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ON ION CYCLOTRON-WAVE GENERATION IN PLASMA
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Electron inertia i.l predicted to have a dominant influence on ion cyclotron-wave prop-
agation as the wave frequency approaches the ion cyclotron frequency. This influence
should effect a reduction in the Stix coil coupling to a plasma column as the plasma den-
sity is lowered. Experimental coupling measurements, taken over an appropriate
range of plasma derisity (2 &10 to 2.8 &&10 cm ) on the Model-C stellarator, demon-
strate the validity of the theoretical conclusion.

In this paper we present an extension of the
study of ion cyclotron-wave gi~neration to lower
densities than previously employed in this labora-
tory. ' As the plasma density is reduced, the
complete cold-plasma theory developed for the
Model-C stellarator ion cyclotron-resonance
heating (ICRH) system' predi&:ts an increasing ef-
fect of electron inertia on such observables as
the loading of the Stix coil. %'e have previously
shown" good agreement between this theory and
experiment for densities ~2& f0" cm ', where
the effects of electron inertia on coil loading (nor-
mally neglected) are not dominant. We now ex-
tend the comparison of theory and experiment to
a lower density range (2&&10" to 2.8X10" cm '),
where these effects are predi". ted to become dom-
inant, and continue to find go&id agreement.
Moreover, the measured power. coupling normal-
ized to the plasma density actually increases as
the density decreases, despite the reduction in
coupling caused by the electron inertia. This en-
courages the use of ICRH' to '.heat the ions of low-
density plasmas.

The cold-plasma theory of ion cyclotron-wave
generation developed by Stix' assumes that elec-
tron inertia may be neglected for frequericies +
less than the ion cyclotron frequency 0= Z~ eB,/
m~c, provided that cu' « ll, '= 4mne'/m, where II,
is the electron plasma freque:icy. For the densi-
ty range quoted above, II,'/u" ranges from 1.5
~10' to 3 &10', amply satisfying this requirement.
However, the complete cold-~plasma theory, "in-
cluding the effects of finite electron mass, shows
that the optimum loading of th.e induction coil by
ion cyclotron-wave generation should decrease
with density for II,'/uP ~ 10', in contrast to the
prediction of the approximate theory that the opti-
mum loading should increase as the density is re-
duced. This prediction of the complete theory,
which will be ascribed to the strong influence of
electron inertia on the general propagation char-
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FIG. l. (a) Coil-system model assumed in the theory.
Model-C parameters: @=22.3 cm, s =11.5 cm, u=9.0
cm, p 6.1 cm (variable), ~p=38.1 cm, kpP =2&P/~p 1,
2a= 6.2 cm, and f, f =25 MHz. (b) v&P snd v2P solutions
of the cold-plasma dispersion relation versus kp for a
D+ plasma of density 10~~ cm 3 and 0 = 0.996. t. Also
shown is the approximate (m~ 0) so).ution. l Slow-
branch asymptotes: Ql, Eq. (2);Q2, vmp

—imp Natural-.
mode wave numbers are indicated for P = 6.1 cm.
(c) Axial variation of confining field (on axis) over the
Stix coil.

acteristics of ion cyclotron waves, prompted the
experiments to be described herein.

Figure 1(a) presents the model used to repre-
sent the C stellarator coil system for the theoret-
ical analysis. ' A cold, homogeneous plasma col-
umn of radius p is immersed in a constant mag-
netic field 8, and is surrounded by an induction
coil represented by four pairs of filamentary cur-
rents Ioe ~~~' at x=s. A Faraday shield and
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v,p- [-P/S] "'kp (2)

which is approximately [p, (1-Q')/Q'] "'kp for
11,'/~'» 1. P and S are terms of the plasma di-
electric tensor' and p, = mz/m, . As density de-
creases, detectable ion-wave generation occurs
very near 0=1. Therefore, the assumption of
the approximate theory that

~
P/S

~

- ~ [see Fig.
1(b)] is not applicable. At sufficiently low densi-
ties, all of the natural modes of the approximate
theory have radial wave numbers [x of Fig. 1(b)]
which are greater than the value v,P where the
solutions v,p and v,p coalesce, and are simply
mathematical artifacts. This result is entirely
attributable to the plasma properties and implies
that the E field of these plasma waves cannot be
neglected. (In fact, numerical calculations show
that the maximum amplitude of E is greater
than that of E ~ when II,'/&u' & 10' and becomes

shield can (cyclindrical waveguide) are at r =u
and q, respectively. This model contains all of
the characterizing features of the C stellarator
system. Furthermore, it provides a theory
which is easily adapted to describe cold-plasma
wave generation in a plasma column for any 0-in-
dependent system. '

