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where Zq and ~q are the strength and energy of
the single-particle excitations (presumed to pos-
sess series expansions in integral powers of q),
and $ measures the strength of the multiparticle
excitations from the condensate, which contrib-
utes terms of order q' to all three sum rules in
this limit. We further argue that Zq possess a
series expansion in powers of q' which takes the
form

(6)

(where y, is positive), a result which follows
from the assumption that only short-range corre-
lations are present in the density-density corre-
lation function. Qn making use of the sum rules,
Eqs. (2)-(4), and Eq. (6), we obtain directly the
following long-wavelength expansions:

y=O,

a result reported by Woods and Cowley, ' consis-
tent with the experimental results on Sq.

The relevant sum rules for the dynamic struc-
ture factor S(q, &u) are as follows'.

f, d&uS(q, v) = NSq,

f, d&u&uS(q, &u) =
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Combhdng simple sum-rule arguments and a calculation of departures from the Feyn-
man excitation spectrum, we demonstrate the existence of an inflection point in the liq-
uid structure factor Sq, and relate Sq to the phonon dispersion coefficient y and the
strength and average frequency of the multiparticle excitation spectrum in liquid He,
%e find in particular y =—0, a result recently obtained by Woods and Cowley, to be in
accord with other parameters determined by x-ray and neutron-scattering measurements.

Hallock' has recently reported an x-ray scat- tions, as was first done by Miller, Pines, and
tering measurement of the liquid structure fac- Nozieres. ' In the long-wavelength limit, we may
tor, Sq, at very long wavelengths and low tern- write
peratures. His data, of greater accuracy and ex-
tending to smaller wave vectors than previous
measurements, provide experimental confirma-
tion for the hitherto theoretically conjectured in-
flection point in Sq.' ' On the other hand, Woods
and Cowley, ' using neutron-scattering techniques,
measured the single-phonon part of Sq, the dis-
persion of the phonon spectrum, as well as the
average multiparticle excitation energy (d. We
have present simple sum-rule arguments for the
existence of an inflection point, and show how

these may be combined with a calculation' of de- -N qpartures from the Feynman excitation spectrum + e ~ e

and experimental data to yield an estimate of pl s pl 8

phonon dispersion and of the strength of the mul-
tiparticle excitation spectrum in, liquid He4. We
find

where Xq is the static wave-vector-dependent
density-density response function. In working
with the sum rules it is useful to divide the con-
tributions to the dynamic structure factor into
those coming from single-particle excitation
from the condensate and multiparticle excita-

Note that since &u, =-y(ms)' is from all experi-
mental indications zero or negative, if X, is posi-
tive, Z, must be negative. And since $ must be
positive, one will always expect a point of inflec-
tion in the static structure factor Sq.
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If further we write

we find by comparison

+ ~ ~ ~
7

td = 20'K.

Hence,

z, =-1.46,

$ = —Csrn s'/&u = 2.0.

(15)

(16)

(1V)

C, =(u, +z, = —(u&/ms', (12)

(d, =0, (14)

where 2 is the average multiparticle excitation
energy in the long-wavelength limit, defined by

I'd =j (df((d)do)/ j f((d)d(d. (13)

In Ref. 6, C, was calculated to a considerable
degree of accuracy to yield a series whose lead-
ing terms are -1.04 and -0.30. Assuming a geo-
metric progression, we find C, =-1.46. From
Ref. 5, we find

Substituting these results into Egs. (V) and (10),
we find Zq and Sq in good agreement with the data
of Woods and Cowley' and Hallock' at long wave-
lengths (~0.4 A '). Beyond 0.4 A ', higher or-
ders in q than those considered here become im-
portant and must be taken into account. It should
be noted that the previously accepted value of y
(3x10"g

' cm ' sec') corresponds to ~, =-O.VV,

and leads to large discrepancies between the cal-
culated and experimental results for Zq and Sq.

Further information is provided by the co' sum
rule'

f"~'S(tl, & )d~= +4 "'"+—
~

(1-cosq r)g(r), v(r)dr
0 2m 2m 2m N m q

For the I,ennard- Jones 6-12 potential and long wavelengths it reduces' tos', g 1 ' 2V2Eq;„144 E
2m 2(ms) 2m 15 N 5 N

(18)

Using the experimental value of -V.14'K for E/N,
and a recent theoretical estimate' of 14.3'K for
Ek;„/N, we find

((o')'" = 42.3'K. (20)
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Equations (15) and (20) indicate that the multipar-
ticle contribution to the dynamic structure factor,
or f(u), peaks toward higher frequencies.
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