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416 (1966}.
' Here "N dimensional" means N dimensions greater

than $ G(T & T~) = 0.85(lt 0)
' /(l —1)

"The terms "paraconductivity" and "magnetoparacon-
ductivity" were suggested, respectively, by R. A. Fer-
rell, Batsheva Lecture Notes, 1968 (unpublished), and
S. J. Williamson.

In experimentally convenient units of cT~(ohm
cm i) and y(erg cm 3'K 2), Eqs. (la) and (1b) become
Aoy3/a~=8. 9&&10 6/(o (lk ) /'(Int) ~'1 =8.9(&T~)'/'/
(o 3/'(Int)~ } and Eq. (2) becomes ($ l} =10 6(o /
~Z ) 1/2

~ See e.g. , P. G. de Gennes, Superconductivity of Met-
als and Alloys (W. A. Benjamin, Inc. , New York, 1966),
p. 225.

'4R. E. Glover, Phys. Letters 25A, 542 (1967), ob-
tains agreement with the more usual form of Eq. (3),
with lnt replaced by 7=t-l, but the two forms differ
by &5% at t -1.1 and &16% at t 1.4.

~5L. J. Barnes and R. R. Hake, Phys. Rev. 153, 435
(1967}; see also Ref. 3.

~6This conjecture can eventually be checked by the ap-
plication of large II above 4.2'K.

ivA. K. Sinha, J. Phys. Chem. Solids 29, 749 (1968).
A. Calverly and A. C. Rose-Innes, Proc. Roy. Soc.

(London), Ser. A 255, 267 (1960); R. R. Hake, Phys.

Rev. 123, 1986 (1961); J. F. Cochran, Ann. Phys.
(N.Y.) 19, 186 (1962); B. B. Goodman, J. Phys. Radium
23, 704 (1962).

Here II~2 is defined as the field at which the steep
linear portion of V(J= 3 A/cm, J j[H) /V~ extrapolates
to zero; and II~ is defined to be about 5% higher than
the field at which (V(H)-V~} at (J'= 3 A/cm', J IH)
bends sharply towards the II axis (this sharp bend is
"off scale" in Fig. 2).

Heating at the current contacts may occur at J= 300
A/cm' but since p is constant to within =8% for 10 & T
& 300'K such heating should, according to Kohler's rule,
have little effect on the ordinary normal-state magneto-
resistance.

2~A merely suggestive application of Kohler's rule to
previous data on pure polycrystalline Ti by R. R. Hake,
T. G. Berlincourt, and D. H. Leslie, Phys. Rev. 127,
170 (1962), yields an ordinary normal-state magnetore-
sistance of Ap(H=50 kG)/p(H=O) =10 8 for a hypotheti-
cal "pure" Ti with p~=10 0 cm as for Ti84Mof6.

A comparison of our data with recent theories of
high-H paraconductivity by K. Maki, Progr. Theoret.
Phys. (Kyoto) 39, 897 (1968), and to be published;
L. W. Gruenberg, Bull. Am. Phys. Soc. 14, 420 (1969),
and to be published; K. D. Usadel, to be published; and
H. J. Mikeska and H. Schmidt, to be published.

NE% EFFECT IN THE ELECTRON-PHONON RESISTIVITY OF DILUTE METAL ALLOYS

M. J. Rice
General Electric Research and Development Center, Schenectady, New York 12301

(Received 24 July 1969)

The electron-phonon contribution to the resistivity of a dilute metal alloy at low tem-
peratures is drastically different from that of the ideally pure host metal if the conduc-
tion-electron cross section for impurity scattering varies with energy on a scale com-
parable with or less than the Debye energy of the host metal. Experimentally the effect
shouM be of particular importance for magnetic or nearly magnetic transitional impuri-
ties in appropriate nontransitional hosts.

Consider an ideally pure metal A in which is
dissolved a small concentration c of a dissimilar
metal B. Denote by p,p'(T) the electron-phonon
(el-ph) resistivity of the pure metal A at temper-
ature T and by ro(el, ) =w, (eq, c,T) the conduction-
electron relaxation time for elastic scattering
from the B impurities in the dilute binary alloy.
The conduction-electron energy associated with
the momentum state Sk is c j,. In this Letter we
point out that the resistivity which results from
el-ph scattering in the alloy, p,z(T,c), is appre-
ciably different from p, p (T), i.e. ,

[p p(»c) pp'(T) ]/p. p'—(T)»
if, in the region of the Fermi energy e v, 7 0(e k)
varies with e]-, on a scale comparable with or
less than the Debye energy ScuD of the host metal.

