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pie model that has served to explain previous ex-
perimental results is inadequate to deal with the
latest findings. The f p perturbation method is
probably appropriate because a relatively small
portion of the zone needs to be considered. This
theoretical approach is now being pursued for the
purpose of calculating the Landau levels and the
selection rules. At this time it is possible to
say with reasonable confidence that transitions
from impurity levels" are not present in these
data because not only do we fi.nd the main fea-
tures to scale with frequency but also the neces-
sary carrier freeze-out phenomenon has never
been observed in tellurium either at low tempera-
ture or high magnetic field. ' Further experi-
ments are to be attempted using linear and circu-
lar polarized radiation to reduce complications
that may be introduced by birefringence.
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It is shown that in a class of randomly diluted Ising ferromagnets the magnetization
fails to be an analytic function of the field H at H= 0 for a range of temperatures above
that at which spontaneous magnetization first appears.

It is commonly assumed' that the critical point
of a simple ferromagnet represents a complete
termination of the first-order phase transition in-
dicated by the presence of spontaneous magne-
tization, and above the critical temperature T
where this spontaneous magnetization disappears,
the free energy is an analytic function of temper-
ature T and magnetic field H. In other words,
for T &T, there is no "higher-order" transition
representing a continuation of the first-order
transition for T &T,. We shall show that in the
case of certain random Ising ferromagnets this
assumption is demonstrably false, and the tem-

perature T, where nonanalyticity begins as T de-
creases definitely exceeds T,.

The random ferromagnets of interest are ob-
tained by starting with an ordinary or regular Is-
ing model with spins located on the vertices of a
regular two- or three-dimensional lattice, with
nearest-neighbor exchange interactions. In the
corresponding random ferromagnet' only a frac-
tion p of the lattice sites are occupied with Ising
spins, the rest remaining vacant, and exchange
interactions exist only between spins on neighbor-
ing pairs of occupied sites. ' The probability p of
occupancy of a given site is independent of II, T,
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M(g) in the form
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M(g) =1+
I (I

where z = exp(-2H/kT) and the 4, 1,
' = 1, 2, ~ ~ ~,

v(g), »e complex numbers with
~ $q~ =1. Conse-

quently M itself is of the form 1+zf(z) where

FIG. 1. Probable behavior of T~ {solid curve) and
T~* {dashed curve} in a randomly dilute Ising ferro-
magnet.

and the occupancy of other sites; this last condi-
tion distinguishes the model from the apparently
similar but mathematically quite different model
of Syozi4 in which an average occupation is as-
sured through the imposition of a suitable "chemi-
cal potential. "

It is fairly well established that T for the ran-
dom ferromagnet varies with P at least qualita-
tively in the fashion indicated in Fig. 1. Evidence
in favor of this behavior is (1) the model of Syozi
referred to earlier which might be expected to
show qualitatively the same dependence of T, on

P; (2) studies based on series expansions', (3) a
rigorous upper bound' obtained by applying Fish-
er's procedure' to the random case; (4) a rather
inefficient rigorous lower bound; and (5) a proof
of the "intuitively obvious" result that no sponta-
neous magnetization can occur at a finite temper-
ature with P less than the critical percolation
probability P, at which an "infinite cluster" first
appears as p increases.

However, we shall show that for any concentra-
tion P &1 the magnetization M is not an analytic
function of II at H = 0 at any temperature below
T, (1), the critical temperature of the regular Is-
ing model (P = 1); that is, in the region below the
dashed line in Fig. 1. The argument is most eas-
ily explained for P &P, when the magnetization M

per lattice site in the thermodynamic limit has
the form'

where P(g) is the probability that a particular,
fixed site on the lattice belongs to a finite cluster

agroup o—f v(g) occupied lattice sites with the
property that all sites in g are connected to one
other through a set of exchange bonds between
nearest neighbors, and are not so connected to
any occupied sites outside g —and M(g) is the
'magnetization of the cluster P divided by v(P).

