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MAGNETIC MOMENT OF A PARTICLE WITH ARBITRARY SPIN*
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The magnetic moment of a particle of nonzero spin S is computed by the introduction
of minimal coupling into the appropriate Galilean-invariant wave equation. It is shown
that the requirement that the differential equations be of first order, together with a
minimality assumption on the number of components, uniquely implies a g factor of 1/S.
The role played by this minimality condition is made explicit by means of a counterex~
ample.

One of the significant complications which is encountered in the relativistic treatment of higher spin
theories is the rapid increase in the number of components with increasing spin. As a practical con-
sequence of this circumstance one finds that even the calculation of such basic properties as the mag-
netic moment can be performed only with considerable algebraic difficulty. In the case of the magnet-
ic moment the familiar results for spins 3 and 1 have been extended to S =%,1 S=2,2and S=N +3,° and
although the results obtained in all of these cases are consistent with the 1/S conjecture of Belinfante!
for the g factor, there does not yet exist a proof of this hypothesis in the literature. The extreme
simplicity of the conjectured form of g(S) suggests, however, that a direct and general attack on the
problem should be feasible. In the present note a proof of this result is given for what may be called
“minimal” theories which possess the property of Galilean invariance.

It has recently been demonstrated by Levy-Leblond? in the spin-3 case that what was taken to be a
triumph of the Dirac theory in predicting the correct g factor for the electron is, in fact, merely a
consequence of the requirement that the wave equation be Galilean invariant and of first order in all
derivatives. In particular one finds that the assumed form

L9 =k )
G¢E<Azh—+B~.—V +C>zp=0 (1)
at i
is Galilean invariant in the spin-3 case for the following form of the matrices 4, ﬁ, and C:

A=4(1+py), B=p,5, C=m(1-p,),

where we use the two commuting sets of Pauli matrices p; and 0; to span the 4 X4-dimensional spinor
space. The transformation law for ¢ corresponding to the Galilean transformation

X =RE+TL+3, t'=t+b,
is

Y&, 1) =e T AYE, R)Y(R, 1),
where we have defined

fX, ) = mv?t +m¥v RX
and

AY2(3, R) =I: DY*(R) 0 ]

30-VDY*(R) DY*(R)

with DY3(R) being the usual two-dimensional representation of spin 3 which acts in the space of the ¢
matrices. The form of AY 2('\7, R) illustrates the crucial point that the upper components of ¥ do not
mix with the lower components under a Galilean transformation.

Upon writing ¥ in terms of the two-component spinors ¢ and ¥,

(x)

one can rewrite Eq. (1) as

E¢+3-px=0, Gpo+2mx=0,
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and thereby obtain for the case of minimal coupling to an electromagnetic field the equation

> A2
[E—e(p—(l)zfn—A)+ —ze—z—c‘z- HJ ¢=0
which clearly displays the familiar result for the g factor. Corresponding results have been obtained
by one of us® for spin 1 using techniques familiar in the case of special relativity. The generalization
of this approach will be seen to lead to the asserted result.
One proceeds by writing the spin-S wave function as a completely symmetrized 2S-rank spinor
z/)al...azs where each a; ranges from 1 to 4. In the absence of further restrictions such an object has

$(2S +3)(25 +2)(2S +1) independent components. The Galilean-invariant Lagrangian can be written as

1 3 28
:ngdxdt(pal...azs*[iz:)lralall ..Fai—lai-X,Gaiai'Pai+1ai+1’ . Fazsazs]d)all..._azsl, (2)

where ['=3(1+p;) is clearly an invariant matrix since (as has already been observed) upper compo-
nents do not mix with lower components under Galilean transformations. It is important to note that
upon going over to the case of special relativity one replaces I' by 8, and G by D=B(y+p +m).° The
relativistic theory thus described is therefore guaranteed to have the same magnetic moment as the
Galilean-invariant theory being considered.

