
VOLUME 2), NUMBER 12 PHYSICAL REVIEW LETTERS 22 SEPTEMBER 1969

up and running of this experiment. We also wish
to acknowledge the important contributions made
to this experiment by the staffs of the BNL On-
Line Data Facility, the BNL Instrumentation Di-
vision, and the Physics Design Groups at BNL
and Carnegie-Mellon University. We are partic-
ularly grateful to A. Abrahamson, B. Bihn,
R. Rothe, and J. Smith for their valuable assis-
tance throughout the experiment.

*Work supported by the U. S. Atomic Energy Com-
mis sion.

)Present address: T. J. Watson Research Center,
IBM, Yorktown Heights, N. Y.

fPresent address: University of Birmingham, Bir-
mingham, England.

5 Present address: National Accelerator Laboratory,
Batavia, Ql.

~2.7 GeV/c: V. Domingo, G. P. Fisher, L. Marshall
Libby, and R. Sears, Phys. Letters 24B, 642 (1967).
1-2.5 GeV/c: B. Barish, D. Fong, R. Gomez, D. Har-
till, J. Pine, A. V. Tollestrup, A. Maschke, and

T. Zipf, Phys. Rev. Letters 17, 720 (1966). Note that
these data are "folded, " i.e., include (do/dQ)(6) + (dc/
dQ)(180-0). 3.28 GeV/c: T. Ferbel, A. Firestone,
J. Sandweiss, H. D. Taft, M. Gailloud, T. W. Morris,
A. H. Bachman, P. Baumel, and R. M. Lea, Phys.
Rev. 137, B1250 (1965). 3.66 GeV/c: W. M. Katz,
B. Forman. and T. Ferbel, Phys. Bev. Letters 19,
265 (1967). 3.0, 3.6 GeV/c: B. Escoubes, A. Fedri-
ghini, Y. Goldschmidt-Clermont, M. Guinea-Moorhead,
T. Hofmokl, R. Lewisch, D. R. O. Morrison, M. Schnee-
berger, S. de Unamuno, H. C. Dehne, E. Lohrmann,
E. Raubold, P. Soding, M. W. Teuchner, and G. Wolf,
Phys. Letters 5, 132 (1963). 5.7 GeV/c: K. Bookman,
B. Nellen, E. Paul, B. Wagini, J. Borecka, J. Diaz,
V. Heeren, U. Lievermeister, E. Lohrmann, E. Rau-
bold, P. Soding, S. Wolf, J. Kidd, L. Mandelli, L. Mos-
ca, V. Pelosi, S. Ratti, and L. Tallone, Nuovo Cimento
52A, 954 (1966). 6.9 GeV/c: T. Kitagaki, K. Taka-

hashi, S. Tanaka, T. Sato, S. Yamaguchi, K. Hase-
gawa, B. Sugawara, and K. Tamai, Phys. Rev. Letters
21, 175 (1968). 6-16 GeV/c: K. J. Foley, S. J. Lin-
denbaum, W. A. Love, S. Ozaki, J. J. Russell, and
L. C. L. Yuan, Phys. Rev. Letters 11, 503 (1963);
K. J. Foley, B. S. Gilmore, S. J. Lindenbaum, W. A.
Love, S. Ozaki, E. H. Willen, R. Yamada, and L. C.
L. Yuan, Phys. Rev. Letters 15, 45 (1965). 5.9, 10
GeV/c: A. Ashmore, C. T. S. Damerell, W. R. Fris-
ken, R. Rubinstein, J. Orear, D. P. Owen, F. C. Pe-
terson, A. L. Read, D, G. Ryan, and D. H. White,
Phys. Rev. Letters 21, 387 (1968); J. Orear, D. p.
Owen, F. C. Peterson, A. L. Read, D. G. Ryan, D. H.
White, A. Ashmore, C. J. S. Damerell, W. B. Frisken,
and R. Rubinstein, Phys. Letters 28B, 61 (1968).

~E. W. Anderson, E. J. Bleser, H. R. Blieden, G. B.
Collins, D. Garelick, J. Menes, F. Turkot, D. Birn-
baum, R. M. Edelstein, N. C. Hien, T. J. McMahon,
J. F. Mucci, and J. Russ, Phys. Rev. Letters 20,
1529 (1968).