The E~ field of the mth natural mode inside the
plasma column is given in terms of Bessel func-
tions by'

E, =a~ J,(v, ~~)+ b~ J,(v, ~),

where v, , and v, are the radial wave numbers
of the k, mode which satisfy the plasma disper-
sion relation [Eg. (1.21) of Ref. 4] and the sys-
tem dispersion relation I'=0 (Ref. 2) stipulated
by the boundary conditions of the model in Fig.
l(a). The constants a and b are inversely
proportional to I'. ' Equation (1) demonstrates
the influence of the plasma and system disper-
sion relations on the natural mode solutions. (It
is the extension of Ee to x =s which is driven by
the filamentary coil currents. ) The solutions of
the plasma dispersion relation, v, p and v, p, are
plotted versus kp in Fig. 1(b). There, v„,p and

v, p, which also satisfy I' = 0 at k~ p, are indi-
cated by points on the "slow branch" formed by
the v, p and v, p solutions. Figure 1(b) is calcu-
lated for a D' plasma of density 10" cm ' and 0-=m/Q~ =0.996, parameters typical of the experi-
mental results to be described.

In Fig. 1(b) we see why the approximate theory
(neglecting the electron inertia) is invalid at low-
er densities even though II,'/uP is large. The
solution v,p is limited by the asymptote

comparable with that of E at lowest densities
considered here. )

The power transfer, P, from the Stix coil to
the excited natural modes propagating along the
plasma column is expressed in terms of an equi-
valent resistance'

R =P/8I02.

The calculated values of R(Q) for a given density
exhibit a resonance in 0 with a width decreasing
with density. The narrowness of this resonance
led us to reduce the axial variation of the static
confining magnetic field over the length of the
Stix coil before making the measurements de-
scribed below. Figure 1(c) contrasts the best
"flat" field achieved (+0.1%) with the +l. leuc. "nor-
mal" profile. ' Experimental 0 values, 0, are
calculated from the computed field profile, aver-
aged over the length of the coil (2A, ), and the
measured current in the field coils. '

Experimental measurements of BI defined by
Rl =P,/8I, '=R+R„where P, is the total power
supplied to the coil system and R~ (=0.05 Q) rep-
resents the Ohmic losses not attributable to the
plasma, were obtained for D' plasmas as out-
lined for the low-power experiments in Ref. 1.
In order to cover a wide range of density, two
methods of plasma formation were used: (i) The
breakdown oscillator partially ionized a low gas
pressure, and measurements were made in the
afterglow. (ii) An Ohmic heating current follow-
ing the breakdown oscillator completed the ion-
ization; measurements made while the current
flowed were for higher densities than those of
method (i)."

In Fig. 2(a) is shown the dependence of RL on Q
for various plasma densities measured for a par-
ticular flat field profile (+0.2%). The values of
R(Q) calculated from the complete cold-plasma
theory (which neglects the field variation) have
added to them the measured value of B~. The the-
oretical curves of Fig. 2(a) have been shifted by
O. l%%uo in Q to give a best fit to the 10"-cm ' data.
[The resistance of the current shunt is presently
known to within +0.25%. The meter system' used
to measure the voltage across the shunt has an
absolute accuracy of +0.1%. The relative deter-
mination of 0 during the course of one day is
clearly better than 0.05%%uo. ] For one value of den-
sity, theoretical curves obtained with two values
of plasma radius are contrasted. We stress that
there are no further adjustable parameters and
that the agreement between theory and experi-
ment in Fig. 2(a) is absolute.
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FIG. 2. Comparison of the measured coil loading

(Rl or R=RI -R~ points) with that predicted by the

complete cold-plasma theory (curves) for a D plasma

[p=6.1 cm (divertor aperature), 7~=2.5-5 eV]. For
the theory p = 6.1 cm (except where indicated), and 0
is shifted slightly relative to the experimental value Q.

(a) Both breakdown-oscillator (solid points) and Ohmic-

heating (open points) data are presented for a +0.270

flat confining-field profile (I'~=8 W, 02 4 &10 8 and 4
&&10 Torr). Theoretical loci of (R~)~~ are given in-
cluding and neglecting electron inertia. (b), (c) Break-
down-oscillator plasma data for the field profiles of

Fig. 1(c) (Pg=1 W, D2 4&10 Torr). 0 values for
which f) = 1 atQ1, the inner coils, , the outer coils,
andQ2, the minimum field position, are noted.

