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SOFT LIBRATIONAL MODE DETECTION VIA NUCLEAR QUADRUPOLE RESONANCE*
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The temperature variation of pure nuclear quadrupole resonance frequencies provides
a new tool for the detection of soft librational modes in spectrographically inaccessible
regions. Data taken on K2HeC16 above its 110.9 K phase transition are presented and are
shown to imply a marked temperature dependence of the frequency of the 0 = 0 rotary
mode.

It has been suggested recently that nuclear
quadrupole resonance (NQR) may be used to de-
tect the presence of a low-lying librational mode.
This possibility arises from the temperature
variation of the mean-square nuclear displace-
ment associated with such a mode. We will pre-
sent experimental results which demonstrate the
anamolous temperature dependence of the soft
librational mode in K,ReC1, and will comment on
some aspects of the analysis presented in the pa-
per by Jeffrey and Armstrong (JA). ' Some of the
unpublished results of the work of O' Leary and
Wheeler (OW) will be presented as an aid to the
present discussion. '

3The NQR frequency for a nucleus of spin 1= 2

which is located at a crystallographic site pos-
1sessing axial symmetry is given by v= 2eQq,

where Q is the nuclear quadrupole moment and q
is the az component of the electric-field gradient
averaged over the thermal motion of the nucleus.
This time averaging comes from the fact that the
frequencies of the lattice vibrations are many or-
ders of magnitude higher than the NQR frequen-
cy. ' During one period of precession of the nu-
clear spin, the nucleus will oscillate many times
about its equilibrium position. The gradient will
respond essentially instantaneously to the nuclear
displacements since it arises primarily from an
orientation of the electronic orbitals of the atom
in question. The lowest order nonzero time-av-
eraged term of an expansion of the gradient in the
nuclear motion will clearly be proportional to the
mean-square displacement. The gradient, and
thus the NQR frequency, will vary with tempera-
ture according to a weighted Debye-Wailer factor
involving the motions of the nucleus in question
and the atoms which produce the gradient.

The relation between the nuclear motions and
the gradient of the electric field is quite compli-
cated in the general case. It is simplified consid-
erably, however, if the following two approxima-
tions can be shown to be physically reasonable.
The first requirement is that the major axis of
the gradient point toward an origin, another atom,

whose equilibrium position lies on the symmetry
axis of the nucleus in question. The second is
that the dominant thermal motion of the nucleus
and the atom at the origin takes place in direc-
tions perpendicular to the symmetry axis. The
lattice vibrational modes which involve motion
along the symmetry axis must not be significant-
ly populated at temperatures of interest. The as-
sumption of axial symmetry forces the gradient
to be at an extremum for motions perpendicular
to the symmetry axis. Thus the lowest order ef-
fect of such motions will be to rotate the gradient
without changing its magnitude.

In this approximation it is easily shown that the
time-average gradient is given to lowest order
by

where q, is the gradient in the absence of ther-
mal motion and (9&'), (8~') is the mean square an-
gle of rotation of the bond axis about the y, x di-
rection. " Therefore one would ordinarily expect
that the gradient, and thus the NQR frequency,
should decrease with increasing temperature due
to the normal increase in population of the modes
involving rotation of the bond axis. If, on the oth-
er hand, the vibration frequency of the dominant
rotational mode should increase more rapidly
than the temperature itself, the population of that
mode would decrease with increasing tempera-
ture. This would result in an NQR frequency the
temperature derivative of which is anomalously
positive. Such a rapid temperature variation of
the frequency of a rotational mode is just the be-
havior that is expected above the critical temper-
ature of a soft librational-mode phase transition.
Due to symmetry considerations, a librational
mode in the high symmetry phase of such crys-
tals is generally unobservable via infrared or Ba-
man experiments. Thus nuclear quadrupole reso-
nance provides a new and convenient tool for
studying the temperature dependence of a soft
mode in a previously inaccessible range of tem-
peratures.
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The nuclei of chlorine atoms in the fcc K,MCl, -
type crystals provide an excellent example of nu-
clei for which the above conditions are satisfied.
They form the corners of a regular octahedron
surrounding the central metal ion with the M-Cl
bonds pointing along the cubic crystal axes. The
octahedra themselves form a fcc lattice and the
potassium atoms occupy the tetrahedral inter-
stices. Thus the chlorine site symmetry is C4,
= 4mm. This symmetry is high enough to force
the electric-field gradient to be symmetric about
the unique axis.

