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QUANTUM EFFECTS IN CYCLOTRON RESONANCE IN P-TYPE TELLURIUM
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Quantum effects of cyclotron resonance of holes have been observed in tellurium by us-
ing high-resolution HCN and D20 suhmillimeter laser spectrometers. The multiplicity
of resonance absorption lines in both parallel and perpendicular directions with respect
to the principal axis suggests complex energy surfaces with highly warped bands. In ad-
dition, cyclotron resonance of electrons thermally excited across the gap was obtained.

We have observed cyclotron resonance of holes
and electrons in tellurium using steady magnetic-
field intensities up to 165 kOe and an HCN laser
source operating at a wavelength of 337 p, m. A
large number of absorption lines have been re-
solved as shown in Fig. I. Since the quantum
conditions are satisfied in the present experi-
ments, namely, the laser photon energy @co is
larger than the Fermi energy and also Sv& kT,
we shall interpret the multiplicity of these ab-
sorption lines as the first observation of quan-
tum effects in tellurium. In previous cyclotron
resonance experiments' ' at millimeter wave-
lengths, the dual conditions vw» I and Sco & kT
were only marginally satisfied and quantum ef-
fects were not resolved. The cyclotron-reso-
nance nature of the present absorption lines was
confirmed by observing the main features at a
higher frequency using a continuous-wave D,O
laser.

There have been indications from Shubnikov-
de Haas experiments~ in heavily doped tellurium
that the shape of the Fermi surface is complicat-
ed. The quantum effects in submillimeter cyclo-
tron-resonance experiments due to warping are

consistent with these studies. The first indica-
tion of structure in cyclotron-resonance observa-
tions was seen at a wavelength of 700 p, m by Pi-
card and Carter' in the form of a second harmon-
ic but they observed no structure when the mag-
netic field was oriented parallel to the principal
axis. Nevertheless, in view of the various exper-
imental data accumulated over the past few
years, a consensus has been developing that the
surfaces of constant energy appear to consist of
four ellipsoids of revolution at low energy close
to the point H at the edge of the Brillouin zone,
which then merge into two dumbbells as the ener-
gy is increased to a few millielectron volts. The
axis of revolution of the dumbbells coincides
with the hexagonal edges of the zone. Although
we have not yet completed the detailed theory for
these quantum effects in cyclotron resonance,
we believe that the structure shown in the spec-
tra of Fig. 1 indicates that this particular model
of the Fermi surface is inadequate.

Our experiments were performed with a con-
tinuous-wave HCN molecular gas-laser spec-
trometer described previously. ' The magnetic
field was furnished by a water-cooled copper so-



VOLUME 23, NUMBER I PHYSICAL REVIEW LETTERS 7 JUr.v 1969

4P

O
C3
Vl

H//c -axis

H// bi sectrix

X =337',m

T~ IO K

EP

O
CJ

O
Ol

Z.'-
O
I-
CL
CL
O
M
CQ

X= 337@,m
Tas 30'K

H// binary

O
CLI

C

O
I-
CL

D
M
CQ

H// binary

I I I I I I

0 30 60 90 I 20 0 30 60 90 I 20 I 50
MAGNETIC FIELD, H(k-oe)

FIG. . 1. Low-temperature cyclotron-resonance ab-
sorption spectra in tellurium for h~ &AT. Both the di-
rection of propagation and static magnetic field were
parallel (left side) or perpendicular (right side) to the
c axis of tellurium. All curves are tracings of pen re-
col dlngs.

lenoid. The field was applied parallel to the di-
rection of propagation of the unpolarized mono-

chromatic laser radiation. Alternate single-
crystal specimens were used having the c axis,
bisectrix axis, and binary axis parallel to the
magnetic field. The stabilized laser output was
of the order of microwatts and had a noise level
of less than —,'%. The signal was detected with a
Golay cell. All crystals were spark-cut cylin-
ders prepared to fill the —,-in-diam light pipe of
the laser spectrometer. The end faces had a
mirrorlike finish prepared by polishing and etch-
ing. Some specimens were annealed in the pre-
sence of tellurium powder after this treatment.
The crystals were of high purity having hole con-
centrations between (1 and 5) &&10" cm' at room
temperature. Thus the submillimeter frequency
was much larger than the plasma frequency.

Figure 1 shows representative spectra record-
ed at about 10'K for three different orientations.
The spectrum at the left side of the figure shows
a multitude of absorption lines characteristic pf

the spectra observed whenever the magnetic
field was applied along the c direction. The c.-ax-
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FIG. 2. Higher temperature spectra for her = kT.
Each broad strong envelope covers several unresolved
quantum transitions and, in the perpendicular direc-
tion, the relative intensities have changed with temper-
ature.

is specimens were essentially transparent at
field intensities above 90 kOe. When the field
was applied perpendicular to the c axis, however,
absorption lines were observed at field intensi-
ties as high as 130 kOe. The main features of
the spectra for the binary and bisectrix direc-
tions appear at the same fields. Some differ-
ences in the spectra may- exist but they have not
yet been fully investigated.