The high-density (4X 10"-cm ') data obtained
for method (i) above at the start of the afterglow
are best fitted by a radius somewhat (-7 /p) larg-
er than that of the divertor aperture. At the low-
est density used (5 &10"cm '), the predicted
half-width of the resonance curve is narrower
than the variation of the confining field along the
coil; this and the lack of data in the vicinity of
maximum loading preclude an absolute compari-
son. The data obtained for method (ii) [Ohmic
heating] are best fitted by theoretical curves cal-
culated for half the measured density (this dis-
crepancy was noted previously" ), while those
obtained for method (i) are fitted using the mea-
sured density. (The density is measured with an
8-mm interferometer, assuming a uniform radi-
al density profile. ) Subsequent studies have
shown that the breakdown-oscillator -produced
plasma has a nearly square radial density pro-
file, while the plasma carrying Ohmic heating
current has a parabolic profile. This corrobo-
rates the explanation for the discrepancy given
earlier, "'that the experimental mean volume
density should be used for the corresponding the-
ory.

The agreement between theory and experiment,
both in magnitude and Q dependence of Rz, is
quite satisfactory at the lower densities em-

ployed. At the higher densities, the measured
(RI),„ follow closely the envelope of the theoret-
ical curves, and the data (when characterized by
the mean volume density) agree with theory for
values of 0 less than that corresponding to
(Rz),„. The enhanced loading at higher 0 has
been commented on earlier. " The envelope for
the approximate theory clearly diverges increas-
ingly from the data at low densities.

Additional data, obtained in the breakdown-os-
cillator-plasma regime (i), are presented in
Figs. 2(b) and 2(c) for the flat field and the nor-
mal field profiles of Fig. 1(c). The considerable
number of experimental R =RI-R, data points re-
solve the resonance curves down to the lowest
density considered (2 X10"cm '). Figure 2(b)
complements Fig. 2(a) in the low-density range
and shows very good agreement between the com-
plete theory and experiment. [Again, the shift
(-0.18/p) of the theoretical curves in 0 is consis-
tent with the possible absolute inaccuracy in the
confining field measurements. ] The second peak
in R in the vicinity of 0= 1 is most likely attribut-
able to the direct propulsion of resonant ions by
the vacuum fields of the coil (case I of Ref. 3).

The data of Fig. 2(c) clearly demonstrate the
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effect of the field variation on ion cyclotron-wave
generation. The maximum B is reduced from
that of the flat field case and is shifted to lower
0. This behavior is correlated to the 0's for
which 0= 1 at@, the inner coil; , the outer
coil; and, the minimum field planes. The min-
imum field value is of particular importance
since..larger 0's produce resonance zones under
the coil which set up a forbidden axial region for
the propagating ion cyclotron waves. The maxi-
mum A is attributable mostly to wave excitation
by the inner coils; the outer coil excitation is
seriously hampered by the forbidden region.

In Fig. 3 we illustrate the asymptotic nature of
the value of 0 required for optimum coupling at
a given density as density is decreased:

l2

DENSITY

(cm~)

II
IO

& R„„„/n(ohm-cm x IO )

l0 IO

instead of tending to unity as predicted by the ap-
proximate theory. The experimental maxima of
Fig. 2(b) are found to agree with this prediction.

In conclusion, it has been demonstrated that
the inclusion of the effects of electron inertia in
the cold-plasma theory yields good agreement.
with the measurements on Model C. This is the
first experimental verification of the dominant
role of these effects in ion cyclotron-wave prop-
agation.

The results of this study show that sufficient
coupling is obtained at low densities to permit ap-
preciable heating of the plasma by wave absorp-
tion at a beach. Such heating has yet to be mea-
sured, but it seems probable that considerable
heating will ensue at moderate power levels; the
potential power per ion (for a given I,) is predict-
ed to increase with decreasing density (8,„/n of
Fig. 3). It is necessary, however, to achieve
the proper degree of axial field uniformity. A
fir st attempt to heat the ions of low-density plas-
ma was inconclusive; possibly because the ions
were overdriven at the -1-MW rf power level em-
ployed, and because the axial confining-field pro-
file was "normal" [Fig. 1(c)].