In the latter situation the difference p,z(T, c)
-p,p'(T) is a direct consequence of the inelastic-
ity of the el-ph scattering event. For spherical
energy bands coupled to an isotropic acoustic-
phonon field we obtain the simple result

p,p(T, c) = p,p'(T) [1+a']
for temperatures sufficiently low that p, » p,z'(T),
that is, T«TO(c), where p, &o(TD)

—=po. Here po
denotes the impurity resistivity m/ne'7'0(e F),
and

a = R&u F[6 InT, (e I,)/eej, ].
where ~F=skF, s denotes the isotropic sound
velocity, k F the Fermi wave vector, and rn, n,
and e the electronic mass, number density, and
charge, respectively. The quantities a and po
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pA(T, c) =
k T Q [Vo(k,k')+V, p~ &(k,k')]

], u'

-2
"(O'f -O'u) QvPO'k

k

(3)

where Og&fk'/&e&) defines the departure of the
conduction-electron. distribution function fg from
its equilibrium value fk', k 8 denotes Boltzmann's
constant, 0 the volume, vq the electronic group
velocity, and V, and V,p

~ the linearized transi-
tion rates' for electron-impurity and el-ph scat-
tering, respectively, the latter being appropri-
ate for the ideally pure host. Equation (3) fol-
lows from the linearized Boltzmann equation for
y& for combined electron-impurity, el-ph scat-
tering. We have suppressed spin and band in-
dices and have considered the phonon system to
be at equilibrium. In order to indicate the origin
of the new terms in the el-ph contribution to
pA(T, c) it will be sufficient to consider a spher-

can depend on c and & through their dependence
on 7,.

The main impact of our result is that the tem-
perature-dependent component of the resistivity
of a dilute alloy at low temperatures is not even
approximately given by the pure host resistivity
p,p'(T) (Matthiessen's rule) when the electron-
impurity scattering is significantly energy de-
pendent. Experimentally the effect will be of
particular importance (a &1) for dilute alloy sys-
tems in which the impurity is either magnetic
or nearly magnetic, i.e. , transitional impurities
in appropriate nontransitional hosts. It would
also be of importance in degenerate semiconduc-
tors (a-R+F/eF) where, in the absence of many-
body effects, a can be of the order of unity.

The modified el-ph resistivity described by
(1), and by an extension of (1) (given below) to
the higher temperature regime» T„ is proba-
bly the key to the understanding of the remark-
able resistive anomalies observed in a large
number of alloy systems over a wide range of
temperatures. ' For "Kondo systems, " Eq. (1)
clearly accounts for the curious observation that
when the known host el-ph resistivity p, p'(T) is
subtracted from the total alloy resistivity,
pA(T, c), a marked resistance minimum is still
observed in the so obtained pA(T, c)—p,p'(T) data. .'
Equation (1) relates the anomalous el-ph contri-
bution to the electron-diffusive thermoelectric
power.

Our discussion of the alloy resistivity starts
from the Ziman'-type formula,

ical energy band &~ —-z~ coupled to an isotropic
acoustic-phonon field 8'~~(~) =Ksq. In the more
general situation in which these assumptions .

are relaxed the results will not differ qualita-
tively from those obtained here.

We first note that in the low-temperature re-
gime, T«TO(c), the function Oq is negligibly
different from that given by the solution of the
Boltzmann equation for impurity scattering
alone, '

O'p ———eE vp T (&p), T «T (c). (4)

E denotes the electric field. It is this function
which must be used in (3) to evaluate the el-ph
contribution to pA(T, c) at low temperatures.

When (4) is substituted into (3) the term pro-
portional to V, reduces to a familiar expression
for the impurity resistivity, '

f dej, [7'o(ej)/To(ep)](Bfp%8ej)'

where, in the integrand, ari energy dependence
of the electronic group velocity has been neglect-
ed relative to the energy dependence of To(ej,)

The term proportional to V,&', i.e. , the el-ph
contribution to pA(T, c), may be evaluated on the
lines of the standard calculation of this quantity. '
The new feature is that in computing the differ-
ence, 5O(k, k')'=(O

& -Oq)', for the inelastic el-
ph scattering event, there will be a contribution
arising from the increment in T,(ej,) as well as
from the change in the electronic group velocity
vk. Denote the latter contribution by hy, (k,k')'.
I et us assume that r,(e) is analytic in the region
of e F so that we may expand v(ej, ) in a Taylor's
series about EF. Retaining only the zeroth- and
first-order terms in this expansion the quantity
5y' is'

