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the metastables of 5X1072° cm? in reasonable
agreement with Phelps’ value of 3x107%° ¢m?

for the destruction of the 2'S state. However,

the validity of a comparison of data for liquid
helium with that for helium gas at 300°K is doubt-
ful.

The observations reported here were carried
out for temperatures below T,. For the sake of
completeness, previous data® (normalized at 2°K)
are shown in Fig. 1 for temperatures above T,.
The dotted line above T', is simply a smooth
curve drawn through the experimental points with
a sharp drop in intensity at T',.° Since this drop
has been observed to disappear when a small
overpressure is maintained, it may be related
to the cessation of internal boiling at T',\. The
rise in intensity above T', is probably related to
the 15% decrease in fluid density between T,
and 4.2°K, and we hope that a refinement of the
simple model proposed may account for it. The
structure exhibited near 0.5°K is barely outside
of the reproducibility of the data and may be in-
strumental in nature. In any case, we are unable
to offer an interpretation.

As for the inhibition of scintillation below T',,
the role of metastable atoms was suggested by
Moss and one of us (F.L.H.)! in the first report
of the anomalous scintillation behavior of HeIl.
We believe that the data below T, show that the
simple correlation between the destruction fre-
quency and p, has meaning and represents a re-
duced destruction rate of metastable atoms in

HeIl. Superfluid liquid helium may be a uniquely
suitable medium for the production and retention
of high densities of metastable helium atoms and
molecules.

The authors thank Dr. Hugh P. Kelly and Dr.
Frank E. Moss for helpful discussions.

*Work supported by the U. S. Army Office of Re-
search and by the National Science Foundation through
the Center for Advanced Studies, University of Virgin-
ia,

TNow with Fiber Industries—Celanese, Charlotte,

N. C.

iNational Aeronautics and Space Administration,
Graduate Trainee, 1966-1969,

IF, E. Moss and F, L. Hereford, Phys. Rev. Letters
11, 63 (1963).

—Q’J. R. Kane, R. T. Siegal, and A. Suzuki, Phys. Let-
ters 6, 256 (1963).

SF. L. Hereford and F. E, Moss, Phys. Rev. 141,
204 (1966).

4J. 8. Vinson, F. J. Agee, Jr., R. J. Manning, and
F. L. Hereford, Phys. Rev. 168, 180 (1968).

SF, J. Agee, Jr., R. J. Manning, J. S. Vinson, and
F. L. Hereford, Phys. Rev. 153, 255 (1967).

63, Kubota, T. Takahashi, and T. Doke, Phys. Rev.
165, 1, 225 (1968).

P, Guazzoni and M. Pignanelli, Phys. Letters 284,
432 (1968).

®A. V. Phelps, Phys. Rev. 99, 1307 (1955).

’C. M. Surko and F. Reif, Phys. Rev. 175, 229 (1968).

05ee, for example, R. J. Donnelly, Experimental Su-
perfluidity (University of Chicago Press, Chicago, 1.,
1967), p. 242,

HEAT CAPACITY AT CONSTANT PRESSURE NEAR THE SUPERFLUID TRANSITION IN He*

Guenther Ahlers
Bell Telephone Laboratories, Murray Hill, New Jersey 07974
(Received 26 June 1969)

We present high-precision data for C, near T, and give three interpretations in terms
of scaling predictions. We find no interpretation fully in agreement with the predicted

symmetry of the transition and a divergent C .

Several measurements near the superfluid
transition temperature T, of'"® He* have yielded
quantitative confirmation for this critical point
of theoretical predictions based upon “scaling.””1°
It is the purpose of this communication to pre-
sent measurements of the heat capacity at satu-
rated vapor pressure C; near T,. These results
agree in detail with theoretical predictions® ® on-
ly if the heat capacity at constant pressure C, is
finite at 7',. In order to confirm these observa-
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tions measurements also were made of the heat
capacity at constant volume C, and of (8P/87T),
(P is the pressure) at a molar volume V=26.81
cm3. From these quantities C, can be calculated
reliably. These results, although less precise,
are consistent with the conclusions based on C;.
The measurements were made in the apparatus
used for studies of the thermal conductivity of
Hel near T,.® The temperature resolution was
1077 °K which limited the precision of C, for |#|
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$107*°K (¢=T,—7). For this reason the data for
|t|<1074°K contributed little to the final conclu-
sions. For|#|>107¢°K a precision of 0.1% was
attained for C;. All results were corrected for
curvature and vaporization. Systematic errors
in the measurements probably do not exceed
0.5%. The results agree well with previous mea-
surements.! A full discussion will be given else-
where.

The theoretical prediction of interest pertains
to C,.° However, C,~C;<107°C, for [¢[>107*
°K, and it has the same functional form as C,,.
This correction was not applied. As an alterna-
tive determination of C,, the relation'!

