells. Heal images appear a distance
N'(V)r above the outermost portion of a cell, the light
being incident from below. Virtual images appear a
distance N(V)r below the rotation centers. The origin
of the coordinate system is at (0, 0). (b) The orientation
of S as deduced from the shear flow in (a). The orien-
tation of S is constant on concentric contours. The op-
tical path length through the center of a cell is a mini-
mum (ng &n&). On the edge of a cell the optical path is
maximum. The focal length of the cylindrical lens sys-
tem is f = 0.4r/80 for yq = 1.8.

1407



VQLUME 24, NUMBER 25 PHYSICAL REVIEW LETTERS 22 JvNz 1970

transforms from a static state into a highly or-
dered rotational state with vorticity in the +y di-
rection. Coherent vortex motion does not extend
indefinitely in the y direction. The ends of the
rotational cells are found to coincide with disloca-
tions in the visible pattern as shown in Fig. 1.
The focusing properties and the fluid rotation
were not found to be temperature sensitive in the
nematic region.

Helfrich has shown that the anisotropic conduc-
tivity associated with the director can lead to a
flow instability in liquid crystals of the PAA type. '
For PAA in the nematic phase, the conductivity
parallel to S is 50% larger than the perpendicular
conductivity. Helfrich employed the continuum
model and considered the stability of a small-
angle distortion ~, in the director, S=e„+e,8,
xcosqx, where q is 2&/A. . The space charge as-
sociated with this distortion leads to shear flow

», /S& where v, is the z component of the veloc-
ity. Shear flow is known to orient S, in this case
into the z direction. " The theory predicts that
a distortion of wavelength A. will become unstable
at a voltage V= &, '(2d/A). " V, ' is a number
which results from a combination of liquid crys-
tal constants and is thus a characteristic of the
bulk material. For PAA these constants have
been measured, and V, '=5.3 V at 130'C.

It is clear that the threshold voltage for insta-
bility V, will result from the maximum wave-
length A, Consideration of the bounds, ry value
problem at the capacitor faces lead to a predici-
tion that A. , -2d. Williams's original experiments
indicated that the threshold wavelength does in-
crease with sample thickness such that A. , = 0.6
X2d. Since A, increases as 2d, the voltage for
the initial instability V, is predicted to be roughly
independent of thickness, as has been observed. ~'
Clearly the theoretical number V, ' is to be iden-
tified with the experimental number V,. V„in-
volving V„A„andd, was reported above to be
5.5+0.2 V. This is within experimental uncer-
tainty of the theoretical characteristic voltage of
5.3 V. Theoretical consideration of the boundary-
value problem also leads to the prediction of a
vortex-type motion at threshold, the vorticity in
one cell antiparallel to that in the two adjacent
cel1.s." This prediction is in agreement with the
observed fluid motion diagrammed in Fig. 2(a).
The theory predicts solid-body fluid rotation
near the center of the circulation, i.e. , velocity
proportional to radius. This is consistent with
experimental observations.

It is reasonable to refine the original assump-

tion for the distortion in S to include the effects
of the boundary at z =+&d: S =e„+e,0, eosqx
xcos(nz/d) .This distortion is diagrammed in
Fig. 2(b). The orientation follows directly from
consideration of the shear flow shown in Fig. 2(a).
Fluid elements move on contours which have a
common center. On each contour the director
has a constant orientation which is maximum at
the center and decreases toward the outside.
This pattern has obvious potential for focusing.
Using the small-angle approximation, the z com-
ponent of the index of refraction is n, =n~+ (n

~~

-n~) &,' cos'qx cos'mz/d. n
~~

and n~ are the in-
dices of refraction parallel and perpendicular to
S. Calculation of the optical path length Jn,dz
shows that a diverging lens should exist at x =0;
a virtual image below the sample will result. At

x =+&A, a converging lens will produce a real
image above the sample. The focal lengths of
both these lenses have the magnitudes f = [(n

~~

-n~) Ho'qd'] '. Using the appropriate values'4 of
n

~r
and n and qr = 1.8 which was observed for

Fig. 1, we obtain f=0.4r/8, '. The observed fo-
cal lengths of 4x at voltages slightly above thresh-
old can be interpreted as ~0=18'. Independent
evidence on the change in sample resistance near
V, is consistent with this value of ~0.' Clearly
the decrease of f with increasing voltage above
threshold can be interpreted as an increase in
the amplitude of the distortion t9,. The maximum
possible distortion is S =(e„+e,)/v'2, since at
this 45' angle the space charge producing the dis-
tortion changes sign. The minimum focal length
to be expected using this model is f=0.8x which
is in good agreement with the observation that
the influence of the voltage on the focal length
saturates at f -1r Since .the model involves dis-
tortion perpendicular to the y direction, light
polarized in the y direction should not be focused.
This is also in agreement with experiment.

The conduction-induced-vortex model has been
shown to explain the stationary vortex pattern
near threshold voltage. It also gives a plausible
explanation for the turbulence which results as
the voltage is increased above threshold. Vortex
motion is not possible below a threshold voltage
V, at a maximum wavelength A, . As the voltage
is further increased, however, shorter wave-
length vortex patterns become unstable. The
hydrodynamic interaction of vortex patterns of
different wavelengths will be very complicated,
but there is a strong potential for the develop-
ment of turbulence. Since the director S need
not join smoothly between vortices of different
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&, large-angle scattering of incident light is to
be expected. We have observed that shorter
wavelength patterns do exist at higher voltages.
They also have large-angle scattering properties
and are consequently important for the display
application of the DSM.

In conclusion, we have observed a voltage-in-
duced liquid rotation in PAA. Concurrent with
this rotation is a focusing by the birefringent
liquid crystal. The value of the characteristic
voltage, the liquid rotation, and the quantitative
focusing properties are all predicted by a conduc-
tion-induced-alignment model. We believe that
this agreement of experiment and theory consti-
tutes a verification of the theory. The experi-
ments reveal that the threshold optical proper-
ties of PAA are not the result of random fluctua-
tions as might be implied by the name dynamic
scattering mode. Underlying the turbulence at
higher voltages is a macroscopically oriented
rotational state.

The author wishes to acknowledge many stimu-
lating and fruitful discussions with T. K. Hunt.
The author also wishes to thank I . Bartosiewicz
for the use of his microscope and helpful discus-
sions.

Note added in proof. —It has been pointed out to
the author that electric-field-induced mass trans-
fer has been observed previously in liquid dielec-
trics and liquid crystals. "
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It is shown that the zeros of the partition function of the anisotropic Heisenberg fer-
romagnet locate on the unit circle in the complex "fugacity" plane, and all the spin cor-
relation functions are non-negative when no external magnetic field is present.

The I.ee-Yang theorem, ' ' which states that all the zeros of the partition function of the Ising ferro-
magnets locate on the unit circle in the complex "fugacity" plane, has been expected to hold for the
Heisenberg ferromagnet and has been partly proved for special cases. ' Here this theorem is proven
generally. I et II be the Hamiltonian of the anisotropic Heisenberg ferromagnet with spin 2 of n spins,

H= — Q J';,H;, ,
n+i&j~).

where
1 1

H, , = —,(o,,o,,—I ) + ,y, ,(cr,„o,„+o—;,o,,). .
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