Figure 2 shows that as the temperature is in-
creased to about 30'K where h~=kT, the fine
structure merges into broad strong envelopes.
This is characteristic of the quantum effects pre-
viously observed in p-InSb and p-Ge as a func-
tion of temperature. ' Then only the envelopes of
several unresolved quantum transitions remain.
In this case of tellurium, the centers of the enve-
lopes are observed at magnetic field intensities
of 29 and 63 kOe for the c direction correspond-
ing to effective masses of 0.09mp and 0.2mp.
For the binary. direction, the three envelopes
are observed at magnetic fields of 36, 82, and
127 kOe corresponding to effective masses of
0 1Btl p 0 26sz p and 0.40m p. Previous obs erv-
ers' ' have quoted cyclotron masses of about
0.11m, (c direction) and 0.17m, (perpendicular
direction). It should be noted that we also ob-
serve a, mass of about 0. 4fpl p'in the perpendicular
direction which has never been seen before in a
low-temperature experiment. It is interesting to
note that high-frequency conductivity experi-
ments' at high temperatures have indicated the
presence of a mass of the order of 0.4mp.

In order to confirm that the absorption lines re-
present cyclotron resonance rather than impurity
transitions. or other phenomena, we have per-
formed one experiment on the c-face specimen
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using the higher frequency (A. =172 pm) from a
continuous-wave D,O laser. The weaker D,O la-
ser radiation handicapped our efforts to reveal
all of the structure but the prominent features
are clearly evident and correspond to those ob-
served with HCN scaled to this new frequency.
Again the appearance of the spectrum changes
with temperature, which is characteristic of
quantum effects.

The pronounced structure which. we see in Fig.
1 with H ll 0 implies that the constant-energy sur-
faces are exhibiting warping in the c plane be-
cause, for rotational symmetry, only a single
lme would be expected in the classical limit for
an ellipsoid model. Pseudopotential calculations
by Picard and Hulin' suggested that trigonal warp-
ing is definitely present. If trigonal warping is
strong, anisotropy should also appear for H & c
as a difference in the spectral structure for the
binary and bisectrix direction. However, the
main absorption lines appear at the same field in-
tensities, but distinct differences in the intensi-
ties of the two spectra do exist. Hence the na-
ture of the trigonal warping has to be re-exam-
ined in light of these results.

Our high-temperature studies of cyclotron res-
onance were carried out using the HCN laser.
The photon energy @co for the HCN laser is not
large enough to see the structure of quantum ef-
fects at temperatures higher than about 30'K but
u7 is still large enough to observe the envelope
of unresolved absorptions up to about 200'K. At
a temperature of 150'K, for example, the peak
of the envelope is at a magnetic field intensity of
about 30 kOe with H II c which corresponds to a
cyclotron mass of slightly less than O. bn, . At
this same temperature, 159'K, the cyclotron
mass for 8&:c is 0.28m, . %e find little evidence
at this time for a considerable change of the
mass with temperature. As the temperature is
increased above 200'K, the cyclotron-resonance
absorption of electrons is seen (Fig. 3) because
of the thermal excitation of electrons across the
forbidden gap. This electron resonance is not
visible for 8 II c but is well separated from the
hole peak for H& c as shown in Fig. 3. It ap-
pears at 43 kOe corresponding to a mass of
0.135mo. The value of cue. was large enough to
follow the electron resonance up to a tempera-
ture of about 250'K. This effective cyclotron
mass of 0.135mo is considerably higher than the
value of 0.047 which can be derived from magne-
to-optical data. ' The reason for the absence of
the electron resonance for'the direction H II c is
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p&G, 3. Cyclotron resonance of electrons (upper
spectrum) and holes (lower spectrum) in P-Te with H Il

bisectrix direction and A, = 337 p, m. The electrons are
thermally excited across the forbidden gap as the spec-
imen is allowed to warm up.

not clear at present. Either the effective mass
is so high that the resonance would occur beyond
165 kOe, or the electron resonance is superim-
posed on the hole absorption at about 30 kOe. If
the latter occurs, it should be possible to sort
out the effect by using circularly polarized radia-
tion.

One of our c-face specimens of slightly higher
carrier concentration was examined in an at-
tempt to discover the possible existence of very
weak absorption lines at high fields which could
not be seen for the c direction in Fig. 1. This
sample did not transmit at field intensities below
60 kOe because of strong cyclotron-resonance ab-
sorption but then showed oscillatory transmis-
sion in the transparent region at field intensities
above 60 kOe. The oscillations were clearly re-
solved and grew larger and wider spaced at high-
er fields but did not display a simple l/H depen-
dence. The analysis of this interference phenom-
enon will be discussed separately. " In the pre-
sent data, the two phenomena of cyclotron ab-
sorption and oscillatory interference are clearly
separated because multiple internal reflections
cannot survive in the presence of significant cy-
clotron-resonance absorption.