The wave equation implied by (2),

2,8

,~§1F“1“1'” ) F“i—l“i—l'c"iai'raﬁpai+1'“ 'Fazsags’lpal'---azs‘(), (3)
can be shown® to yield

Fa1a1'..'Fai—lai—l'Gai“i'F“i+1ai+1'...F“ZSaZS'Z'D“l""”zS’:O’ (4)

from which it follows that the number of components in (3) is precisely the same as in the Bargmann-
Wigner equations (4). This latter set makes obvious the fact that, because of the occurrence of the
25-1 matrices I', those components of ¢ in which more than one index is a lower index (3 or 4) drop
out of the equations. Thus the only Galilean components are those 25 +1 components in which all indic-
es of Y are 1 or 2 plus the 4S components in which 25-1 indices are 1 or 2 and one index takes the val-
ue 3 or 4. Using the notation

d)al...azs: ¢“1'"“2S for a;=1, 2,
- r—2 - -
Vayserapgmyr = Xa weraps—y 0T a;=1, 2, r=3,4,
one can now rewrite (2) as

Y — .
£_fd xdt3¢“1"'“zs*E¢a1"'azs+2s [¢“1“°ags* > Our pxal.“ai—lai*‘l."aZSr

i=1

28

*7 ¥ *7 r

+2y 0,q.° +2m
i:lxai ai_la“,l azs 1'a1 p(pal azs] Xal azs_l Xal ags..l b

while the equations of motion take the form

r — - .-P r _
irtiarrags =00 OrayB®a weea, F2MYg ey 7 =0, (5)

123, .
E<p"1'"azs+2_s Z;loair.px“l""‘

The introduction of minimal coupling into the set (5) yields, for the independent components ¢, the
equation

1 25 | -, -
(E_e(p)('b“l"'“zs_4m_S'.Zjl(U.HO'H)"l“i'(P“l"'“i—1“i'“i+1"°“zszo
or
_ﬁ2 i 28 _6
e -
(E_‘e(p)¢a1"'a2$—%¢a1.-.a25+—2ms <‘2"H>a‘a I(paln.-ai_lai'ai+1o--.azs=07

i=1 i%i
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where we have defined i =§—ex. The identification of the g factor is now immediate upon recognition
of the fact that under a rotation 6@, ¢ transforms as a two-component spinor in each index, i.e.,
28
Payorvays = Pa wmraysth 2(%6- 00)a 0" Pa,oee

’ LEX]
; ®i=1%8 @417 008

which form can alternatively be written as

’ V<]
= +T0W*S, seeg. ciq teee
(Pal a,s ¢a1 tys sa1 aggia,’ azS’(Pal' a,s’

by definition of the total spin matrices §a1... a Thus one has

25; all.-.azsl.
g eh = -
(E—e<p)¢—2—m¢+§;-n—s—s-ﬁ¢=o
and the asserted result

g(8)=1/s.

Inasmuch as the above derivation uses only the minimal 6S +1 components appropriate to the de-
scription of a particle of spin S by a set of first-order differential equations, it is a matter of consid-
erable interest to display the precise role played by this assumption. It will be entirely sufficient to
describe only one possible way in which one can increase the number of components since it is found
that £(S) can be made entirely arbitrary in the approach to be presented. To this end one introduces
a (2S +2)-rank spinor zpal...azs’l’z which is totally symmetric in the lower 2S indices and antisymmet-
ric in its two upper indices. Then the Lagrangian has the form

ryra! X
£=fd3xdtlpal...azs 172*)%(1—K)[Fa lal,"' Fazsazs’(rrlrll Gr2r2, +G,171,F /)}

TaT2

A 23 .
Ar o.r r T r e T 1’7y
T9s ! ’2’2’?2’1 ayay’ ajmqaimr’ Gaga Lagugaiuy agsags’| Yoy srays”t S

where A is an arbitrary parameter. Suppressing for the moment all lower indices on ¥, one can write
PT12=2 Tz {%(1 + 03)<P02 +ipz¢k o* O, +pl¢’02} LX) (6)

where ¢, z/)k, and y’ are symmetric multispinors of rank 2S. In writing Eq. (6) a term proportional to
(1-p,y)0, has been omitted since, by the usual argument, terms in which both », and r, take the values
3 or 4 do not contribute.