Several pieces of evidence point to the fact that
the chlorine is bound covalently to the metal atom
and the other chlorines in the octahedron. The
MCl, ion is stable in solution. It would certainly
dissociate if the bonding were mainly ionic. In-
frared-absorption' and Raman-s cattering experi-
ments done on the ions in solution' and in the sol-
id' have verified that the frequencies of the mo-
lecular vibrations of the octahedron are insensi-
tive to the crystalline environment. These fre-
quencies change by less than 5% between the solu-
tion and the solid. Thus, the bonding of the chlo-
rine which gives rise in the adiabatic approxima-
tion to the frequencies of the normal modes is de-
termined primarily by the other atoms in the
MC1, octahedron and only secondarily (on the or-
der of 10%) by the surrounding atoms in the crys-
tal. In addition, the magnitude of the NQR fre-
quency, which is from 10 to 30 MHz in these
crystals, can be explained only by assuming that
the o'-bonding P~ orbital of the chlorine is partial-
ly empty. '

The final necessary assumption that the vibra-
tional modes involving motion along the symmetry
axis be insignificantly populated requires some
comment. In JA it is argued that the Debye theta
(8& &200'K) calculated from the specific heat' of
these crystals is so high that the population of the
acoustic mode will be much smaller than that of
the low-lying librational mode. We wish to point
out here, however, that while their conclusion as
to the applicability of the technique is correct,
their argument based on population alone is not.
The results of a rigid-ion lattice-dynamics calcu-
lation for fcc K ReC1, done by OW indicate that
the acoustic mode lies below the rotary I + mode
nearly everywhere in the Brillouin zone. Thus
the population of the acoustic mode will in fact be
greater than the population of the librational
mode. Note that a Debye theta represents contri-
butions to the specific heat from all the degrees
of freedom of the crystal and thus can be eonsid-

erably higher in energy than the acoustic mode.
One must have some information about the ei-

genvectors of the normal modes before drawing
conclusions about the effect of population. This
information has been available in the literature
for some time. The three internal modes which
involve a change in the M-Cl bond length have en-
ergies lying between 275 and 360 cm '." These
energies are high enough to guarantee small pop-
ulations of the stretching modes below room tem-
perature. Alternatively one can say that the
acoustic mode involves pure translation of the
octahedron as a rigid body. It neither changes
the M-Cl bond length, nor does it rotate the di-
rection of the gradient. The acoustic mode has
no effect on the NQR frequency.

Within these assumptions the mean square bend-
ing angle of the M-Cl bond, including the effects
of the molecular bending vibrations as well as
those of the rotary mode, is the dominant factor
in the NQR frequency shift. This angle is given
by

(2)

where, for example, the eigenvector component
& (Cll;)/(Mc~)' ', with eigenvalue ~(J ), is the x
displacement of the chlorine in the normal mode
of wave vector k, and branch j; R is the M-Cl
bond length; N is the number of molecules per
unit volume; and (n(J ) + 2) is the Bose population
factor. The eigenvectors of the internal modes
can be estimated from the requirement that the
center of mass of the octahedron remain station-
ary in the motion. For the rotary mode the coef-
ficients, exclusive of the population factor and ei-
genvalue, reduce to +/I, where I is the rotational
inertia of the MCl, molecule. The population
and eigenvalue involve a knowledge of the disper-
sion of the modes as a function of k. The disper-
sion of the three internal bending modes at 126,
166, and 172 cm ' is small enough so that they
can be treated adequately as triply degenerate
Einstein modes. ' The combined results of Eqs.
(1) and (2) yield an NQR frequency shift of 0.4%
at room temperature due to internal modes alone.
This amounts to 3 of the total frequency shift ob-
served by JA in K,PtC1, at room temperature.
Therefore the contribution of these internal
modes would seem to be important and should
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have been included in the analysis by JA.
The rotary mode presents a much more diffi-

cult problem of calculation than do the internal
modes, due to its dispersion. The problem is
especially acute at low temperatures where the
Bose population factor in Eq. (2) must be treated
exactly. At high enough temperatures or, equiva-
lently, for low enough rotary mode energies, the
population factor may be expanded as (n(~)+-2)
= k8T/h(u(J ) In .this approximation the NQR fre-
quency shift resulting from the rotary mode will
reduce to h~, «/v, =SkBT/12', where 1/2' is the
average reciprocal square frequency of the trans-
verse and longitudinal branches of this mode.