3J. V. Allaby, F. Binon, A. N. Diddens, P. Duteil,
A. Klovning, R. Meunier, J. P. Peigneux, E. J. Sach-
aridis, K. Schlupmann, M. Spighel, J. P. Stroot, A. M.
Thorndike, and A. M. Wetherell, Phys. Letters 28B,
67 (1968}.

4W. Rarita, B.J. Riddell, Jr., C. B. Chiu, and
R. J. N. Phillips, Phys. Bev. 165, 1615 (1968).

5C. B. Chiu, S. Y. Chu, and L. L. Wang, Phys. Rev.
161, 1563 (1967).

6See for example C. B. Chiu and J. Finkelstein,
CERN Reports Nos. TH880 and TH914 (to be published);
B. Margolis and S. Frautschi, CERN Report No. TH909
(to be published).

~The optical points were obtained from the total
cross-section measurements described in W. Galbraith,
E. W. Jenkins, T. F. Kycia, B. A. Leontid, R. H.
Phillips, A. L. Read, and R. Rubinstein, Phys. Rev.
138, B913 (1965).

We have also included data from this experiment at
6 GeV/c for (t ~& 0.1 (GeV/c}2, where we observe a
slope of 13.9+0.1 (GeV/c)2.

BB. A. Carrigan, Jr., private communication.

HARD-PION EFFECTIVE-RANGE FORMULA FOR THE PION FORM FACTOR*

J. J. Brehm, E. Golowich, and S. C. Prasadf
Department of Physics and Astronomy, University of Massachusetts, Amherst, Massachusetts 01002

(Received 3 June 1969)

Using chira1 SU(2) current algebra and partially conserved axial-vector current to gen-
erate a set of Ward identities we have derived a relation which can be interpreted as a
dynamical equation for the off-shell pion form factor. We solve the equation on shell in

an effective-range approximation for the pion form factor, and from unitarity we deduce
the P-wave &7t phase shift. Our results are in excellent agreement with a11 re1evant data.

When p dominance of the pion form factor is written in its simplest form,

F(t) =m p'/(m q' t), —

it is evident that the analyticity of I' is not correctly given. Equation (1) cannot be confronted with the
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data" in the timelike region until the instability of the p is incorporated. These deficiencies are
readily overcome, as Gounaris and Sakurai have shown. ' They employ an analytic function having the
correct m~ branch cut by writing

F(t) =f(0)/f(t), f(t) = [cot~»(t)-i+'/&t (2)

in which P'= , (t--4m, ') and 5», the T =X= I ww phase shift, is given by an effective-range formula. In
this paper we show how hard-pion methods may be used to generate an effective-range formula for the
form factor directly, without reference to the nm phase shift. A significant gain in predictive power is
thus achieved because once E is given, 5» is among the output.

We begin with the three-point functions of the vector and axial-vector currents of chiral SU(2):

Wz' (q, p) = fdxdy e q e'~~(O~TB„A„'(x) s„A„(y)V '(0)~0),

W„„' '(q, p) = fdxdy e 'q e'~~(O~T s „A„'(x)A„(y)V~'(0)(0),

Wq„~' '(q, p) = fdxdy e 'q e'~~(0~TA q'(x)A„(y) V), '(0) ~0). (3)

a, b, and c are isospin indices. The first of these, for c=3, gives the off-shell pion form factor, ex-
trapolated in the momenta q, p, and k =p-q. Schnitzer and Weinberg have shown' how hard-pion cur-
rent algebra relates these to one another and to the propagators through a set of Ward indentities.
Moreover, they have obtained a description of all the interrelated physical processes in terms of one
parameter by employing meson dominance in all three channels, (q, a), (p, 5), and (k, c). Among their
results is

2

P

where their parameter has the value 5 = -& in order to fit both A, and p decay.
To obtain a form factor with the desired rm cut in t we must avoid SW's use of p dominance in the

(k, c) channel. Accordingly we factor out, to begin with, only the pion poles and write

p 2 4

(q p) =tease( 2 nr 2

+FAN(q

p)

2
abc &~m~

+PA, (ql p) e8hc 2 2 Fvx($ p) 2 2pvFx. (q& p)+m~ +m,

(q, P) =«.b. F„.g(q, P) +F. . .F „x(P, q) + . .F.x(q, P)
abc pv Q'0

+m„ +m~

(4)

(5)

(6)

+(p2~ 2)( 2 2)qppv x(% p)

In (5) the pion decay constant F„=94 MeV, and F~(q, p) =F(t) Qz for p' = q' = -m „', where Q =p+ q. The
Ward identities then yield

F '(F (q P)-Q )=q P F (q P)+'f-
Given the assumptions of current algebra and partially conserved axial-vector current this equation
is exact. It can be interpreted on shell as a dynamical equation for F(t).

