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tions, at least in the system GdNi, .
Our results on the cubic Laves-phase com-

pounds GdPt, and GdRh, are similar to those of
GdNi, although the anomalies in p(T)l and dp/d&
near T, are not as striking as in the case of
Gd¹i,. We obtain values for T, of about 23'K
in GdPt, and 70 K in GdRh, compared with 36
and 74'K, respectively, obtained by Crangle and
Ross. '

In summary, our experiment gives the first
clearly quantitative agreement with the mole-
cular-field description of the spin-disorder scat-
tering near the critical point, and we conclude
that this agreement illustrates the validity of
such a theory in a system such as GdNi, where
there is clearly a well-localized Gd moment.
We believe that the difference of the critical be-
havior in these compounds from that in Ni4 or
PdFe alloys' probably is due to the fact that, in
these gadolinium compounds, the magnetic f
electrons are well localized. Therefore, a local
"s-d" exchange interaction, a feature common
to the theories discussed earlier, ""is a better
representation of the true situation than in the
case of Ni or Pdre alloys where the d electrons
are not well localized. One is led to make a
distinction' between the statistical treatment of
the problem and the model interaction used. It
is quite possible that the major source of the
qualitative difference between theroy and experi-
ment lies not so much with the details of the sta-

tistical treatment of the critical spin fluctuations
as with the model interaction used to describe
the scattering of the conduction electrons.
There is clearly a need for further theoretical
study of this point.
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We report the experimental observation of the inelastic scattering of slow neutrons by
two-magnon processes and present theoretical calculations which account for the shape
and wave-vector dependence of the spectrum.

/

Two-magnon processes in antiferromagnets have recently attracted considerable interest not only in
infrared absorption' and Raman scattering'' experiments, but also in theoretical studies. Elliott et
al. ' have shown that the shape of the two-magnon spectrum observed in these optical experiments is
influenced by magnon-magnon interactions, and Fleury' has strikingly confirmed their predictions in

RbMnF~. In this Letter we report the observation of neutron inelastic scattering by pairs of magnons
in the antiferromagnet cobalt fluoride. Neutron scattering differs from optical experiments because
the wave-vector dependence of the scattering may be observed, and because two-magnon scattering
arises fr'om the correlation between pairs of spins rather than from the four-spin correlations sug-
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gested by Eliott et al. ' for optical experiments. The nature of the interaction between the neutrons
and the magnons is also better understood than that between the photons and the magnons. The experi-
ments were performed on cobalt fluoride as it might be expected to show strong magnon-magnon in-
teractions and to exhibit bound two-magnon states because of its narrow spin-wave bandwidth. '

The neutron-scattering cross section S(Q, Id) for two-magnon processes has been evaluated within
the noninteracting spin-wave approximation. For a spin-only antiferromagnet the scattering arises
from fluctuations in the z components of pairs of spins and, at low temperatures, has been obtained
by an extension of the work of Nagai and Yoshimori~ as

~(Q, ~) = (r~B)'If(4) I'I:(Q '+Q~')/I Ql']2 I »nh(~;+~, ) I'&(~-~;-~,)&(@-q;-q,),
1J

where Q and &u are the wave vector and frequency
transfer in the experiment. The form factor of
the magnetic ions is f(Q), while gpB is the prod-
uct of the gyromagnetic ratio of the neutron and
the Bohr magneton. The summation over i and j
is over all the one-magnon states described by
frequency co, and wave vector Q;, while &; is the
phase factor which enters into the expression for
the spin-wave variables in terms of the single-
sublattice excitation operators. ' When Q-q; —qj
is equal to a reciprocal-lattice vector (h, k, l) for
which 8+k+ i is even, the minus sign in the func-
tion sinh(8; +&I) is taken, and if 0+0+/ is odd,
the plus sign applies. The two-magnon scatter-
ing is therefore most intense in zones containing
magnetic reciprocal-lattice vectors.

The experiment was performed with the single
crystal of CoF, mounted in a similar manner to
that used in our earlier experiments. ' The neu-
tron scattering was measured with a triple-axis
crystal spectrometer controlled so as to obtain
the intensity of scattered neutrons as a function
of frequency transfer for a fixed predetermined
momentum transfer. " Some typical results are
shown in Fig. 1. In the distributions at the lower
temperatures, 12, 4.7, and 1.6'K, there is a peak
whose frequency is about (3.2+ 0.2) && 10"Hz. The
rise in the intensity at low frequencies in these
distributions is due to one-magnon scattering
within the ground-state doublet of CoF2, the AB
transition described earlier. ' The increase in
the intensity at high frequencies is from scatter-
ing by the AC transitions. ' Clearly both of these
are far more intense than the peak studied in
these experiments. This peak is believed. to
arise from two-magnon scattering, firstly be-
cause of its considerable temperature depen-
dence (Fig. 1), and secondly because of the crys-
tal-momentum dependence of the scattering. The
peak was observed around the magnetic lattice
point (1,0, 0), but was absent both at the nuclear
lattice points (2, 0, 0) and (1, 0, 1), and also at the
magnetic lattice point (0, 0, 1). This behavior is

in agreement with that predicted by Eq. (1). The
peak is also believed to arise from two-magnon
processes because its frequency and shape are
in agreement with the calculations described be-
low.

In Fig. 2 we show the results for several wave
vectors around the reciprocal lattice point (1, 0,
0), with a background, similar to that shown by
the dashed lines in Fig. 1, subtracted. Although
this background is of necessity somewhat arbi-
trary, we believe the results shown in Fig. 2 are
substantially correct for the intensity, shape,
and frequency dependence of the two-magnon
scattering throughout the Brillouin zone.

