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FIG. 3. Doublet.

namic stability for either of these complex shapes;
in particular, the relevance of shear or a well is
unknown.

To conclude, we repeat that present Tokomak
experiments appear to be in a transient state with
regard to diffusion. No scaling or extrapolation
to new conditions should disregard this fact. The
experimentally achieved value of B is a transient
(much larger than B,); any proposed increase in
B moves still farther from equilibrium unless the
geometry is altered to increase B,. The limiting
profile is, at present, beyond experimental
reach, but it could become relevant in an elongat-
ed plasma with shorter relaxation time. If so, a
significant part of Tokomak scaling would become
accessible and relatively insensitive to many pa-

rameters.
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A simple model is discussed which illustrates the general features of plasma stabiliza-
tion by an external feedback system. This indicates that different phase relations in the
feedback loop are needed to stabilize differing classes of electrostatic instability.

Several experiments have been performed’®
in which an otherwise unstable plasma is stabi-
lized by some form of feedback system —that is,
by some external electrical system which “sens-
es” the onset of instability and injects an appro-
priate “suppression” signal.

The nature of the plasma and the way in which
the feedback is applied differ considerably in the
various experiments and the quantitative realiza-
tion of feedback stabilization depends on the de-
tailed arrangements. However, a simple model
can account for most of the qualitative features
of these experiments and also illustrates some
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significant differences in the application of feed-
back stabilization to different types of electro-
static instability.

In this model the feedback mechanism is one
which senses the potential at »’ and in response
to this signal charges up a suppressor element at
7. The charge on the suppressor is related to
the potential of the sensor by a response function

gw)Glr,v"),

where G is real and g(w) is a complex function of
the frequency w which is defined by the amplifi-
cation [ |g(w)|] and phase difference [argg(w)]
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introduced by the feedback circuit. Since the
feedback must be real and causal (i.e., no output
signal can precede its input), g(w) satisfies the
Kramers-Kronig dispersion relations” and is
such that g(w) =g*(-w) with g(w)—~real constant
as w-—o,

In the absence of feedback the response of the
plasma to an electric potential ¢(r)e~#* can be
represented by a generalized conductivity tensor
K ,(r,7’) such that

J )= fxw(r, r")E (r")dr’. 1)
This leads to the dispersion equation
V- fdr'ew(v, 7' )WVelr')=0, (2)
where
47 ,
€ r,r")= 15(7—1")—2,—(0‘Kw(’}’, 7’). (3)

Equation (2) determines the oscillation frequen-
cies and the stability of the system through the
eigenvalue w.

When the suppressor is in operation it intro-
duces “external” charge given by

Pexe @) =g(w) fdr'Glr, v o(r"), ()

so that with the application of feedback the oscil -
lation frequencies are given by

V- [dr'e r, vV ol

+g(w) [dr'Glr, v o(r')=0. (5)

Before the effect of the feedback can be dis-
cussed it is important to distinguish two different
types of instability which can arise from Eq. (2).
The first type involves only a single mode of os-
cillation, which may have positive or negative
energy. Growth of this instability is accompanied
by an exchange of energy between the oscillation
and the plasma medium, e:g., by dissipation.
The second type of instability involves two modes
of oscillation, one of positive and the other of
negative energy. These oscillations become de-
generate at the threshold of instability, which
can be regarded as the exchange of energy be-
tween the two oscillations without any net trans-
fer to the plasma medium. Following Hasegawa?®
we refer to the first instability as dissipative and
the second as reactive and we consider the two
cases separately.

(i) Dissipative Instabilities. —To discuss gener-
al dissipative instabilities we first observe that
the power absorbed by the plasma from an oscil-

lating electric field is
Ref‘ﬁ* -;Td‘r=RefdvE*('r)
Xk, r,v")E@")dr’, (6)

and if the plasma were neutrally stable this would
vanish. The necessary and sufficient condition
for this® is that k (», »’) be anti-Hermitian or
equivalently that €, (r,7’) should be Hermitian.
Thus, if the plasma is only weakly unstable we
can write € =€, + €, where ¢, is Hermitian and

