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4rr l rl M„Q~ = fJ,/47rM„and sin'e~ = (k„'+kz')/k2.
In perpendicular resonance, i.e., for k, =k and
k&' —-—k +k&, the three roots of this equation in
the limit of smail Ak' are k „kE, and ik &z,
where

k, —= kf (0 +0 -0 )(0 -0' )

ik,g =+t[(0+0 )/A]'". (2b)

Since each of these k 's is a solution to (1) and
the system is invariant to z --z in perpendicular
resonance, the general solution for the magnetic
potential tt (where h=V() inside the film is the
sum of three waves:

A~~ co(ks~, z 27rrt)+-A~ cos(k~z-2rrrj)

+A~gg(coshk~ggz)' "(sinhk~grz)",

where q =0 or I for even or odd modes, respec-
tively. At the surfaces at z=+2S, (=dP/dz =m»
=

m& =0. These boundary conditions can be writ-
ten as a set of three homogeneous equations for
the A's by eliminating E between the ( and d(/dz
equations, where g F. exp(-kq-lz]) outside the
sample. The secular equation is easily solved
to give k, tan(-,'k, S--,'&r)) =—kt. This result,
which determines the quantized values of k „is
the same as that4 for pure magnetostatic modes.
A second solution, for the exchange modes, is
not of interest here. Solving for the A's shows
that the A

&~ term is negligible even at z=+2S
and that m~, my cosk ~ p

z ++ cosk&zp where
B= c osk2, S/co s'kz S, as illustrated in Fig. 1(a).

These results have an intuitive explanation,
which is useful in predicting the results for other
cases such as parallel resonance or finite-film
resonance. Solving (2a) for 0 gives 0—= [0~(0~
+sin'01, )]'"-=0 „which is just the frequency'
of a pure magnetostatic mode. Since 0=08+Ak2
for an exchange mode, (2b) shows that kz is the
wave vector for an exchange wave which is de-
generate with the magnetostatic wave. Note that
the Zeeman frequency is positive and the ex-

dM/dt = lylM & [zH;+4+ 47rAV M],

V (h+4m'm) =0, V x h=0, (lb)

where M =zM +m is the magnetization, y is the
gyromagnetic ratio, H; is the internal (demag-
netized) field, h is the microwave demagnetiza-
tion field, A = D/47rM„and M, is the saturation
magnetization. The solutions to (1) are linear
combinations of terms containing three wave vec-
tors, ' in contrast to the exchange case or the
pure magnetostatic case for which only one wave
vector is required. For a given kf —=x'k y'k
the t;hree values of k ~ are easily found by sub-
stituting m, m&-cos k z' into (1). The result
is that the three values of k~.' are simply the
roots of the well-known dispersion relation k'0'
=k (QH+Ak )(Q~+Ak +sin20q), where 0= co/

When surface spin pinning is included in the thin-film magnetostatic-Inode eigenvalue
problem, exchange must be included even when the exchange energy is negligible. The
magnetization is changed drastically in general, but the intensities and frequencies are
essentially the same as for the pure magnetostatic modes (exchange constant D =0 and
no explicit pinning mechanism).

Since the magnetization of the pure magneto-
static modes (exchange constant D = 0 and no ex-
plicit pinning') is a single sinusoidal function of
z', where the z' axis is normal to the plane of
the film, it might be expected that pinning the
magnetostatic modes (negligible exchange ener-
gy) would give rise to large intensities, as in the
case of exchange modes (negligible microwave k~ =+[(0-08)/A]'",
demagnetization energy). ' However, it will be
shown that this is not the case. The intensities
and frequencies of the magnetostatie modes are
essentially independent of explicit surface spin
pinning. Thus the intensities of the magnetostat-
ic modes as a function of k cannot be used to
obtain information about the pinning. Such infor-
mation will have to be obtained from the exchange
modes or mixed exchange-magnetostatic modes.

Imposing a pinning condition such as m = 0 on
the magnetostatic-mode problem with D = 0 over-
determines the boundary conditions at z'=+2S,
where 8 is the film thickness, and no solution
exists. In this case it is necessary to include
the exchange interaction even though Dk is neg-
ligible. Mathematically, the exchange term is
a singular perturbation.

The system equations are
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FIG. 1. Illustration of the effects of pinning on magnetostatic modes. The various frequencies are illustrated
in the left side of the figure, and the variations of the microwave magnetization across the film thickness are il-
lustrated in the right side, where the dashed lines are for pure magnetostatic modes and the solid lines are for
magnetostatic modes with pinned surface spins.

change frequency is positive for oscillating waves
[negative n=- (d m~/dz s)/mz] or negative for de-
caying waves (positive a). The frequency of the

kz wave is Qz=+Qm„and that of the ik«& wave
is 0 &z

=-0, . The k, and kz waves can be
admixed freely to satisfy the surface pinning con-
ditions (m =m&=0 in the present example) since
the frequencies are the same. The decaying
ik &~ wave is far off frequency (Q=-Q, c+0, )
since e is positive, and its amplitude is negligi-
bIe.