A very interesting example is provided by the
soft-mode phase transition of K,ReC1, at 110.9
'K." At this transition, the crystal distorts slight-
ly into a tetragonal structure (c/a = 1.003) having
the same number of molecules per unit cell as the
fcc phase. All of the spectrographic evidence
collected thus far indicates that this transition
occurs as a result of the softening of the k =0 ro-
tary mode. The tetragonal phase then is charac-
terized by a small ferrorotation of the Reel,
octahedra about the c axis. Our low-temperature
Cl ' NQR data shown in Fig. 1 confirm the exis-
tence of this structure between 103.4 and 110.9'K.
The Cl" resonance splits into two lines which
have an intensity ratio of 2:l. This corresponds
to the fact that the chlorine nuclei lying along the
s axis are no longer equivalent to those along the
x and y axes. The continuous nature of the split-
ting of the resonance implies that the octahedral
rotation angle (the order parameter of the distort-
ed phase) is also continuous. Thus the transition
is of second order, in the sense defined by Lan-
dau, "and one would expect to observe evidence
of the presence of the soft mode responsible for
the transition.
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NQR frequency data taken on this salt above the
transition are shown in Fig. 2(a). In light of the
above discussion of the significant negative-tem-
perature derivative produced by the internal
modes, the direct observation of a positive deriv-
ative in the raw data indicates the dramatic na-
ture of a temperature dependence of the soft rota-
ry mode. Figure 2(b) shows a plot of ~ = BkBT vo/
I4v„„where 4v„, was determined by first sub-
tracting the calculated internal-mode frequency
shift from the raw data. 2' is very nearly linear
in T and thus in essential agreement with the
classical predictions for such transitions due to
Landau. "" In the 110.9'K transition, the phonons
at and near the zone center approach zero energy
while those near the zone edges remain at finite
energies. When account is taken of the small
density of states available near k =0, we find that
the average frequency ~ translates into a k =0 ro-
tary mode frequency which softens from —25
cm ' at 300 K to -1 cm ' at 112'K.

The above interpretation of the high-tempera-
ture NQR results in terms of a soft mode can be
made more convincing by further consideration
of the low-temperature data. The observation of
a negative (dv/dT)I everywhere below the 110.9'K
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FIG. 1. Cl ' NQR frequency data taken on K2ReC16 be-

low the 110.9'K phase transition. Experimental error
is +1 KHz and &.25'K except as noted.
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FIG. 2. ta) H,aw C13~ NQR frequency data taken on
K2BeCl6 above the 110.9'K phase transition. Exper 1-
mental error is +1 KHz. (b) Plot of ~2 (see text) with
vo= 14.050 MHz determined by extrapolating data taken
below transition to ~ = 0.
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transition can be used to argue against several
alternative explanations for the high-temperature
positive derivative. r bonding has been suggested
as a possibility. ' Optical studies, however, have
established that the octahedron of chlorines is
not distorted in the low temperature region. '
Thus if m bonding were the cause of the anoma-
lous behavior, one would expect to observe posi-
tive temperature derivatives at all temperatures.
A second alternative is that the electric-field
gradient itself might increase with increasing
volume'~ so as to produce a positive temperature
derivative of the NQR frequency. This descrip-
tion can be effectively answered by examination
of the temperature region 103.4 to 110.9'K. Due
to the tetragonal distortion of the axial lengths
and the rigid-body nature of the ReCl, octahedron,
the environment of the x and y chlorines moves
toward them as one goes down in temperature
while that of the z chlorine moves away. This
motion corresponds to effective volume expansion
for the x and y chlorines and a contraction for the
z chlorine as one goes up in temperature. Note
that the NQR temperature derivative for the x and

y chlorines is in fact more negative than that for
the a. Thus the volume dependence does have the
normal sign to produce a negative temperature
derivative of the NQR frequency. The volume de-
pendence then is an additional factor to be over-
come by the effects of the soft mode which results
in the observed negative derivative.

In conclusion, we have clarified the necessary
arguments for the applicability of NQR as a tech-
nique for measuring the Debye-Wailer factor as-
sociated with a soft librational mode. These ar-
guments apply to the K,MCl, system, thanks to
the rigid-body nature of the MC1, octahedron.

The data presented here result in the conclusion
that the rotary mode in K,ReCl, is strongly tem-
perature dependent above its highest crystallo-
graphic phase transition. This is a result that
could not have been obtained via spectrographic
techniques because of the symmetry properties
of the rotary mode.
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