€, will be small compared with €,. Then stan-
dard perturbation theory can be applied, treating
both €, and the suppressor term g(w) as small
perturbations to €,, to determine the effect of
feedback. If, in the absence of feedback, there
is a mode of oscillation with frequency w, and
growth rate y, then in the presence of the feed-
back these are modified to

w=wy+Kkgcos(d +¥), )
Y =y +Kkgsin(@ +¥), (8)
where

g=|g(wy)|, 0=argg(w,),
and
Kei‘l’ =

[ o*@)Glr, ") o(r')dr dr’
[[ve*(r)@/2w)e, @r, 7 Ny=u V@ v dr'”

To stabilize the plasma, therefore, one needs

-kg sin(@ +¥) >y,

There is thus an optimum phase delay 6 in the
feedback loop at which a minimum amplification
is needed to provide stability. However with
larger values of amplification stabilization can
be achieved with a phase delay lying within up to
+90° of the optimum, i.e., over a total range of
180°. For phase delays outside this range the ef-
fect of feedback will be to enhance the instability.
As a function of the phase delay, feedback will
have zero effect on the frequency of the instabili-
ty whenever its effect on the growth rate (sup-
pression or enhancement) is a maximum. These
general features are well exhibited in the experi-
ments of Simonen, Chu, and Hendel® and of Keen,
where the fluctuation level serves as a measure
of y,, to which it is related by nonlinear limiting
processes. : '

One may also observe that the optimum phase
delay changes by 180° according as

6

W=fquo*;;weh(r,'r’)Vgo(r’)d'rd'r' (9)

1341



VOLUME 24, NUMBER 24

PHYSICAL REVIEW LETTERS

15 JuNE 1970

(which is real) is greater or less than zero. This
is a consequence of the negative energy charac-
ter of oscillations with W<0.

(ii) Reactive Instabilities. —These can also be
treated by perturbation theory but there are sev-
eral important differences from the dissipative
case. A reactive instability does not depend on
dissipation and we may neglect €, in discussing
them. Then in the absence of feedback the eigen-
values are either real or occur in complex-con-
jugate pairs. The threshold for onset of reactive
instability occurs when

W= fqu)*(r)é%eh(r,1/’)V(p(r’)drdr’=0, (10)

which represents the fact that the threshold is
reached when a positive- and a negative-energy
mode become degenerate. To apply perturbation
theory to this case we treat both the deviation
from threshold and the suppressor term as small
quantities, i.e., we expand about the marginally
stable state. Then, making use of the above con-
dition one obtains for the perturbed eigenvalue

(w=we)?= =y’ +g(wk, (11)
where now
ke¥=g=
2/[¢*@)Glr,r)plr)dr dr'
[I9g*(r) (678 W)€, (r,r" N oo o Yo (r Ny dr’”

w, is the oscillation frequency at threshold and
v, the growth rate without feedback.

Conditions under which feedback may produce
stability can be determined from (11). Thus if
w, >v, stabilization requires that

(12)

[kgcos(0 + \If)]w:wO >Yols
[kgsin(g +\I/)]w=wo=0. (13)

We see, therefore, that while stabilization can
be achieved if the amplification in the feedback
system exceeds some threshold value, the phase
delay 6 in the feedback loop must be much more
precisely specified for this (reactive) case than
it was for the dissipative case. This very strin-
gent requirement may account for the great dif-
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ficulty experienced in experiments aimed at sta-
bilizing reactive instabilities by feedback.

The conditions for stabilization when w,Sv,,
that is when the instability is an almost purely
growing mode, are slightly less stringent. In
this case they are

[kgcos(d +¥)] -0 >vo+ Wy
and
[kgsin(® +¥)],-,>0. (14)

There is again a minimum amplification which
will produce stability at the optimum phase delay,
but with larger values of amplification stabiliza-
tion can be achieved with phase delays lying in a
90° range on one side of the optimum.

In conclusion, in stabilizing plasmas by feed-
back, the phase relationship between sensor and
suppressor needed to stabilize reactive instabili-
ties differs from that needed for dissipative in-
stabilities. In particular, the phase relationship
needed to stabilize a high-frequency (w,>1v,) re-
active instability is especially stringent.
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