The part of £ proportional to 1-A can be written as

—3(1=-\)Try*[GyT + TYGT], @

with only the components for which @;=1 or 2 in the 25 symmetrized indices of ¢, ¢*, and ¢’ being
relevant because of the 2S factors of I’ a;a;’- There are, therefore, apparently 5(2S +1) components
which survive in the trace (7). Upon calculation of this quantity one finds that it assumes the form

P*EQ—-*p, zpk—d’k *Dp® +2mYp, *Y,, +2mP*Y’,

The part of £ proportional to A is similarly calculated but in this case only the ¢ part of (6) contrib-
utes. Inanalogy with the previous discussion one now calls ¢ only that part in which all @;=1 or 2,
while those components of ¢ for which one component is 3 or 4 are denoted by Xa,eee where 7
=a,5—2. The total Lagrangian is thus

£=fd3xdt

r
G25-1 "

Payorrays EPayrenays H(1=NP0 ova Pt veva,f +la voea, P Pa e ays

A 28 N
R* ® - ,
+2MY,; eee = *g .

w“l *tazs Zp“l 428 ] +2S i=1(¢“1 das 647 px“l @j—18i+1°°%a3s

[

r x> R T X% r
Opa; PP serays) +2MXa ovea,s X“;"‘“zs—l]g , (8)

+Xayeraymqaietrrayg
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where all spinor summations are now over two-valued indices. The term proportional to ¢’*y’ has
been omitted since it clearly vanishes as a consequence of the decoupling of y’.
The equations implied by (8) are readily found to be
X 25, -
E¢al°°°azs+(1"A)pkzpa1"'azsk +ﬁ§0air' an1°°°a

i=1

a7 =0

i-1%i+1 28 ’

r

- -
NPy ey *+ ey =0, G . -
Z/)al L pk¢a1° ays ’ rayg p¢a1° ays 25—1

which, upon inclusion of minimal coupling, yield as the equation of motion for the independent compo-
nents ¢

+2mxa1.,.a ,

i 28

2 \eh 0 -
(E_e(p)(p“l."“23_%¢“1"°“25+§1_7—l§ <§.H>a iai’ Pa; *ttaj—y'a 4000 =0.

i=1

This result allows the immediate identification of the g factor as A/S, thus demonstrating that an in-
crease of the original 6S +1 variables to 125 +4 is sufficient to allow one to give a particle of nonzero
spin an arbitrary magnetic moment.

In conclusion, it is perhaps useful to note that the replacement of I' and G by their previously men-
tioned counterparts in special relativity enables one to write down immediately the corresponding rel-
ativistic Lagrangian. The theory thus described in the spin-3 case has been discussed by Chang” in
the limit A =0. He found that such a Lagrangian describes a particle with no magnetic moment in com-
plete agreement with the results obtained here.
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A method is presented for constructing current-algebra amplitudes which satisfy
(1) threshold theorems, (2) crossing symmetry, (3) approximate unitarity, and (4) cut-
plane analyticity, and which reduce to the usual tree approximation in the narrow-reso-
nance limit. Pion-pion scattering is considered in detail to illustrate the method. A der-
ivation of the Kawarabyashi-Suzuki-Riazuddin-Fayyazuddin relation is provided which
makes no reference to vector-meson dominance.

It has been known for some time that phenomenological Lagrangians,! evaluated in tree approxima-
tion, lead to a representation of current algebra which satisfies the appropriate threshold theorems.
Difficulties of this approach are that (1) the tree approximation is not unitary, and (2) it is very diffi-
cult to compute higher corrections from the nonlinear Lagrangians involved since one is dealing with
a nonrenormalizable theory. A treatment of current algebra, parallel to that of the phenomenological
Lagrangian, has been developed from the Ward identities of the theory.*® In this paper we show how
to continue this program so as to incorporate unitarity into current-algebra models. Pion-pion scat-
tering serves as a useful example to illustrate our view of the subject.

The Ward identities connecting the time-ordered product of four axial-vector currents to nm scatter-
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