It is further suggested that the ion cyclotron
loading resonance at low density can provide a
calibration of confining-field measurement sys-
tems to an accuracy commensurate with the field
variation over the coil. [The Model-C system
used to measure confining-field current' is seen
to provide relative measurements to better than
-10 A out of 25 kA [Fig. 2(b)], but appears to
overestimate the magnitude of the field current
by -0.15/o suggesting that the resistance of the
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FIG. 3. Theoretical 0 for optimum coupling as a
function of density, for a D+ plasma with P =6.1 cm,
including (solid curve) and neglecting (dashed curve)
the effects of electron inertia. The points indicate the
position of the measured R~» in Fig. 2(b). [The ex-
perimental values of 0 were increased by 0.0018 be-
fore locating them on the abscissa, corresponding to
the same correction as in Fig. 2(b). j Also shown is
the potential power per particle [R~»/n] normalized
to unit current in the Stix coil.

shunt is that much greater than its nominal val-
ue. ] Also, measurements of Rz(0) at low rf pow-
er can serve as a mass spectrometer to measure
the density of resonant ions. In a one-ion plasma,
a measure of 0 'for (Rz),„ is sufficient at high
densities, while below 10"cm ' a single value
of 0 can be used, and (Rl), „measured continu-
ously during a discharge. In a two-ion plasma
(e.g. , deuterium plus impurities), theoretical cal-
culations show that the value of (R~)» is given
predominantly by the total ion density (= the elec-
tron density), while the width and 0 of the reso-
nance depend principally on the density of reso-
nant ions. Thus, it would be easy to determine
if the resonant ions in a plasma were being lost
at a much faster rate than the impurity ions.
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MAGNETIC FIELD DEPENDENCE OF LASER EMISSION IN Pb, Sn Se DIODES*

A. R. Calawa, J. O. Dimmock, T. C. Harman, and I. Melngailis
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 02173

(Received 26 May 1969)

The magnetic field dependence of long-wavelength infared laser emission has been
studied in Pb& ~Sn~Se diodes for compositions in the range 0 ~x ~0.3. For x &0.15 the
energy of the lowest transition decreases with increasing magnetic field whereas for x
& 0.15 this energy increases. This unique observation is consistent with a theory of
magnetic energy levels proposed by Baraff and also strongly supports the inversion
model for the energy bands in Pb-Sn chalcogenides.

The temperature dependence of laser emission
in Pb, Sn Se diodes in the composition range
0 ~x - 0.3 has recently been reported' and the
magnetic field dependence of laser emission and
spontaneous luminescence has been measured
for PbS, PbSe, and PbTe' and for low-SnTe-con-
tent Pb, Sn Te diodes. ' We report here the re-
sults of measurements made on a number of
Pb, Sn Se diode lasers in the above composi-
tion range at magnetic fields up to 145 kG. The
results support the model previously proposed'
in which the valence- and conduction-band states
in Pb, Sn Se alloys approach each other, in-
vert, and move apart as SnSe is added to PbSe.
At low temperatures this inversion occurs at
about x =0.15. For the alloys on the SnSe-rich
side of the inversion point the lowest energy
transition between magnetic levels of the conduc-
tion and valence bands has an energy which de-
creases with increasing magnetic field. To our
knowledge this is the first such observation in
any material. In addition the results give a di-
rect indication of the effect that the higher lying
energy bands have on the conduction and valence-
band-edge masses and g factors in these materi-
als.

For the magnetic-field measurements the di-
odes were near liquid-He temperature and ori-
ented with the diode current parallel to the mag-
netic field in a (100) crystallographic direction.
The laser radiation was emitted perpendicular
to this direction. The photon energy of the laser
emission as a function of magnetic field is shown
in Fig. 1 for diodes of Pb, Sn Se with x=0,
0.05, and 0.10 and in Fig. 2 for x =0.19, 0.22,
and 0.28. The Landau levels shown schematical-
ly in the insets identify the transitions observed.
At low magnetic fields one generally observes
the line T,. As the field is increased the emis-
sion switches to T,. If the diode current is in-
creased the &, emission persists up to higher
magnetic field values and in some cases a third
line T, is observed. For all of the alloys studied
with x &0.15 (including PbSe) the T, line is found
to have a positive slope, in most cases about
10 ' eV/G. For alloys with x&0.15 the slope of
this line is negative but has about the same mag-
nitude. The zero-field energy gap as a function
of alloy composition is shown in Fig. 3. The
mole fraction of SnSe (x) was measured using an
electron microprobe, and the energy-gap values
were obtained from extrapolations of the magnet-
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