Our knowledge of the term q„p„F»„is limited. We can obtain an effective-range solution to Eq.
(8) if as a first approximation we adopt SW's expression' for q&p„F &„~. Putting both pions on the
mass shell, p' = q' = -m, ', we find

l«pv( ) I+~ x
2F„'g x x-t 4 mp

(9)

where t =-k', and for generality we do not fix the SW parameter 5. In the mm region of the variable t,
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the vector-current spectral function is

1
[p v(&)]„=6 .IF(t)I'~

Equations (9) and (10) imply

ttttR = iR(i' (1- ',),
where

a» =12 (12)

Equation (11) is the basis of our effective-range formula for F(t); with the condition F(0) =1 it gives
a representation for F(t) in terms of just one unknown,

tt(t) = tta„+bt+1 (t) 1-,)-g(0)
1+5 t

m p

where

t~~2+2P
g(t) =—~ ln i~—, g(0) = -m, '/m.

m vt 2m, &t'

(13)

(14)

Equation (13) has been constructed to have the analyticity prescribed locally in (11). We determine
the one parameter b by requiring

ReF '(I ~') =0;

p dominance takes this form in our method. We find

f) =—,a»+ ' + — ' Lz, Lz ——in[(mz+2P&)/2)n, ];1 m, ' 3-5 2P, '
m p

w tt m
p

so that the parametrization of F(t) is now complete. Near t =m ~' Eq. (13) becomes

(15)

(16)

F(t) = -i [m, '-t-il'm, (P/P, )'(m, /&t) ]

in which the p width is

1 3-5 Po
4 2&

where

(17)

(18)

Numerically, withm~ =765 MeV, I"=124 MeV for 5=-—,'. If we compare (18) with

f0'tt tl' D

3 4m m p"
we obtain, within 5%%uo, the Kawarabayashi, Suzuki, Riazuddin, Fayyazuddin (KSRF) relation, modi-
fied by the factor —,'(3-5):

m, '
fp tt tt

(19)

In Fig. 1(a) we plot )F~' in the timelike region and indicate the colliding-beam data"; in Fig. 1(b)
we plot F in the spacelike region and compare with the results from electroproduction experiments. '
The pion charge radius r, is determined from

6 m, ' 1 3-5, P'
mp' a„3 4,

p p
(20)

668
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Numerically, for 5 =-a, r„ is only 0.3 9o smaller than the p-dominance value: r, = (6/m ')' '=0.635 F.
Our method of obtaining F(t) avoids the use of 5» as input. We can now predict 5» by appealing to

unitarity. We use

ImF =F*e' »sin5» (21)

in the wm region, refer back to Eq. (11), and conclude" that

a„ t 1+6 t
(22)

In Fig. 2 we plot the phase shift, compared with the results of Arnowitt et al."and of Brown and Qo-
ble. ' The p-wave scattering length is obtained from

3 6P 3-~m ' -'
[(I"/Et) cot5„], 4~ 2= a„+ ' 1- -'L

p
1+ (23)

the soft-pion" value for this quantity is a» itself (a» =1Vm, '). Numerically, we obtain the value

14.9m, ' for 5 =--,'. This is to be compared with Olsson's result, "(15+1.2)m, ', deduced from a for
ward-dispersion sum rule, and with the hard-pion result of Ref. 11, 14.5'�„'.

