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LOW- TEMPERATURE MAGNETIC PROPERTIES OF DyPO4.
AN IDEAL THREE-DIMENSIONAL ISING ANTIFERROMAGNET
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We have measured the magnetic susceptibility and heat capacity of HyPO4 at low tem-
peratures and compared our results with the exact series expansions based on the three-
dimensional Ising model for the diamond lattice. There is excellent agreement between
experiment and theory.

Recently it has been shown' that DyPO4 orders
antiferromagnetically at approximately 3.5 K.
The optical data indicate that DyPO4 is an ideal
three-dimensional Ising system with very small
net interaction with neighbors other than nearest
neighbors. DyPO4, which has the zircon struc-
ture' in which the magnetic ions lie on a slightly
distorted diamond lattice, is a particularly ap-
propriate material with which to test the theoret-
ical results based on the Ising model because this
three-dimensional lattice, to our knowledge, is
the only one for which the exact low-temperature
series expansions are convergent up to the criti-
cal point. In particular, the exact low-tempera-
ture series expansions for the energy, heat ca-
pacity, and reduced magnetic susceptibility have
been obtained. " In this Letter we report the re-
sults of heat-capacity and magnetic-susceptibility
measurements of DyPO4 and compare them with
those obtained from the exact expansions.

The heat-capacity and the magnetic-susceptibil-
ity data are shown in Fig. 1. The Noel tempera-
ture determined by the heat-capacity peak is
3.391+0.001 K. The susceptibility results indi-
cate that &N= 3.40+ 0.01 K, which, within the ex-
perimental error, is in agreement with that ob-
tained from the heat capacity.

Essam and Sykes have been able to estimate
the energy and entropy within narrow limits and
they obtain for the energy and the entropy at the
critical point the values E,/kT = 0.418 and S,/k
=0.511. The corresponding experimental values,
0.408 and 0.505, respectively, which were ob-
tained from the heat-capacity results, are in ex-
cellent agreement with these estimates.

The interaction constant, exchange plus dipolar,
can be obtained from the low-temperature asymp-
totic form for the heat capacity,

C/8 =. (2qZ/0 T)' exp( 2qJ/0 T). —

Here J is the interaction constant defined by the
spin Hamiltonian

3C= Q —
2 S;~SJ +pS g B

$ &j

for effective spin S= ~ and where the summation
is over nearest neighbors only. g~~ =19.4 and g~
=0.51. When log(CT'/R) is plotted versus 1/T,
then a given value of J uniquely determines both
the slope and the intercept. The dot-dash line in
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FIG. 1. The heat capacity C/R of DyPO4, in its or-
dering region, is shown as a function of temperature
by the lower curve. The open circles represent the da-
ta and the solid line is a smooth line through the data.
The magnetic susceptibility (BM/BH) of DyPO4, as mea-
sured along the symmetry axis, is shown for the order-
ing region by the upper curve. The closed circles rep-
resent the data and the solid line is a smooth line
through the data.
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Fig. 2(a) represents the asymptotic form of the
heat capacity fitted to the data, and the value of
J/k determined from it is 1.25+0.05 K. Using
the relation k&, /qJ=0. 6760, as given by Essam
and Sykes for the diamond lattice, with T, = 3.3S1
K and q = 4, the calculated value of J/k is 1.254
K, identical with that determined from the heat
capacity in the low-temperature limit. This val-
ue is in excellent agreement with the value mea-
sured directly spectroscopically' (J/k = 1.29+ 0.03
K). One can now put this value of J/k into the
low-temperature series expansion of Essam and
Sykes and compare the fit of the theory with the
data. This comparison for the heat capacity is
shown in Fig. 2(a) where the circles represent
the experimental data and the solid curve is that
calculated from theory. At this point perhaps we
should point out that once TN, or 4, has been
selected there are no adjustable parameters in
their theory. If there is a nuclear hyperfine in-
teraction present, then the form of the heat ca-
pacity at low temperature is

C 2qJ 2 2qJ a
kT ~ kT T"
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susceptibility given by Sykes, Essam, and Gaunt. '
The expressions for the energy and reduced sus-
ceptibility do give the same low-temperature

rather than the simpler form given above. One
can see from Fig. 2(a) that the measured C T'/R
is independent of temperature below approximate-
ly 0.6 K, in agreement with this prediction. The
dashed line gives the value of this hyperfine con-
tribution as 3.3x10 ' K'.

