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has observed that the application of a correction
calculated by Chen for nuclear polarization re-
stores the skin thickness to more normal values
(c =5.75+0.03 F, t=2. 38+0.08 F). This applica-
tion of polarization corrections to muonic x-ray
data is consistent with the results of recent work
by Anderson et al. ' on Pb'" where "an effect
tentatively interpreted as due to the polarization
of the nucleus by the muon" was reported.

The close analogy between low-energy electron
scattering and muonic x-ray measurements sug-
gests that dispersion corrections should be ap-
plied to our data. Previous estimates' "of the
dispersion correction as it applied to electron
scattering have indicated that the effect should
be small at our incident energies. However, in-
herent in these calculations are drastic assump-
tions concerning the distribution of electromag-
netic strengths; in view of our results, a need
for further calculations in indicated.

The authors wish to express their gratitude to
C. S. Wu, E. R. Macagno, and Min-Yi Chen for
their timely discussions; and to H. A. Bentz for
a check run with the Buhring code.
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Optical-model analysis of elastic-scattering data taken at 40 MeV produces the famil-
iar potential ambiguities, but at 80 MeV a single set is obtained. The parameters V, 8'.,
ro, and a are found to be highly correlated and hence cannot be uniquely determined.
The functions which are determined most uniquely are the rms radius of the real and
imaginary potential and the products V+pQ and SJOf .

The success of the optical model' in explaining
the scattering of nucleons of 10-MeV energy or
higher from nuclei of all masses has prompted'
the application of optical-model techniques in the
analysis of alpha-particle scattering. Optical po-
tentials providing a good fit to scattering data
would give physical information about the form of
the alpha-nucleus interaction and would be useful
in distorted-wave and coupled-channel analyses
of inelastic alpha-particle scattering. However,
such optical-model analyses of the alpha-particle
elastic-scattering data generally lead to a num-
ber of families of parameters which give fits of
similar quality. These ambiguities are found' to
be either continuous, where a small change in the
value of one parameter is compensated by small
changes in the values of the others, or discrete,

in which families of parameters correspond to
different numbers of half-wavelengths of the al-
pha-particle wave function included within the nu-
clear potential well. The continuous ambiguities
can arise from several causes: The optical mod-
el may not be able to account adequately for the
nuclear interaction embodied in the data (as one
would expect at lower energies), or measure-
ments may not have been made over a sufficiently
large angular range; finally, the model may be
overparametrized. One can circumvent these dif-
ficulties by studying the scattering at progres-
sively higher energies, where there should be no

difficulty in justifying the application of the opti-
cal model, and by extending the measurements
over a large angular range, especially those in
the backward hemisphere. However, measure-
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ments become more difficult at higher energies
because of both reduced cross sections and nar-
rowly spaced diffraction maxima and minima.

Here we report the results of a study of elastic
alpha-particle scattering from Mg" at 40 and 80
MeV in which the motivation was to investigate
the possibility of obtaining a unique set of optical-
model parameters at these energies.

Measurements were made using the Oak Ridge
isochronous cyclotron (ORIC). The targets used
were self-supporting foils of Mg" from 350 to
2040 pg/cm' in thickness. The scattered alpha
particles were detected by an array of two to.four
lithium-drifted silicon detectors, mounted in the
ORIC 30-in. scattering chamber, with an overall
resolution of about 200 keV. Measurements were
made in 2' steps from 20' to 170' and from 21.5'

to 173.5' at 40- and 80-MeV bombarding ener-
gies, respectively. The experimental resolution
was adequate to resolve the elastic peak in the

pulse-height spectrum from. the inealstic and

contaminant peaks.
The observed cross sections were analyzed in

terms of a Woods-Saxon optical potential of the
form

U(r) =-V(e +1) ' iW(e— +1)

where x =(r r,~A' -')/a~ and x'= (r r, IA' ')/ai- ,
along with the Coulomb potential of a uniformly
charged sphere of radius x,A' . The Coulomb
radius r, was set equal to 1.3 fm.

The data were fitted by varying all or some of
the six parameters V, W, ro~, x,q, a~, and al of
the optical potential in order to minimize y', the
mean-square deviation between the experimental

and the calculated cross sections. The computer
code OPTICAL, ' as modified and adapted for use
on the Indiana Research Computing Center's CDC
3400/3600 computers by G. T. Eckley, was em-
ployed for this purpose.