To summarize, hard-pion current algebra and analyticity have been employed in a complementary
fashion to obtain the pion form factor. The method can be construed as dynamical in that Eqs. (9) and

(10) lead to an integral equation, with a cutoff A, for F(t). The exact solution of this cutoff problem
is our effective-range formula (13) wherein 8mb=-ln(A/m, '). The determination of F(t) has been cast
in a form independent of the vv p-wave phase shift; therefore, the method is quite different from that

of Ref. 3. Once F is known, unitarity is invoked to yield 5». Our p-wave scattering length differs
from the soft-pion result and reproduces, via a very simple method, the value obtained through means"
which are technically more involved. We suggest that such techniques as we have used for comple-
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menting current algebra with analyticity and unitarity can be advantageously employed in a variety of
problems. Work is continuing along the lines of such a program.

*Work supported in part by the National Science Foundation.
)University of Massachusetts Fellow.
~V. L. Auslander et al. , Phys. Letters 25B, 433 (1967), and contribution to the Fourteenth International Confer-

ence on High Energy Physics, Vienna, Austria, 1968 (unpublished).
2J. E. Augustin et al. , Phys. Letters 28B, 508 (1969).
3G. J. Gounaris and J. J. Sakurai, Phys. Rev. Letters 21, 244 (1968).
4H. J. Schnitzer and S. Weinberg, Phys. Rev. 164, 1828 (1967). We refer to this paper as SW. Our current com-

mutation relations differ from theirs by a factor 2.
Apart from the factor 2, mentioned above, we are using SW s parametrization and smoothness hypothesis.
K. Kawarabayashi and M. Suzuki, Phys. Rev. Letters 16, 255 (1966); Riazuddin and Fayyazuddin, Phys. Rev.

147, 1071 (1966).
VThe KSRF relation cannot be proven from current algebra alone: D. Geffen, Phys. Rev. Letters 19, 770 (1967);

S. G. Brown and G. B. West, Phys. Rev. Letters 19, 812 (1967).
The KSRF relation has been obtained using current algebra and an effective-range formula for 6~~. L. S. Brown

and R. L. Goble, Phys. Rev. Letters 20, 346 (1968'l.
C. W. Akerlof et al. , Phys. Rev. 163, 1482 (1967); C. Mistretta et al. , Phys. Rev. Letters 20, 1523 (1968&.
Our conclusion that the «P-wave amplitude is proportional to the form factor is certainly only a valid one in the

effective range sense. Clearly we cannot continue the two related quantities to t & 0 and expect this simple relation
to survive {the «P-wave amplitude has left-hand cuts; the form factor does not).

~~R. Arnowitt, M. H. Friedman, P. Nath, and R. Suitor, Phys. Rev. 175, 1820 (1968).
i2S. Weinberg, Phys. Rev. Letters 17, 616 (1966). See also Ref. 8.

M. G. Olsson, Phys. Rev. 162, 1338 (1967), and "Hard-Pion Effects in «Scattering" (to be published). We have
converted Olsson's number to conform to our Eq. (23).

PHYSICAL PICTURE FOR HIGH-ENERGY DIFFRACTION SCATTERING*

Hung Cheng
Departmerit of Mathematics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

Tai Tsun Wu
Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138

(Received 22 July 1969)

Recent theoretical results on high-energy scattering are extended. We give explicit
rules to obtain the high-energy behavior of the sums of large classes of Feynman dia-
grams. This consideration suggests, for high-energy diffraction scattering, a physical
picture which is simple and natural. We emphasize that this physical picture has the vir-
tue of yielding correctly all the high-energy results of quantum electrodynamics.

Recently, we obtained' the high-energy behav-
ior for all two-body elastic scattering amplitudes
in quantum electrodynamics. The original pro-
cedure of getting these results from perturbation
theory is quite complicated, but, if the justifica-
tion of certain steps is not required, simplified
derivations are possible with the help of the vari-
ables Po+Ps. The results contradict both the
Regge-pole model and the droplet model" in
their most straightforward interpretations. In
this Letter, we present a simple physical picture
consistent with, and indeed suggested by, our re-

suits from quantum electrodynamics.
A feature of our results is the close similarity

between electron-electron scattering, electron-
positron scattering, and electron scattering by a
Coulomb field. More precisely, although these
three processes are very different at low energy,
the matrix elements, to the orders considered,
are essentially identical in the limit of infinite en-
ergy. The same is true for electron Compton
scattering and Delbruck scattering. Since these
relations must be immediate from any useful
physical picture, we first discuss the somewhat
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