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2S(E _7)+S(A _°)-V35(Z,*)=0. For pc decays, on
the other hand, the Al =3 rule remains valid for
Q- —~En, T~ Nm, and K~ 37, but we have not been
able to derive the same rule for A and = decays
in the presence of SU(3) breaking.

We close this note with a few remarks: (a) As
stated before, the amplitude corresponding to (1)
was assumed to satisfy the duality principle that
governs hadronic processes. This assumption,
though not yet verified, may not be unreasonable
since for such quasihadronic processes there is
so far no evidence for a fixed pole singularity us-
ually present in nonhadronic amplitudes. Fur-
thermore, we note that the Pomeranchuk singu-
larity is not involved in our case. (b) It is known
that for baryon-antibaryon scattering,® such as
AA—~AA, arguments similar to that which we em-
ployed here lead to the problem that the relevant
amplitude should vanish. Frankly, we have no
clear-cut solution to this problem.!? We note,
however, that our case rather corresponds to me-
son-baryon scattering, for which we have met no
such difficulty.
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Konuma for discussions.
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TO THE SIXTH-ORDER MAGNETIC MOMENT OF THE MUON*
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We report a calculation of the three-photon—exchange (electron-loop) contribution to
the sixth-order anomalous magnetic moment of the muon. Our result, which contains a
logarithmic dependence on the muon-to-electron mass ratio, brings the theoretical pre-
diction into agreement with the CERN measurements, within the 1—standard-deviation

experimental accuracy.

In the last few years increasingly accurate mea-
surements of the magnetic moment of the muon
have been performed at CERN. The most recent

value of the anomalous part of the muon g factor
is' [a=3(g-2)]
@y, = (116616 £31) X108, (1)

exp
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The theoretical result for ¢ which has been cal-

culated thus far from standard quantum electrody-

namics is
/27 +0.765 78(a/m)% +3.00( /7). (2)

The second term has been evaluated analytically
up to and including terms of order (a/7)*(m ./
m ,)?.? The last term consists of several parts:
an estimate of the sixth-order contributions to
the electron g factor [0.13(a/7)?],® the contribu-
tion to the electron g factor from certain sixth-
order Feynman diagrams not contained in the
above estimate [0.055(a/7)%],* and a calculation
of those sixth-order terms which are generated
by the insertion of electron loops of second and
fourth order into the virtual-photon lines of the
second- and fourth-order electromagnetic verti-
ces of the muon [2.82(a/7)%].5"®

The latest estimate of the contribution from
strong interactions (vacuum polarization due to
hadrons) to the muon g factor, based on the Or-
say colliding-beam data for e*+e~—~p, w, and ¢
resonances, is’

Adyy, = (6.5£0.5)x10°, 3)
If one uses the value'®
o~ '=137.03608 +0.000 26 (4)

for the fine-structure constant, one obtains from
(2) and (3) the theoretical prediction

a=(116564+2)x1078, (5)

which disagrees slightly (1.7 standard deviations)
with the experimental value (1). The error inter-
val in (5) reflects the uncertainty in the strong-
interaction contribution (0.5%1078), in the value
of a/27 (0.2x107®), and in the sixth-order cor-
rection described in Ref. 7 (0.6 x1078), It does
not take into account the uncertainty in the magni-
tude of the vacuum-polarization contribution of
higher mass hadrons.!’ We have also not includ-
ed possible weak-interaction corrections’ to the
muon moment which could be expected to be of
order 1x1078,

Also not included in the above error estimate
is the contribution from the sixth-order diagrams
containing photon-photon scattering subdiagrams
(Fig. 1). This contribution has heretofore not
been calculated and was assumed to be small.

To examine the validity of such an assumption we
have carried out an explicit calculation of this
contribution. Our result turns out to be surpris-
ingly large:
Aa .= (18.4x1.1)(a/7)*= (23.0 £ 1.4)
x10 78, (8)
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FIG. 1. Feynman diagrams containing subdiagrams
of photon-photon scattering type. The heavy, thin, and
dotted lines represent the muon, electron, and photon,
respectively. There are three more diagrams obtained
by reversing the direction of the electron loop.

This leads us to a revised theoretical prediction

@ heo = (116 587+ 3) 1078 (7
and
@ expt = iheo = (29£34) X107°
= (250 + 290) ppm. (8)

Thus the addition of the photon-photon scattering
contribution essentially eliminates the discrepan-
cy mentioned above, The theoretical error in (7)
includes the uncertainty due to the numerical in-
tegration of the contribution (6) (1.4 x107®), This
error could be reduced if necessary. We wish to
emphasize that, with the inclusion of the photon-
photon scattering contribution (6), all of the Feyn-
man diagrams from quantum electrodynamics
which contribute to the difference of the muon

and electron magnetic moments through sixth ord-
er have been' calculated or bounded.”

The largeness of the contribution (6) is closely
related to a logarithmic dependence on the muon-
to-electron mass ratio. In fact, in the limit of
large m ,/m  the result (6) can be expressed in
the form

Ay, =[(6.4£0.1)In(m ,/m,) + const]
X(a/7)°  (9)

Thus earlier arguments® indicating a cancellation
among the diagrams of Fig. 1 for the logarithmic
terms are disproved.

We have calculated all integrands contributing
to the logarithmic term in (9) by hand. The com-
plete integrand was obtained by two separate, dis-
similar methods with the help of REDUCE,!3 an
algebraic computation program developed by
Hearn. The numerical integration over the Feyn-
man parameters is carried out using a program
written by G. Sheppey at CERN* and improved
by one of us (A.J,D.). The term 1.1 in (6) is our
estimate of error in the numerical integration
over seven Feynman parameters. In extracting
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the coefficient of the term In(m,/m.) in (9), in-
tegration over two of the parameters is done an-
alytically; the term 0.1 in (9) is the estimated
error in the integration over the remaining pa-
rameters. Both of these errors may be reduced
if necessary.

Our method of calculation also allows us to ob-
tain the correction to the g factor of the electron
which arises from diagrams similar to those of
Fig. 1. Details of both the muon and electron cal
culations will be published shortly.

The near agreement of theory and experiment
in Eq. (8) can be used to obtain an interesting
bound on the electromagnetic coupling to the en-
tire spectrum of hadrons. The hadronic contribu-
tion to the muon g factor can be written as

©

Aahad=fﬂ—3 200 o (6)G(S)ds, (10)
where
G(s)= [ az——21=2) (11)
fo 22+ (1=2)(s/m ?)

and Oc e _(s) is the total e*e™ annihilation cross
section into hadrons at the center-of-mass ener-
gy E., =E,+E_=Vs. We assume that the con-

tribution to Ag, s for s up to and including the ¢

resonance in Oc.e_ is given by (3). Then for the
higher mass hadrons (s =s*2m ) we define

2
m ® Oa+p—-(S)
Aahad* = 127{3,[:(18 S

x[1+o(m?§1n1f%)]a

(12)

If we regard the difference (8) as a sort of upper
limit for Aa,,4*, we obtain

fiv 0 4o-(5)ds/s <8.2ub.

In other words, higher mass hadrons can at most
give three or four times the contributions of the
p, w, and ¢ to Aay,y. A reduction of the experi-
mental error for the muon moment could not on-
ly further confirm the quantum-electrodynamic
corrections, but it would also further bound the
cross section for e*e ™ annihilation.
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