In conclusi. on; it appears that a more refined
theoretical model of the valence bands near the
band edge will have to be formulated. The sim-
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pie model that has served to explain previous ex-
perimental results is inadequate to deal with the
latest findings. The f p perturbation method is
probably appropriate because a relatively small
portion of the zone needs to be considered. This
theoretical approach is now being pursued for the
purpose of calculating the Landau levels and the
selection rules. At this time it is possible to
say with reasonable confidence that transitions
from impurity levels" are not present in these
data because not only do we fi.nd the main fea-
tures to scale with frequency but also the neces-
sary carrier freeze-out phenomenon has never
been observed in tellurium either at low tempera-
ture or high magnetic field. ' Further experi-
ments are to be attempted using linear and circu-
lar polarized radiation to reduce complications
that may be introduced by birefringence.

We are indebted to Lawrence G. Rubin for his
valuable experimental advice. We are pleased to
acknowledge the able assistance of R. E. New-

comb and F. Tambini during the design, con-
struction, and operation of the apparatus. We

wish to thank H. J. Engelmann, U. Gunther, and

R. Drope for their care and skill in the prepara-
tion of the specimens. The travel grant for one
of us (G.L.) given by the Deutsche Forschungs-
gemeinschaft is gratefully acknowledged. We are
grateful to H. A. Gebbie for his encouragement of
submillimeter research.

*Supported by the U. S. Air Force Office of Scientific
Research.

)On leave from the National Physical Laboratory,
Teddington, England.

/Also Physics Department, Massachusetts Institute
of Technology, Cambridge, Mass. 02139.

~J. H. Mendum and R. N. Dexter, Bull. Am. Phys.
Soc. ~9 632 (1964).

J. C. Picard and D. L. Carter, J. Phys. Soc. Japan
Suppl. 21, 202 (1966).

3P. L. Radoff and R. N. Dexter, Bull. Am. Phys. Soc.
14, 330 (1969).

E. Braun and G. Landwehr, J. Phys. Soc. Japan
Suppl. 21, 380 (1966); C. Guthmann and J. M. Thuillier,
Solid State Commun. ~6 835 (1968); M. S. Bresler, I. I.
Farbstein, D. V. Mashovets, Yu. V. Kosichkin, and
V. G. Veselago, Phys. Letters 29A, 23 (1969).

K. J. Button, H. A. Gebbie, and B. Lax, IREE J.
Quantum Electron. ~2 202 (1966); C. C. Bradley, K. J.
Button, B. Lax, and L. G. Rubin, IEEE J. Quantum
Electron. ~4 733 (1968).

K. J. Button, B. Lax, and C. C. Bradley, Phys. Rev.
Letters 21, 350 (1968); K. J. Button, A. Brecher,
B. Lax, and C. C. Bradley, to be published.

P. Grosse, Z. Physik 193, 318 (1966).
M. Picard and M. Hulin, Phys. Status Solidi 23, 563

(1967).
'P. Grosse and K. Winzer, Phys. Status Solidi 26,

139 (1968).
~ K. J. Button, G. Landwehr, C. C. Bradley, B. Lax,

and D. Cohn, to be published.
~~&. Couder, Phys. Rev. Letters 22, 890 (1969).

NONANALYTIC BEHAVIOR ABOVE THE CRITICAL POINT IN A RANDOM ISING FERROMAGNET*

Robert B. Griffithsf
Institute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, New York 11790

(Received 3 June 1969)

It is shown that in a class of randomly diluted Ising ferromagnets the magnetization
fails to be an analytic function of the field H at H= 0 for a range of temperatures above
that at which spontaneous magnetization first appears.

It is commonly assumed' that the critical point
of a simple ferromagnet represents a complete
termination of the first-order phase transition in-
dicated by the presence of spontaneous magne-
tization, and above the critical temperature T
where this spontaneous magnetization disappears,
the free energy is an analytic function of temper-
ature T and magnetic field H. In other words,
for T &T, there is no "higher-order" transition
representing a continuation of the first-order
transition for T &T,. We shall show that in the
case of certain random Ising ferromagnets this
assumption is demonstrably false, and the tem-

perature T, where nonanalyticity begins as T de-
creases definitely exceeds T,.

The random ferromagnets of interest are ob-
tained by starting with an ordinary or regular Is-
ing model with spins located on the vertices of a
regular two- or three-dimensional lattice, with
nearest-neighbor exchange interactions. In the
corresponding random ferromagnet' only a frac-
tion p of the lattice sites are occupied with Ising
spins, the rest remaining vacant, and exchange
interactions exist only between spins on neighbor-
ing pairs of occupied sites. ' The probability p of
occupancy of a given site is independent of II, T,