As we are concerned with Ising ferromagnets,
the theorem of Lee arid Yang' allows us to write

with g~ =2P(8)/v(g) if $q is one of the poles of
M(P). Note that gal =2+P(g) =2P, and thus (2)
is absolutely convergent and defines an analytic
function for ~z ~

&1. . In addition, f(z) cannot be
analytically continued through any point of the
unit circle which is an accumulation point of the

For suppose that z„~z, ~
=1, is an accumula-

tion point of the $q and suppose there were a func-
tion p(z) analytic inside a small circle C of radi-
us R centered at z, with the property that {P(z)
=f(z) in the intersection of C and ~z~ &1. Choose
$J, such that ~$l, -z, ~&R and consider the variation
of f(z) on a radius drawn from 0 to $1„0&r &1:

f(&(J)= ' +
(1 ~)]~—,. J "&, y(J (4)

lf without loss of generality we assume that $~+(~
for i eh (otherwise we would simply define a new
gl, combining all contributions from the pole at
$q), it is easy to place a bound on the second
term in (4) so that it is in magnitude less than
half the first term for x sufficiently close to 1;
consequently f (rgj, ) and th—erefore y(~)J, ) di-—
verges as x- 1, contrary to our assumption that
p is analytic.

To complete the argument for nonanalyticity of
M at H =0 (z =1), consider a sequence of "regu-
lar" clusters which have the property that they
consist of all sites in the lattice inside, but no
sites outside, squares or cubes (for two- and
three-dimensional lattices, respectively) of in-
creasing size. Such clusters occur in the sum
(1) with finite probability, and for T&T, (1) the,
minimum of ~$;-1~ for a regular cluster goes to
zero as the size goes to infinity, ' since this is
one way of obtaining the thermodynamic (infinite-
volume) limit for the regular system. Conse-
quently in this temperature range, z =1 (H =0) is
an accumulation point of the $q and M fails to be
an analytic function at H =0. For P ~PO, the
above argument must be modified by adding to
(1) a contribution from the "infinite cluster, " but
the conclusion remains unaltered.

Gallavotti' has obtained an upper bound for T,
for systems of the sort we are considering, while
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our argument provides a lower bound, T,(1). It
is a plausible expectation that for any P, T,
=T,(l). There need be no "visible" change in the
magnetization curves at T =T, ; they could still
be infinitely differentiable. On the other hand, it
seems possible that for P &P, one might find the
susceptibility diverging at a temperature above
that at which spontaneous magnetization first ap-
pears. "

There are some additional possible applications
of our arguments. For example, at II =0 the en-
ergy of a finite cluster has a representation anal-
ogous to (2) but with z defined as exp(-2J/kT),
and the location of the &I is not precisely known.
If z~ (0&z~ &1) is a point of nonanalyticity for the
energy. of the regular system in the thermodynam-
ic limit, it will also be a point of accumulation of
the $q in (3) with P &1, and additional points of ac-
cumulation will appear between 0 and s,. Unfor-
tunately, since the $q are not (so far as we know)
restricted to lie on a particular curve or set of
curves, we are unable to prove that f(z) lacks an
analytic continuation through the points of accu-
mulation, ." The calculations of Mikulinskij'
(again, not a rigorous proof) indicate that in the
two-dimensional Ising model the energy of a ran-
dom system fails to be analytic at T = T, (1),
which concurs with our expectations.

The absence of definite theorems on the loca-
tion. of the appropriate $& prevents us from mak-
ing precise statements about random Ising anti-
ferromagnets or Heisenberg ferromagnets (or an-
tiferromagnets), though it is plausible that singu-
larities in the. regular. system persist in the ran-
dom system as nonanalyticities. Our results do
not apply in a straightforward fashion to the ran-
dom Ising ferromagnet considered by McCoy and
Wu" because it does not have a simple decompo-
sition into clusters. On the other hand, it is not
unreasonable to expect that something analogous
may be going on in thi. s model, and a nonanalytic-

ity in the heat capacity at the critical tempera-
ture of the regular system seems a distinct pos-
sibility, even though it has not thus far shown up
in calculations.
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