Since A(m/S)s «1 for magnetostatic modes, the
kz wave must have many oscillations, i.e.,
k»mS, in order to make its frequency Q~+Akz'
equal to the magnetostatic-wave frequency Q
See Fig. 1(a). Thus the intensity is controlled by
the term cosk, z since coskEz integrates to
zero approximately. In other words, the intensi-
ties of the pinned magnetostatic modes are the

same as those of the pure magnetostatic modes
(having no explicit pinning).

The corresponding results for parallel reso-
nance, i.e., for k k& ky ky and kp' k

p

can be inferred from the results above. For
k =0, the values of k obtained from the solution
of the dispersion relation are k = N, „, k„and

, where k „=+0 and Ak, '=-(Qz+ —')+ (
—'+0')' '

The frequency Q,„of the ik, wave is simply the
frequency of the Damon and Eshbach magneto-
static surface wave. ' The frequencies of the k,
waves are 0, =+0,„. The decaying k wave is
off frequency, and its amplitude is negligible.
The oscillating k, wave has the same frequency
as the surface wave, and a linear combination of
these two waves is chosen to satisfy the surface
pinning conditions. See Fig. 1(b).

For the bulk modes with k =0 in parallel reso-
nance, solving the dispersion relation for k
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gives Ak{ '=-0 -& +[(OH+2)-(0 -0')]'
where Q„z'-=Q+'+Q~, and k „which is just
the Damon and Eshbach' bulk-mode wave vector
having 0=Q,. The other two frequencies are
Q(,i=+A, . The decaying k( ) wave is off fre-
quency, -and its amplitude is negligible. A linear
combination of the degenerate k, and k&, i waves
is chosen to satisfy the surface pinning condi'-

tions. See Fig. 1(c). The second (k&, ~

= ikd„)
wave is decaying, in contrast to the results of
the previous two cases, because the frequency
must be lowered from Q„p to 0, and a positive
o. (decaying wave) lowers the frequency. This
ikd„wave changes m only very near the sur-
faces, where it rounds off m to zero at z'=+28.

Several conclusions of Wolfram and De %ames, '
based on incorrect generalizations of computer
solutions for m and ~ for several specific val-
ues of k&8, O~, etc. , contradict the present re-
sults. The kE or k, wave, not the ik &z or k

wave, is the important one for satisfying the
boundary conditions, and the amount of the kz
or k, wave in m is large away from the cross-
overs in general, as illustrated in Figs. 1(a) and

1(b). In their semi-infinite-medium calculation
of the lifetimes of surface modes, their solution
satisfies the surface conditions only at certain
isolated instances of time since a traveling wave
m -exp(ik x) [with implicit exp(ivt) time depen-
dence] cannot satisfy their pinning condition dm„/
dx = 0 at x = 0 for all times. It is misleading to
consider m as an admixture of bulk and surface
waves simply because one k ~ is imaginary and
another is rea1. For example, in Fig. 1(c) the

ikd„wave rounds off m to zero at the surface.
Several experimental results can be explained

in terms of the theory. Sparks and co-workers'
observed that the higher-branch (larger values
of k, ,) magnetostatic modes in a 12.4-pm yttri-
um-iron-garnet film had very small intensities.
Single-sine-wave pinned modes would have large
intensities" in contrast to the small observed
intensities. The two-wave solutions discussed
above should have small intensities, in agree-
ment with the experimental results. The theo-
retical resu1ts also explain the fact that surface

modes have been observed under conditions for
which the surface spins are expected to be pinned';
it might have been expected that making m = 0 at
the surface would have essentially eliminated the
surface modes, but the two-mode results above
indicate that this is not the case.

It is reasonable to expect that the results for
other geometries should be similar. Thus, the
explanation of the magnetostatic modes observed"
in spherical samples in terms of the theoretical
results" developed for no explicit pinning should
be valid even though the surface spins are likely
to be pinned and the pure magnetostatic modes
have large amplitude at the surfaces in general.

iThe surface spins are said to be pinned {or unpinned)
if the microwave magnetization m=0 {ordrn/dz'=0)
at z'=+&S, where S is the film thickness. In general
arn+bdm/dz'=0 at z'= +&S, where a and 5 vary from
mode to mode. If some mechanism other than the
usual electromagnetic field continuity conditions at
the surface plane hoMs a and 5 fixed, there is said to
be an explicit pinning mechanism.
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