Cp= [CV'<% ) <%>xT]
(-GG

was employed with the measured C, and (3P/

8T),. Direct determinations'? of (87/8P), and
(dV/8P),, and the relation

(6P/3T), = (38S/8V),~(@T/8V),C, T (2)

for (8S/8V),, were used. Equations (1) and (2)
are rigorous as t—0, and Eq. (2) was found to be
valid within error for |#|]<5X1073°K. For |¢|
2107*°K, (C,-C,)/C,<0.044 at 26.81 cm®/mole.

For comparison with scaling predictions we
write!?

C,=@A/aflel®~1}+B, €=1-T/T,, @)

for T>T,. For T <T, the same functional form
pertains, but by convention the parameters are
identified as A’, B’, and a’. In the limit as «
vanishes, Eq. (3) becomes®?

C,=-Aln|e|+B. @)

In addition, terms of higher order than | €|™ or
€~ %' might be expected to contribute to C,,. Suf-
ficiently near T, these can be neglected. The
scaling assertions to be tested here are®®

a=a’ (5)
and
A=A"if a=a’=0. (6)

In addition, the divergence of C, can be com-
pared with the divergence of the coherence length
for order-parameter fluctuations £¢=¢,e€ " for
T<T, (§=%,|€|™ for T>T,) by the scaling rela-
tions®®

3v'=2-a’, 3v=2-a. (7)

Before the data can be analyzed in terms of
Eqgs. (3) and (4), the effect of the gravitational
field upon the transition'* must be taken into ac-
count. The appropriate integrations yield

(Cp=@A/aflad(1-a) | es~aH[* ¢
-les[*7¢]-1}+B  (8)
if @#0, and
(Cp)y=—-A{Inl €, -aH|-1
-[es/(@H)|nl(e ;—aH)/es|}+B  (9)

if =0 for T>T,. For T < T, the primed coef-
ficients are to be substituted. The vertical length
of the sample is H=1.59 cm and ¢ =1-T/T),
with T the transition temperature at the top of
the sample. At standard gravity, a =0.5861x107¢
cm™! at saturated vapor pressure,!* and a =0.663
x107% cm™! at 26.8 cm®/mole. The angular brack-
ets indicate the gravitational average.

A least-squares procedure was used'® to ana-
lyze C,, permitting A, B, and & (or A’, B’, and
a’) to vary. Only data for which |€,| was less
than a certain value, say €,,,, were used. Re-
sulting values of @ and a’ for several values of
€. are shown with their standard errors in Fig.
1.'® For €_,,53%x1073, o and @’ seem indepen-
dent of €,,,. If in this temperature range higher
order contributions to C, are neglected, then
[with C, in J mole™ }(°K)™*]¥"

a=0.000+0.003, «a’=-0.020+0.003; (10a)
A=5.355+0.15, ’=6.081+0.15; (10b)
B=-7.7113x0.5, ’=11.345+0.5. (10c)

It is apparent that o and «’ do not satisfy the
scaling prediction Eq. (5). Since a’#0, Eq. (6)
does not apply. From Eq. (7) one obtains v’
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FIG. 1. @ and o’ as a function of the largest value
of €, at which data were used. The numbers are the
number of heat-capacity points used.
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=0.673+0.001 and »=0.666+0.001. Direct mea-
surements? of p, and the asymptotic proportional-
ity between p, and £7 ! yield v/ =0.666+0.006, dif-
fering only by 1 standard error from the present
results and Eq. (7). The thermal conductivity of
HeI® and dynamic scaling predictions®1° yield 2v
-31=0.334+0.005. The present work and Eq. (7)
give 0.323 £0.003. In this case the difference is
1.4 times the sum of the standard errors and can-
not be regarded as significant. Thus, the above
analysis of the present data contradicts scaling
only insofar as a# a’. We shall now examine an
alternative interpretation.

Since according to scaling the divergent contri-
bution to C, is symmetric about T, if =0, we
examine the difference AC= (Cp)—(—A01n|esl +B,).
The subscripts on A and B indicate that =0 is
assumed. Values of AC, obtained with A, and B,
in Eq. (10) and the measured values of {C,), are
shown as solid circles in Fig. 2. If there is a val-
ue of €,,,below which Eq. (9) adequately describes
the HeIl measurements (a’=0), then AC for T
<Ty should be linear in log,,€s for sufficiently
small €,. It can be seen that a’=0 is consistent
with the data for €, s 3X107* However, a’=0
implies that higher order terms begin to contri-
bute appreciably for Hell when €, =3X107%. For
Hel these terms are negligible for |e,]S 3x 1073
if ®=0. Thus, @ =0 and the scaling prediction
a=a’ are consistent with the data but imply a
severe asymmetry in higher order contributions.
The scaling assertion A,=A,’ requires that AC
for Hell be constant when higher order contribu-
tions are negligible. Even for €., <3X107%
where a’=0 is consistent with the data, the mea-
sured AC is temperature dependent. Thus, A,
#A,’ in contradiction to Eq. (6). The data yield
A, <5.13 for €, <5X107% and A,=5.35+0.01
for €,,, <3X107% Thus,