To avoid the ambiguities that could be intro-
duced by overparametrization the initial searches
were limited to four parameters, V, W, ro, and

a, by setting the radius and diffuseness for the
imaginary potential to be equal to their real coun-
terparts. To trace various possible discrete fam-
ilies of the parameters the searches were initial-
ized by choosing values of V from 5 to 200 MeV
in 5-MeV steps. ' These 40 searches for the 40-
MeV data converged to four distinct minima in y'

characterized by real depths approximately of 40,
80, 150, and 200 MeV. Figure I, A. shows the fit
with the 150-MeV potential; other sets gave fits
of similar quality. For each case the fit is quite
good for forward angles (&90'), but at backward
angles only the qualitative features of the data
are reproduced. Allowing all six parameters to
vary independently also resulted in four sets with
similar parameters but without significant im-
provement (see Fig. 1, B) in the overall fit.

A similar optical-mode1. analysis of the 80-MeV
data resulted in only one acceptable minimum' in
the y' surface, with the following parameters:

V=92.0 MeV, W=47. 9 MeV,

r„=1.40 fm, a=0.709 fm,

2=X;. =9.

The fit obtained with this set is shown in Fig. 1,
C. Note the excellent quality of the fit over the
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FIG. 1. Differential cross sections versus the center-of-mass scattering angle. The solid circles represent the

experimental points and the curves are the best-fit calculations with optical model. A: V=151.6 MeV, S'=33.9
MeV, F0=1.39 fm, and a=0.620 fm. S: V=125.3 MeV, r0~=1.55 fm, a&=0.542 fm, 8'=30.7 MeV, so~=1.59 fm,
and aJ=0.393 fm. C: V=92.0 MeV, %'=47.9 MeV, al=a~=0. 709 fm, and vDI=~0~=1.40 fm. D: V=120 MeV, ra~
=1.290 fm, a~=0.754 fm, 8'=47.9 MeV, &ay=1,40 fm, and a~=0.709 fm.
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whole angular range.
Six-parameter searches were also tried but

they invariably led to a few additional y' minima.
However, all of these, except one, had X' which
were a factor of 13 to 30 larger than that of set
(1). The exceptional case returned values of pa-
rameters and X' which were similar to that of set
(1). Thus it seems that the four parameters may
be more than adequate to account for the data and
the additional solutions found with six parameters
are due to overparametrization.

Calculations with only forward-angle data (&70')
led to four families of parameters, about 50 MeV
apart in real depth. Hence, it appea, rs that the
inclusion of data from the backward hemisphere
plays a critical role in removing the discrete am-
biguities in the real potential strength.

Concurrent with this work, Reed et al. ' have al-
so studied alpha scattering from Mg' at 81.0 MeV
from 8.9' to 113.9' in the lab. Our cross sections
agree relative to theirs within 1% and within 20'%

on absolute scale over the angular range of over-
lap between the two studies. To test the effect of
extreme forward-angle data on the analysis,
their 8.9 to 20' data, were joined on to our data
and the optical-model search was repeated.
Again one minimum was found with parameters
similar to those of set (1). Apparently, the for-
ward-angle data has a smaller effect in determin-
ing the optical-model parameters than large-an-
gle data.

In order to find specific correlations which may
exist among the real and imaginary well parame-
ters (these correlations are responsible for the
observed continuous ambiguities), searches were
performed in which a given parameter was fixed
to arbitrary values over a wide range and one or
more of the other parameters were selected to
vary for best fit. In these studies the parameters
for which correlations were not under investiga-
tion were fixed to values given in (1). Fits were
considered acceptable if the y' was less than or
equal to twice the minimum value of X' obtained
with the parameters of set (1). Results of these
calculations are summarized below.

(1) Three-parameter correlations: For any
value of V in the range of 40 to 150 MeV, values
of r,& and az could be found to give acceptable
fits (see Fig. 1, D). In this case W=47. 9 Me&;
rof 1.40 fm and a =0.709 fm. However, these
values of r,z and a+ were such that the product
Vr, z and the root-mean-square radius remained
constant. The exponent n is found to be 4.0+0.2

and the rms radius equal to 4.07'0", fm. Simi-

larly for any value of W' in the range of 25 to 200
MeV, acceptable fits could be obta.'ned with ap-
propriate values of r,l and az which conserved
the rms radius (4.00+ 0.3) of the complex poten-
tial and the product Wr, q" (n=3.8+0.2).