At first sight the results of our measurements
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FIG. 1. Typical neutron groups observed from two-
magnon scattering in CoF2 as a function of temperature.
The dashed line shows our estimate of the background
under the peaks. The right-hand scale applies only to
the results at 18 and 12 K.
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are surprising because a large peak in the two-
magnon spectrum would be expected at a frequen-
cy of 3.8x10"Hz, twice the average frequency
of the zone-boundary magnons. Indeed the com-
bined density-of-states model for the scattering,
obtained by deleting the sinh function in Eq. (1),
does show a peak at this frequency (Fig. 2). Our
experiment shows, therefore, that the density-
of-states approximation fails to describe the two-
magnon scattering.

The reason for this failure may be understood
in the following way. The z component of the
spin may be written in the spin-wave approxima-
tion as 8, =S-a ~a. Two-magnon scattering of
this type is possible at low temperatures only if
both the creation and annihilation of local spin
deviations, described by operators a ~ and a, are
able to create magnons. In the antiferromagnet,
scattering occurs because the annihilation of a
spin deviation is able to create magnons. '- An
exception is the case of zone-boundary magnons
which cannot be created by annihilation of a spin
deviation. Consequently no scattering occurs in
the region near twice the frequency of these
modes. For lower frequencies the amount of
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FIG. 2. The two-magnon scattering at 4.7'K, with
the background subtracted (Fig. 1), for various wave-
vector transfers. The solid (dashed) curves are the re-
sults of the spin-wave model with (without) interactions,
and the dotted curve is the two-magnon density-of-
states approximation. The spin-wave calculations are
normalized with a single scale factor to the results.
The density-of-states curve (dotted) has been reduced
to a convenient size as it grossly disagrees with the ob-
served magnitude of the two-magnon intensity.

scattering is determined by the factor sinh({);
+81) in Eq. (1). In simple ferromagnets, two-
magnon scattering of this type is absent because
the annihilation of a spin deviation is not able to
create magnons of any wave vector.

The two-magnon scattering was calculated
from Eq. (1). The one-magnon properties of
CoF, were obtained from a spin-& model which
gave good agreement with the observed one-mag-
non frequencies, v' and which involved Heisen-
berg nearest-neighbor exchange and anisotiopic
next-nearest-neighbor exchange (J = J&&&J,).
The calculations were performed mostly with a
mesh of 4096 points and a frequency resolution
of 0.1~10"Hz. The results, which are given as
the dashed curves of Fig. 2, show that this non-
interacting-magnon model gives a good account
of our measurements. The integrated intensity
of the one-magnon scattering for a wave-vector
transfer (1.5, 0, 0)2wia on this model was calcu-
lated to be 5.8 times larger than the integrated
intensity of the two-magnon scattering near (1, 0,
0)2s/a. This is also consistent with the experi-
mental ratio of 4.7+1.5, where the large error
is mostly due to the uncertainty in the background.
Calculations taking account of the effect on the
scattered intensity of the complex nature of the
wave functions in cobalt fluoride' gave the calcu-
lated ratio as 3.5.

A further calculation was performed to assess
the importance of magnon-magnon interactions
using a modified Ising form for the exchange in-
teraction. The two-magnon scattering in this ap-
proximation, which will be fully discussed in a
later publication, is shown by the solid curves in
Fig. 2. It only differs slightly from the results
of the noninteracting theory, and the slightly bet-
ter agreement with experiment is barely signifi-
cant. Much greater accuracy will be required in
the measurement of the two-magnon scattering
before the difference between the calculations is
measurable.

In conclusion, we have observed two-magnon
scattering of neutrons in cobalt fluoride. The re-
sults show, not surprisingly, that a simple den-
sity-of-states approach is unrealistic but that
calculations based on either an interacting- or
noninteracting-magnon model with the actual neu-
tron-magnon interaction do give good agreement
with our measurements at low temperatures.
The temperature dependence of the two-magnon
scattering has also been found to be more marked
(Fig. 1) than that of the one-magnon scattering. e

A quantitative description of these latter mea-
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surements must await further theoretical devel-
opments.
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We demonstrate an exact equivalence between a Kondo problem and the thermodynam-
ics of a classical one-dimensional gas with alternating charges and a logarithmic poten-
tial. This classical gas has a critical point.

We demonstrate an asymptotically exact equivalence' between the simplest Kondo problem, the
ground state of a spin S = 2 interacting with an otherwise free electron gas, and the thermodynamics
of a certain one-dimensional classical gas. The central point is an asymptotic expression (i.e. , for
EFt»IJ for the probability amplitude for a succession of spin flips. The interaction in the classical
gas is of logarithmic (two-dimensional Coulomb) type for which simpler cases have been solved exact-
ly by Dyson, Wilson, and Gunson. ' Some physical results from the classical gas problem are available
already —e.g. , that the antiferromagnetic case has no mean spin —and these will be discussed in a suc-
ceeding communication. Generalizations to finite 7.', higher spin, and more physical models seem not
forbidding.

We divide the Hamiltonian as follows:

X Xo +X/

$(o=g eqn~, +JS, P c~, (s, ) .c~ ...
k, a Ajf'oa '

Xi=el+ cp ci, ~[S(s ) +S (s) ],
k, k'

The eigenstates of X, are

%, =o.Q c, tg, d, ,~ivac), @i=PQ d, g .c &tivac),

where cj, are scattering states appropriate to the potential +4J'[phase shift 5, = ,'wJp(EF)I and d~--
are scattering states appropriate to -4J (5 = -6,). For J antiferromagnetic, 5, is negative.

The lowest eigenstate with S =+2 we. denote by e4,&. We calculate

E(t) =(o.+„(exp(iXi) inc„) = g [(ne„(e )I'e'~',

where 4 are the exact eigenstates. We assume that the Fourier transform F(u&) must have a branch
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