b4

A,/A,=1.041if a=a’=0. (11)
It does not seem likely that A,/A,’ exceeds 1.06.®
Since the deviations from theory implied above

are rather small (at most about 1% of C,), one
must be very concerned about possible unknown
systematic errors which depend upon €. One
property of the apparatus which is singular near
the transition is the He Il film flow in the capil-
lary.® However, the onset of superflow in the
film was measured to occur at €=2x10"**? (ar-
row labeled 7, in Fig. 2). There is no observable
singularity in C at this temperature. Nonethe-
less, concern over this possible source of sys-
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FIG. 2. The difference AC between the measured
heat capacity and the function (=A,ln |e[+B,) (4, and
B, from Hel). T indicates the onset of superflow in
the He II film in the capillary. The lines 1 and 2 cor-
respond to Egs. (10) and (11), respectively. The ver-
tical bars indicate 0.1% of C .

tematic errors provided some of the motivation
for measuring C,. In this case the capillary was
filled with liquid, and the heat transfer for T <T)
was larger by a factor of at least 14 and singular
at €=0.2° The derived data for C, were not suf-
ficiently precise to define o and ¢’ with the ac-
curacy required for the detection of deviations
from Eq. (5). When it was assumed that @ =0,
then A,=5.286 and B,=-8.169 were obtained.
Values of AC calculated with these parameters
are shown in Fig. 2 as open circles. It is evident
that also for these measurements A,#A4,". If o’
=0, then again higher order contributions are not
symmetric about 7).

The present data are not sufficiently precise to
make a choice between the above interpretations
[Egs. (10) and (11)]. This is demonstrated in
Fig. 2 by the lines labeled 1 and 2 which corre-
spond to Egs. (10) and (11), respectively. For
4x107% < g, <6x107* the two functions differ by
at most 0.15% of C,. In order to show the tem-
perature dependence of higher order contribu-
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FIG. 3. Deviations of C P from the best fit as a func-
tion of €, Top: @=0, a’'=-0.02, Bottom: a@=0, o’
=0,

tions implied by Eqgs. (10) and (11), the deviations
from the asymptotic expressions are shown in
Fig. 3 as a function of €.2' One sees that the de-
viations are regular at 7, if ¢’=-=0.02. If a’=0
however, then higher order contributions appear
to be singular at 7, for both experimental paths.
In this latter case, the higher order contributions
can be approximated by D’e for Hell.

Since it is possible to change the derived ex-
ponent @’ by invoking contributions to C, in Hell
of the form D’e, a third interpretation of the data
was obtained by also permitting contributions of
the form De for Hel. Then o= -0.005+0.005
and ¢’ = -0.015+0.007. These results reasonably
permit the specific values

a’=a=-=0.009; (12a)
A’=5.504, A=5.820; (12b)
B’=13.85, B=-=9.90; (12¢)
D’'=D=-120. (129)

These parameters satisfy the scaling prediction
a=a’[Eq. (5)]. Since a0, Eq. (6) does not ap-
ply. Further, we note that D’=D indicates that
higher order contributions, although appreciable
in the temperature range of interest, are regular
at 7). The derived exponents v’ =0.670 and 2v
-317=0.335 are in very good agreement with the
more direct determinations (0.666 +0.0062 and
0.334+0.005%). This interpretation appears to be
fully in agreement with scaling predictions. How-
ever, it implies that C, although singular at T,
does not diverge at 7).?

In this paper data for C, have been presented
which permit several interpretations. If higher
order contributions to C, are neglected for | esl
$3x%107%, then the data imply @’<0 and @ =0. If

higher order terms for Hell are considered for
€,23X107% then the data permit o =a’=0, but
imply a severe asymmetry in the higher order
contributions and a measurable asymmetry in the
divergent contribution (A,#A4,’). If higher order
contributions whose temperature dependence is €
are assumed to exist both for Hel and Hell, then
o =a’<0, and higher order contributions are
regular at 7,. The last interpretation, although
in agreement with scaling, implies that C, is
finite at 7.%

I am grateful to P. C. Hohenberg for many
stimulating discussions of critical-point theories
and to J. F. Macre for assistance in the data pro-
cessing.

