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We calculate the contribution to the baryon octet masses of the symmetry breaking
term uo+cu8 by means of a phenomenological Lagrangian. Our result gives a theoretical
justification of the conclusion of von Hippel and Kim.

The success of chiral SU(3) SU(3) is based on
Nambu's idea' that, in the limit of exact symme-
try, the pseudoscalar octet has exactly zero
masses. Gell-Mann's original idea' that this
group is broken by a term in the Hamiltonian
proportional to (-u, —cu, ) [where u;, v;, for i = 0,
l, , 8, form a basis of the representation (3,
3*) (3*,3) of the chiral SU(3) 8 SU(3) group, and
c is a constant] was recently revised by Gell-
Mann, Oakes, and Renner, ' and the value c = -1.25
was suggested. This shows that SU(2) SU(2) is
a very nearly exact symmetry (and so the pion
mass is nearly zero). By using the soft-pion the-
orem, coupled with a method of extra, polation to
the mass shell, von Hippel a,nd Kim4 put these
ideas to work in the domain of threshold ampli-
tudes; and by fitting to experimental data, they
obtained the conclusion that the expectation value
of u, between the octet baryon states,

lan, Coleman, Wess, and Zumino. ' The linear sub-
group used here is the usual SU(3). The system
which we will now consider consists of eight
pseudoscalar meson fields $& (which are dimen-
sionless for the moment; actually they are nor-
malized by the factor E,=Fz =F„)and eight &'

baryons B;. The (anti-Hermitean) generator s V~,

A; (i= 1, , 8) of SU(3) SU(3) satisfy the com-
mutation relations

[V;, V,]=[A;,A,]=f,-»~»,

[I' AJ]=fv»A».

For any octuple of fields $;, and any element g
of SU(3) SU(3), we define the quantity $ and

L.A — L'A y' ~ V

Further, we define

is approximately 175 MeV. A recent private
communication with von Hippel revealed that he
has updated this value to about 200 MeV. As a
result, the common mass of the baryon octet be-
fore the symmetry was broken was very close to
(and slightly lower than) the actual nucleon mass,
where the SU(3) NI SU(3) symmetry is already
broken. Thus, this result seems to suggest that
breaking of SU(3) SU(3) only gives the nucleon
mass a very small positive increment. In this
note, we are going to justify this result by em-
ploying the same ideas and a very simple and
physically attractive assumption.

We wi11 use the mathematical technique of the
phenomenological Lagrangian developed by Cal-

B,.'=(e"" )vB,, (2)

where (T;)J» = -f~» are the generators of the
eight-dimensional representation of SU(3). The
nonlinear transformation of the vector ($;,B~)
under g is given in Ref. 5 as

g: (h;, B,)-(hg', BJ')

Then we may interprete the $'s and B's as the
baryon and meson field operators, respectively.

The result of Ref. 5 will now be used to con-
struct functions of g; and B; that transform lin-
early under SU(3) 8 SU(3). These functions and
their transformation properties under SU(3)
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SU(3) are

Z', (~, 8) = U(&).,'H(~), B.", (3, 3*);

Y, '(5, 8)=&( 5).-, 'U( $),-"8.", (3*,3); (5

G""(5 8)=H($) 'U(-&) '~(-&),'(&"'Bg'+&"'Bg') (3 6)'

H""(&,8) = H(-(), 'U(&), 'U((), '(~"'8,'+ ~"'8~'), (6, 3), (7

where 8„ is the 3X3 traceless baryon matrix, O'I ($,8) and H~ "($,8) are symmetric under the in-
terchange of the indices j and k, and

(4)

(6)

U($) =exp(-i& X/2).

Under parity transformation, Z"j- YJ, G"J -HJ ". Therefore (Y, Z) forms a representation of SU(3)
SU(3) NI parity, and so does (G, H). There may be other functions that also transform linearly, but

in an argument given later, we will use these two representations only.
The phenomenological Lagrangian consists of two parts: a symmetry-breaking term u, +cu„and an

SU(3) SU(3) symmetric part 20 which contains the covariant derivatives of the pseudoscalar mesons
and baryons, as well as a common mass term for the baryons, ' and which has already been given in
Ref. 5. As for u, +cu„ it clearly is a function of the fields $; and BJ, and it may be a linear combina-
tion of more than one set of functions, each set transforming like (3, 3*)$(3*,3). Here we make the
assumption that such a combination contains two parts: One is constructed as the bilinear function of
the (3, 3*)$ (3*,3) given by (4) and (5) and its conjugate, the other is constructed as the bilinear func-
tion of (6, 3) $ (3, 6) given by (6) and (7), and its conjugate. We assume no other representations enter
into this construction. '

This assumption may be made plausible by the following consideration. The quarks which form a
triplet under the linear SU(3) subgroup can be similarly linearized (with the help of the pseudoscalar
mesons) to the (1,3)$(3, 1) representation of SU(3) SU(3). The triple Kronecker product of this rep-
resentation with itself yields the Clebsch-Gordan series:

[(1,3) $ (3, 1)]'= 3[(3,3*)$ (3*,3)]$3[(3,6) $ (6, 3)] $2(1, 1) $2[(1,8) $ (8, 1)]$ [(1,10) $ (10, 1)]. (8)

In the resulting decomposition, only (3, 3*)$(3*,3) and (6, 3) $(3, 6) will give (3, 3*)$(3*,3) when com-
bined with their respective Dirac conjugates. Notice that other low-dimensional representations such
as (6*,3*)$ (3*,6*) do not appear in this Clebsch-Gordan series. ' Since the baryons transform like
the combination of three quarks under SU(3), the above considerations guide us to assume that only the

(3, 3*)$ (3*,3) and (6, 3) $ (3, 6) representations are relevant here.
Now we proceed to construct u; and v~:
(i) Noticing that 3&3=3 $6, we take the conjugate spinor Z~. to Z'J, multiply it into Y, , and then

extract the (3, 3 ) representation from this product. With the roles of Z"J and Yj.' interchanged, we

obtain the (3*,3) representation. In terms of the usual notation u ($, 8), v ((,8), i=0, 1, ~, 8,

v, B d 0 v~' OB

where ($ d)JJ, =);d;J&, and

u; (0, 8) = 2d; J.&B~8&, i,j,k = 1, , 8,

u, '(0, 8)= —(—', )"'8.8, -
v (0, 8)=—0, i=0, 1, , 8.

(10)

Thus (v', v') is obtained from the Kronecker product (Y, Z) (Y, Z).
(ii) Similarly, we note that 3*&&6=3 $15, etc. , and so we may extract from the direct product (G, H)

mI (G, H) the (3, 3*)$(3*,3) portion [u;"($,8), v;"(),8)] given by relations exactly like (9) and (11), but

with (10) replaced by

u;"(0,8)= (4if, j~-6d;~g, )B~Bq—, i = 1, , 8.

u, "(0, 8)= —(6)'"B.B. (12)
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The linear combination of these two terms then gives the required contribution to u; and v;. In gener-
al, we have'

v;, B d 0 v, 0

with

u„(O, B)= (iFfgql, +Dd;Jp+ (2)' S6;05q~]BJBg)

v;(O, B)=0,

i=0, 1, ~, 8, j,k= 1, , 8, where F, D, and S are constants. Yet by inspecting (10) and (12), we ar-
rive at the conclusion that

F+D+S = 0.

Notice that this result holds for both (10) and (12) separately. Thus, the term u + cu, in the Z,agrangi-
an has a leading term

-(—)"(NN(1+2 ' c)(F+ 3D)+==[F(1—2 "2c)+ 3D(1+2 "'c)]
+ ZZ[F+ —,D(1- v 2c)]+AA[F + —,D(1+& 2c)]j. (16)

When c- —v 2, the coefficient of NN in (16) vanishes. This justifies the conclusion implied by the work
of von Hippel and Kim.

The constants F and D can be fixed once and for all by the actual baryon masses to yield F —= 171
MeV, D=40 MeV. The value pp thus calculated is 225 MeV, which agrees with von Hippel's results.

Further observations can be made that the next leading terms in Qp+ F8 fust give the well-known 0
terms in the pseudoscalar-baryon scattering amplitude:

8

u, +cus= —[(2)"2F+6 "'D]B B+c(iFf~j~+Dd, j~)BJBJ,=a+ [($ d)„'+ c($ d)»']
1=p

&&[iFfJg, +Dd;~p-(~a)' '(F+D)6q05JJ, ]BJBp+ . (17)
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~T&ere may also be a nonderivative coupling term which is invariant under SU(3)Q SU(3), but it does not concern
us here.

The fruitfulness of this assumption suggests that the quantities given by (4) to (7) may have some significance as
items that occur in the Lagrangian. This significance is worth further investigation. An alternative assumption
which will give essentially the same end result is that we may construct u; and v~ as combinations of bilinear func-
tions of (3 ~

3*)G (3*,3), (6,3) 6 (3,6), (1,8) 6 (8,1) and their conjugates (indluding all crossed terms) as also suggest-
ed by the Clebsch-Gordan series (8). Yet, it should be noticed that t(1,8) 0 (8,1)]Q [(3,3*)(3*, 3) l reduces to (3,
3*)$(3*,3) twice, and the assumption further stipulates that only an appropriate one is used to construct Qp+cQ8.

We are using only the transformation properties of the quarks as a guide to our assumption. This is certainly
more justifiable than taking quarks as real objects.

We calculate that portion of uo+cu8 which contains octet baryons; there may be other terms in uo+cu8, for ex-
ample, those terms that break the mass of the pseudoscalar mesons.
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