5O (k,k')' = 5y, (k,kt )'(1+a'),

&yo(k, k') =~[eEqkvo(cj, )/m]' (q=k —k'),

where a is given by (2) and we have neglected
terms of relative magnitude 84&n/e z and k ~T/e ~.
A. term linear in a, contributing to 5y', is can-
celed by an equal term of opposite sign on ac-
counting for both processes of emission and ab-
sorption of a phonon quanta. In what follows we
shall replace r,(eq) by v, (e F) in the above expres-
sion for 6y, '. This means that we shall be dis-
regarding terms of relative order k BTa/Ru~.
The neglect of these terms, which will be re-
tained in a detailed account' of the present work,
avoids the explicit presentation of some cumber-
some algebraic expressions in the extension of
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the result (1) to higher temperatures. (In the il-
lustrative calculation to be presented at the end
of the present communication these terms would
contribute superfluously. ) With T(e/, ) = T(s F), Eq.
(7) for bye' is the expression for 5q' which or-
dinarily determines the host resistivity, p, p (T).'
The denominator of (3) is proportional to the
square of the integral in Eq. (5). Thus from (3)
and (5)-(7) the low-temperature el-ph contribu-
tion is simply

p.,(T, ) = p„'(T)(1+ ')(p;, /p. )',

T «T e(e), (8)

which reduces to (1) on neglecting the difference
between p, and pf~p at low &. We note that the
derivation of (8) is independent of the details of
the el-ph coupling constant. If Tp ls proportional
to c and independent of T, a is a constant. Thus
for "simple" host metals for which p,p'- T' (T
«Hn), the coefficient of the T' term observed
for the impure metal is I+a2 times larger than
that of the ideally pure metal. Note also that
T, -O as c -0, so that the anomalous term in (8)
is absent in the limit c -0.

At higher temperatures, T&T,(c), y& is no
longer given by (4). We may get a qualita. tively
correct expression for p,p(T, c) in this regime
by using (4) with r,(e) replaced by v(e), where

r(e) = [v.,(s) '+T, ' ']

(9)=&.(&)pe/[p. +P.p'(T) ].
In (9), v,p' denotes an energy-independent relax-
ation time' for el-ph scattering in the pure host
metal. Equation (9) expresses the approximation
that at a temperature T only a fraction p, /[p,
+ p, e(T)] of electrons are distributed according
to the impurity distribution (4). It follows from
(9) that in place of (8) we have the formula

2

Pep( i ) Pep (n + [I e(T)/ ]2 (10)

for high' and low temperatures, where again we
have neglected the difference between p;~p(T, c)
and pe. Clea, rly, as the magnitude of p,p'(T) ex-
ceeds po with increasing & the anomalous con-
tribution to p,p(T, c) diminishes, as it should.
A more general calculation of the anomalous
contribution to p,p(&', c) will be presented else-
where. '

We define a "subtracted" resistivity 6(T,c)
= p~(T, c)—p, p

(2'). The anomalous contribution
to A(T, c) is h, (T,c) = pep(T, c)—p, '(T). As an il-
lustrative calculation Eq. (10) has been used to
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FIG. 1. 42(T,c) =p &(T,c)-p,
&

(T) versus tempera-
ture for two dilute Au:Fe alloys, estimated from Eq.
(10) as explained in the text. The residual resistivity
of each alloy is indicated. The value of pp (T) for
pure Au was obtained from Ref. 11.

estimate ~,(T,c) for two dilute Au:Fe alloys, c
=0.02 and 0.14 at. /0 Fe. The results are shown
in Fig. 1 as a function of temperature. In the
absence of a suitable theoretical expression for
T,(c&), for these alloy systems the key parame-
ter, a, was obtained empirically from the ob-
served low-temperature thermoelectric power
S(T,c) of the alloys':

a(T,c) =(R&u~/e p)[S(T,c)/Se) [T«7'e(c)], (11)

where 8, denotes the "free-electron" value
(v'k s'T/3ee p). In identifying the right-hand side
of (11) with a we have assumed that the usual
BlnT(e)/Be formula for S(T,c) is valid for scat-
tering from magnetic impurities. " The result-
ing A, (T,c) correlates both qualitatively and
quantitatively with measurements of b. (T, c) taken
on Au: Fe and other ' ~ dilute magnetic impurity
systems. We expect similar results for nonmag-
netic transitional impurities (virtual bound states)
and a study of these" and other' systems is to be
published.

We thank C. B. Duke, A. J. Bennett, and
I. Giaever of this laboratory and W. A. Harrison
and J. R. Schrieffer for lively discussions of
this work.

~These anomalies are usually presented in the con-
text of deviations from Matthiessen's rule, e.g. , J. O.
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Linde, Ann. Physik 15, 219 (1932}; G. Borelius, Met-
allwirtschaft 12, 173 (1933); E. Gruneisen, Ann. Phys-
ik 16, 530 (1933};A. N. Gerritsen and J. O. Linde,
Physica 18, 877 (1952); E. I. Salkovitz, A. I. Schindler,
and E. W. Kammer, Phys. Rev. 107, 1549 (1957); D. K.
C. MacDonald and W. B. Pearson, Acta Met. 3, 392
(1955); C. A. Domenicali and E. L. Christenson, J.
Appl. Phys. 32, 2450 (1961); F. T. Hedgecock and

W. B. Muir, Phys. Rev. 136, 561 (1964); J. S. Dugdale
and Z. S. Basinski, Phys. Rev. 157, A552 (1967);
A. Nakamura and N. Kinoshita (to be published).