Sykes, Essam, and Gaunt' have derived the ex-
act low-temperature series expansion for the re-
duced susceptibility for the three-dimensional
Ising antiferromagnet assuming the diamond lat-
tice. Their series expansion for XT is represent-
ed by the dashed line in Fig. 2(b) where the cir-
cles represent the data. The fit is quite poor.
Fisher' has shown that the magnetic susceptibility
and heat capacity are related by the expression
C =AI &(gT)/BT]. If this relation is valid, then
E ~ XT and one can compare the fit of the mea-
sured XT curve with the low-temperature series
expansion for the energy derived by Essam and
Sykes. This comparison is shown in Fig. 2(b)
where the solid line is that calculated from the
series expansion for the energy. We should point
out that the Sykes, Essam, and Gaunt expression
for yT is different from that given by Essam and
Sykes for the energy for the same lattice and it
can be seen that although the slopes of the two
curves are the same in the low-temperature lim-
it, the expansion for the energy fits the data much
better than does the expression for the reduced
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FIG. 2. (a) LogIO CT2/R vs 1/T for DyP04 where the
circles represent the data. The dot-dash line gives
the low-temperature limiting behavior in the absence
of hyperfine interactions. This line was drawn tangent
to the low-temperature data such that its intercept and
slope determined 4 uniquely. The dashed line gives
the hyperfine contribution to the heat capacity. The
solid line is that calculated from the exact series ex-
pansion for the heat capacity as given by Essam and
Sykes. (b) The logarithm of the reduced magnetic sus-
ceptibility versus 1/T. The solid circles represent
the data. The solid line through the data is that calcu-
lated from the exact series expansion for the energy
as given by Essam and Sykes. The dashed line was cal-
culated from the exact series expansion for ~ as giv-
en by Sykes, Essam, and Gaunt.
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limiting slope, however, and the experimentally
measured value of &/k, determined from the
limiting slope, is 1.25 K. This is the same value
as that which was determined from heat-capacity
results as well as from spectroscopic measure-
ments.

Critical behavior has been a very active field
of theoretical interest in the recent past' and the
nature of the divergence at the critical point still
appears to be an unsettled question. In the criti-
cal region for the diamond lattice, Essam and

Sykes predict that the heat capacity has a loga-
rithmic singularity below the critical point, but
in the region above the critical point the diver-
gence appears to be sharper than logarithmic.
We show in Fig. 3 our heat-capacity data for the
critical region for both 1'& 1"N and T & TN. It can
be seen that the straight line through the data for
T & TN over the region 10 ' to 8&&10 ' in (TN —T)/
TN

—=t is in excellent agreement with the predic-
tion of Essam and Sykes. Recently Gaunt and
Domb' have predicted that the critical region ex-
ists only for t &10 4 and that the heat capacity
should diverge as I;

' ' rather than logarithmical-
ly. Their theoretical values join on to our data
perfectly at the low values of I;. Gaunt and Domb,
furthermore, have a second term in the heat ca-
pacity proportional to I;+' ' and, as stated by
them, the combination of this term and the I;

term gives a curve which appears to be logarith-
mic in the region 10 '&I;&10 '. Since our data
extend down to only 8 X10 ' in I;, we are unable
to distinguish experimentally between the log-
arithmic dependence predicted by Essam and

Sykes and the power-law dependence predicted
by Gaunt and Domb because both predict a log-
arithmic dependence in the region of our data.
The dashed curve through the data for» &N is
given by C/R =0.155t '". Others' have observed
a similar dependence on I' in other materials for
T & T&. The solid curve through the data for T
& TN was drawn such that slope(T & TN) =2.5

&slope(T & TN) as calculated by Essam and Sykes
for the case in which the heat capacity has a log-
arithmic singularity both above and below TN.

In conclusion, DyPO4 appears to be an ideal
three-dimensional Ising antiferromagnet which
fits the theory for the three-dimensional Ising
model as far as has been tested. The fact that
the Dy' ions in DyPO4 lie almost on the diamond
lattice is particularly significant, because for the
diamond lattice the low-temperature series ex-

C
R

IO IO IO

TN- T

TN

lo IO'

FIG. 3. The comparison of theory and experiment
for the heat capacity plotted as a function of loggpt
where t =—~(TN-T)/TN ~. The open circles represent the
data for T & T& and the squares represent the data for
T & TN. The solid line through the data T & TN shows
the logarithmic dependence of the heat capacity in the
region 10 ~&t & 8&&10 4. The solid line through the da-
ta for T & TN was drawn such that slope(T & TN) = 2.5
xslope(T&TQ. The dashed curve gives the power law-
dependence.
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pansions are convergent right up to the critical
point and theory and experiment can be compared
throughout the entire region.

Further work on DyPO4 is in progress and will
be reported in due course.
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