Note added in proof.—It has been pointed out to
the author by M. E. Fisher that the prediction
Eq. (8) and the conclusions to be drawn from the
result (11), depend sensitively on the assumption,
made in Refs. 6-8, of a simple power-law behav-
ior for the scaling functions. This goes beyond
a natural “minimal scaling hypothesis” which
may be expressed, for example, by rewriting
Eq. (9) of Ref. 8 in the form H(M, T)=n(M)h[t/
7(M)] and allowing the functions n(M) and (M) to

"~ be more general than powers. Specifically, if

7(M) =|M|* 8 and n(M) =sgn{M}|M|®In(1/|M|) and
1”(0) =0 with B(1+8)=2, one finds a pure loga-
rithmic divergence in the specific heat (e =a’=0)
but with, in general, unequal amplitudes, i.e.,
A+A".
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15Weights inversely proportional to the square of the
random probable error of each point were used.

8A11 quoted uncertainties are standard errors exclu-
sive of possible systematic errors.

1TA value for o’ of —0.002+0.008 was quoted previ-
ously (Ref., 19 of Ahlers, Ref. 14) on the basis of pre-
liminary measurements for a very tall sample. Ad-
ditional measurements and more accurate vaporization
corrections have modified this value to —0.012, and
reconsideration of possible systematic errors in the
temperature scale, the vaporization correction, and
the gravitational inhomogeneity (height on the sample)
have increased the probable error to +0.012,

Byalues of A, and A also have been deduced from
thermal-expansion measurements by Elwell and Meyer
[Phys. Rev. 164, 245 (1967)]. They find A,/A)' =0.9

+0.2

G, Ahlers, to be published.

20G, Ahlers, Phys. Rev. Letters 22, 54 (1969).

2 formation regarding higher order contributions
should be regarded as qualitative since these terms
are sensitive to possible nonsingular systematic er-
rors in the temperature scale.

ZFisher [Phys. Rev. 176, 257 (1968)] predicted that
certain “hidden” variables in the real system may re-
sult in a finite C pat T, even though C » diverges for
the corresponding “ideal” system. Also, in finite sys-
tems, departures from ideal limiting behavior should
be noticeable at |¢| *N~¥3~79~8 [M, E. Fisher, Rept.
Progr. Phys. 30, 615 (1967)]. At |e|=10"8, Egs. (10)
and (12) for He I predict heat capacities which differ by
only 2.2%.

SIZE EFFECTS IN QUASIPARTICLE LIFETIMES
AND PHONON GENERATION IN SUPERCONDUCTORS
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In thin films and granular superconductors, the quantization of the phonon wave vector
delimits the phonons which can be emitted in a recombination process. We predict jumps
in lifetimes for injected quasiparticles and the disappearance of some emitted phonons at

characteristic values of A /kT.

In a previous paper! we discussed the effects
of real phonons on the measurement of quasipar-
ticle recombination times in superconductors.

In this Letter we discuss another effect which af-
fects the recombination time. Experimental
studies® of the recombination time have utilized
multiple tunnel junctions by injecting quasiparti-
cles at one junction and detecting them at another.
In all cases thin films have been used in the mea-
surements. In addition to experiments to deter-
mine the recombination time, the recombination
process has been used to generate phonons with
energy ~2A(T). As we show below the results in
both types of experiments can depend strongly
upon the thickness of the film in which the recom-
bination takes place.

In the recombination experiments, a quasipar-
ticle is injected into a superconductor, and pairs
with a thermally excited quasiparticle by emitting
a phonon of energy iw = 2A(T), where A(T) is the
temperature-dependent gap parameter. The tran-
sition probability for this process is directly pro-
portional to the phonon density of states at 2A(T).
For a small cubical grain with side d, the small-
est phonon wave vector is ¢,;, =7/d. The phonon
density of states is thus zero for energies less
than Aw;, =hc,7/d, where c, is the transverse
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speed of sound. If quasiparticles were injected
into such a grain they could not recombine if
2A(T) <kc,n/d. We define at 7'=0 a critical size
dy=hc,m/24(0), which in Al is ~175 A,

For thin films a similar effect exists. When
the film thickness d is less than d, [or at finite
T, 2A(T)<Hhc,m/d] only phonons with wave vectors
in the plane of the film can be emitted in the re-
combination process. This limitation results in
an anomalously long recombination time. In ad-
dition, for the phonon generation experiments in
the geometry used by Eisenmenger and Dayem?
no phonons would emerge from the film. Since
Eisenmenger and Dayem worked with 1000-A
films for which 4, is ~45A, their results are unaf-
fected by a size correction. Levine and Hsieh,?
however, used Al films 300 A thick, and the ef-
fects of small size should be observable in their
work.

In thin films the phonon density of states suf-
fers discontinuities at characteristic energies.
This can be seen most readily from the expres-
sion for the phonon density of states

g(E)Z 2 G(E_hcx[qXZ+qy2+q22]1/2)’ (1)
x.qx.qy.qz

where X is the polarization index, and for a cubic