(2) Two-parameter correlations: For fixed az
(e.g. , 0.709 fm) appropriate values of r,~ could
lead to acceptable fits for any V between 75 a,nd
115 MeV. Over this range the product Vr, & and
the rms radius remained constant within 2.5 and
3.8'%%uo, respectively. For fixed r,„, however, on-
ly for an 87- to 96-MeV range of V were accept-
able fits obtained by searching on a~. Quantities
conserved in these calculations are Va~ (m = 1.8
+0.1) and rms radius (4.14+0.06 fm). Only a 2'%%uo

change in the radius parameter, keeping V fixed,
could be compensated by the diffuseness parame-
ter while still maintaining the fit within accept-
able limits.

Similar two-parameter correlations were found
among the imaginary parameters. For fixed aj.
over a range of W from 30 to 100 MeV appropri-
ate values of r, q could give acceptable fits. Wr, f"
(m = 4.6+ 0.3) and the rms radius (4.14+ 0.38 fm)
were again found to be conserved. Keeping rq
fixed, values of aj could be found for arbitrary
values of 8' in the range of 37 to 70 MeV which
gave fits within acceptable limits. The quantity
Waf, with re =1.8+0.1, and rms radius =4. 14
+ 0.35 fm, remain constant over the above limits.
Just as for the real well potential, only very
small changes (-2/o) in r,q could be compensated
by aq. It appears that the correlations among the
imaginary parameters are not as strong as those
found for their real counterparts.

In four-parameter searches, i.e. , with aj =a~
and r, z =r,&, it was found that for any arbitrary
value of V, in the range 40 to 150 MeV, accept-
able fits were obtained for values of W which
were a factor of 1.9+ 0.1 smaller than the value
of V.

Thus it seems that rms radius is one property
of the nuclear potential which is unambiguously
determined. A similar result has been found for
nucleon scattering by Greenlees, Pyle, and
Tang, ' and for the He' scattering by Luetzel-
schwab and Hafele. ' The constancy of the prod-
ucts Vrp+ and Wr, j' seems to be unique to n
scattering; however, its significance is not com-
pletely understood as yet. It cannot be explained
in the same terms as the Vro ambiguity. It may,
however, signify that besides the normalized sec-
ond moment, equivalent to the (r'), the product
of the potential strength and fourth normalized
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moment is conserved. Note that the dominant
term in the fourth moment" (normalized) would

be proportional to r, '. The fact that the parame-
ters of the real or that of the imaginary poten-
tials could be varied independently over a wide

range (for a fixed set of values of the other) fur-
ther supports the above indication that perhaps it
is a few characteristic c(uantities, such as (r') or
Vr, , which determine the effect of the potential
on scattering rather than the details of the form
factor.

An analysis of 80-MeV elastic alpha-particle
scattering data obtained by Reed et al. ' from Ne"
yields results similar to those for Mg' . The
rms radius of Ne" is found to be 3.87 fm. It is
interesting to note that the ratio of the rms radii
for Ne" and Mg' is equal to the ratio of the cube
roots of their atomic numbers within 2%%uo. The
quantities Vr, z and Wr, l were also found to be
constant for the Ne" case with n=4. 4+0.4 over
ranges of V and 8" from 40 to 180 MeV and from
40 to 200 MeV, respectively. A similar analysis
of the 119.7-MeV Mg' data of Reed et al. ' also
yielded values of rms radius and the exponent n

consistent with those reported above.
In conclusion, it appears from this study that

at some high incident energy the optical model
with four parameters can account remarkably
well for the elastic alpha-scattering data from
medium-mass nuclei over the complete angular
range. The significant quantities that can be ex-
tracted without much ambiguity from such an

analysis are the rms radius and the product Vr,
(this may signify the importance of the fourth
normalized moment of the potential). The impor-
tant role that the large-angle data play is worth
mentioning again. The implication of these re-
sults is that, so far as the alpha-scattering mea-
surements are concerned, (a) it is not possible
or meaningful to distinguish a "deep" potential
from a "shallow" one, and (b) only the few above-
mentioned properties (and not the details) of the

nuclear potentials may be determined. However,
if the interaction radius or the diffuseness param-
eter could be determined by some other means,
then the interaction strength and the other param-
eters could be specified with little ambiguity.
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