2Gruneisen, Ref. 1; Gerritsen and Linde, Ref. 1;
W. B. Pearson, Phil. Mag. 46, 911 (1955) (footnote, p.
915); Domenicali and Christenson, Ref. 1.

3J. M. Ziman, Electrons and Phonons (Clarendon
Press, Oxford, England, 1960), Chap. VII.

4N. F. Mott and H. Jones, The Theory of the Proper-
ties of Metals and Alloys {Clarendon Press, Oxford,
England, 1936).

5See, for example, Ref. 3, pp. 357-360.
M. J. Rice, to be published. It is shown that the re-

tention of only the first derivative in the expansion of
7'p is valid in the limit of small concentrations.

For metals, (B Inv, p /Be), « - e F

I.e., high compared with To(c) but small compared
with T~ = {h&u~/kza) (since we have neglected terms of
relative size T/T~).

~D. K. C. MacDonald, W. B. Pearson and I. M. Tem-
pleton, Proc. Roy. Soc. (London), Ser. A 266, 161

(1962). The dilute Au:Fe thermoelectric data can be
represented at low temperatures by the formula 8
=A(kB/e)T/(T+To' } lA. M. Guenault, quoted by J. Kon-
do, Progr. Theoret. Phys. (Kyoto) 34, 372 (1965)].
We took A. =0.2, Tp'=1'K for both of the alloys quoted
in the text. This gives a -1 at T -10'K, and a -12 in
the low-temperature limit.

~ We have checked this assumption by explicitly dif-
ferentiating the theoretical formula for ro(e) obtained
within the s-d exchange model. [See, for example,
Y. Nagaoka, Progr. Theoret. Phys. (Kyoto) 39, 533
(1968}.] The Blue/Bc formula differs from that rigor-
ously obtained by evaluating the appropriate Onsager
coefficients [K. Maki, Progr. Theoret. Phys. (Kyoto)
41, 586 (1969)} only by a numerical constant of the or-
der of unity. We thank D. R. Hamann for a discussion
of this point.

"Domenicali and Christenson, Ref. l.
~2Gerritsen and Linde, Ref. 1.

M. J. Rice and O. Bunce, to be published. Similar
effects wiO occur in the el-ph contribution to the
thermal resistivity. More generally, we note that a
strongly energy-dependent electron-impurity cross
section will modify any "ideal" resistivity that results
from inelastic electron scattering at low temperatures.
Thus we expect corrections, similar to those found
here for the el-ph resistivity, to result for the resisti-
vities arising fr om electron-electron and electron-
magnon scattering.

FAR-INFRARED RECOMBINATION RADIATION
FROM IMPACT-IONIZED SHALLOW DONORS IN GaAs f

I. Melngailis, G. E. Stillman, J. O. Dimmock, and C. M. Wolfe
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 02173

(Received 24 September 1969)

Radiation corresponding to transitions from excited shallow donor states and from
conduction-band states to the donor ground state has been observed in impact-ionized
GaAs at temperatures near 4.2 K. Spectral measurements show a main peak at a wave-
length of 282 p (4.4 meV), corresponding to a 2P-Is transition, and a broader continu-

um extending to higher photon energies. A total radiated power of 10 7 W has been
measured corresponding to an external quantum efficiency of about 10

The far-infrared photoconductivity spectra of
shallow donor states in high-purity epitaxial
GaAs have been studied recently at temperatures
near 4.2'K, and the Zeeman splitting of the donor
levels has been measured in magnetic fields up
to 50 kG. ' ' In this Letter we report the obser-
vation of recombination radiation involving such
states, as well as measurements of the emission
spectra and of output power. To our knowledge
the only previous evidence of recombination ra-
diation asssociated with shallow impurity states
was observed for impact-ionized germanium' at
4.2 K; however, the detected power was quite

low (3XIO "W) and no spectral measurements
were reported.

The high-purity epitaxially grown GaAs sam-
ples used in the present work were similar to
those studied in the photoconductivity experi-
ments. " Most of the measurements were made
on a 0.4-mm-thick epitaxial layer grown on a
semi-insulating substrate. For this sample a
shallow-donor concentration of ND= 2.5 X 10'
cm ' and a total acceptor concentration of X~
= 1.6~10' cm ' were determined from an analy-
sis of the temperature dependence of the Hall
constant using the usual single-donor statistics.


