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Measurements have been made of the field dependence of the cyclotron mass of con-
duction-band electrons in the moderately polar semiconductor CdTe. These measure-
ments, when compared with predictions deduced from the Frohlich Hamiltonian by the
novel variational calculation to be described, give the first quantitative experimental
test of large-polaron theory.

We report here low-temperature cyclotron-
resonance measurements in CdTe at various far-
infared frequencies below the Reststrahl band.
We find an increase of cyclotron mass with cy-
clotron frequency much too large to be explained
by band nonparabolicity. Calculations which ac-
count for the polaron character of the resonating
carrier give quantitative agreement with the
data, although the electron-LO-phonon coupling
constant required for best fit appears to be
somewhat higher than calculated from dielectric
data and Frohlich's formula.

Landau level energies have been studied as a
function of magnetic field in the very weakly
polar semiconductor InSb in interband magneto-
absorption, ' cyclotron resonance, ' and impurity
cyclotron resonance. " Because of the very weak
coupling between electrons and LO phonons in
InSb, appreciable linewidths, uncertainties in the
rigid-lattice electron energies, and theoretical
difficulties in accurately handling polaron effects
for the exciton and impurity states, it has not so
far been possible to test quantitatively the validi-
ty of large-polaron theory in this material.

The anomalously small Zeeman splitting re-
ported by Brandt' and co-workers for an electron
in a "hydrogenic" I' state in the quite strongly
polar insulator AgBr is in quantitative agree-
ment with calculations based on the Frohlich
model; however, an additional assumption in the
reported calculation is that the observed elec-
trons were bound to a fixed, positive, point
charge. This latter assumption is known to be
only approximate for the center in question.

Cyclo~ron resonance has been reported pre-
viously in CdTe by Kanazawa and Brown. ' Mea-
surements were made at low fields (cu, /u&zo «1).
In such fields ~ gives a measure of the zero-
field polaron mass. Since we do not independent-

ly know the band mass in CdTe, the low-field cy-
clotron-resonance mass determination does not
enable us to test the validity of the Frohlich
Hamiltonian.

Mears, Stradling, and Inall have studied os-
cillations in the magnetoresistance of CdTe over
a wide range of magnetic fields. Their data in-
dicate significantly higher polaron masses than
have been measured in weak-field cyclotron-
resonance experiments. However, no adequate
theory of magnetoresistance oscillations at mod-
erate coupling strengths is yet available.

The theory of polaron cyclotron resonance, on
the other hand, is much more tractable. If we
denote the energy of the nth polaron Landau level
by Ez(n), then polaron theory predicts a charac-
teristic decrease of dE~(n)/dH as E~(n) approach-
es E~(0) +R&uzo from below. Qualitatively speak-
ing, the polaron effect introduces into the band

energy an effective nonparabolicity which be-
comes extremely marked for states whose ener-

gy is nearly 1 LO-phonon energy above the
ground state (n = 0 polaron Landau level).

Previous theoretical calculations are not ex-
pected to be sufficiently accurate to describe
quantitatively all the experimental data presented
here. We introduce an improved theory of po-
laron Landau levels, which appears especially
well suited for the electron-LO-phonon coupling
strength of CdTe and for magnetic field strengths
employed in the experiment.

Experiment. —To observe cyclotron resonance
in CdTe we have studied the transmission of 2-
to s-mm-thick, undoped, n-type samples of low

carrier concentration a.nd high mobility (n = 10'4-
10" cm ' at 300'K, pH, » & 5&&10' cm'/V sec).
Far-infrared gas lasers were employed as
sources of highly monochromatic, stable (&1%%d

noise level), high-intensity (10-100 pW) incident
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Table I. Comparison of observed cyclotron energies with energies calculated at the quoted resonance fields us-
ing e= 0.3 and n= 0.4. The experimental resonance energy at 114 kOe was measured at a sample temperature of
50 K using a Hg vapor lamp source and a Michelson interferometer. Nominal laser-line wavelengths are specified
in parentheses.

Resonance field
(koe)

Experimental energy
(me V) A= 0.3 e= 0.3

Calculated energy
(me V)

31.17+ 0.06
54.76+ 0.1
62 9 ()')
92.5+ 0.5

114.0 + 0,6

3.684 (337 p, )
6.368 (195 ~)
7.221 (172 p)

10.454 (119p, )

12.52 + 0.06

3.684
6.391
7.305

10.51
12.67

3.684
6.372
7.275

10.41
12.49

radiation. We used lines at 337, 195, 172, and
119 p obtained from HCN, DCN, D,O, and H, O
lasers, respectively. Sample transmission was
recorded as a function of magnetic field in the
Faraday configuration. No attempt was made to
orient the CdTe specimens.

Measurements at low temperature (T = 4.2'K)
were made using a superconducting solenoid and
the 337- and 195-p sources. Radiation transmit-
ted by a light pipe impinged upon the sample, be-
hind which was located a far-infrared GaAs de-
tector. ' Detector and sample were immersed in
liquid He. Magnetic field strength and homogene-
ity were determined by means of an "Al NMR
probe in close proximity to the sample.

The remaining measurements (10 & T & 80'K)
were made in a Bitter magnet with a Golay de-
tector.

The resonance field was determined at the
point of minimum sample transmission. Results
are given in Table I. Line shapes at various
fields and temperatures are given in Fig. 1.

Theory. —Using the conventional Frohlich
Hamiltonian in "polaron units, "we write, as-
suming a parabolic band, "
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where r, = (h/2m' g p)"' and m =- electron band
mass. The eigenvalues of r' are the usual Lan-
dau-level energies given in polaron units by (n
+-,')u&uc/~Lp+P, ' where ~uc is the unperturbed

where rr' is [p+(e/c)A]'/2m written in appropri-
ate units, with A representing the vector poten-
tial (in the Landau gauge) for the magnetic field
a. ln(1),

vi, = (4m a/0) ' '(1/k)
I I I I I I I
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FIG. 1. Experimental cyclotron-resonance absorp-
tion line shapes. The zero point and scale un. its of the
absorption are different for each curve.
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cyclotron frequency, eH/mc. For small n we
usually treat H, as a perturbation in second-or-
der Rayleigh-Schrodinger (RS) perturbation theo-
ry. The perturbation expressions obtained have
been evaluated numerically" for the ground state
(n=0, p, =0) and n= 1 Landau level (n=1, p, =0)
as a function of field. Unfortunately, the RS per-
turbed n = 1 energy diverges at high magnetic
fields. This spurious divergence affects ad-
versely the calculated n = 1 perturbation energy
even when euc/~zo is as small as 0.4 when o.
= 0.3. Although the divergence difficulty ean be
avoided by using the Wigner-Brillouin perturba-
tion theory, the accuracy of this method is known
to be poor even at weak fields (&sue/a qo«1) un-
less +&&1.

Analogous difficulties with perturbation theo-
ries arise in the zero-field case and have been
overcome by the variational calculation described
by Larsen. " We generalize the Ansatz used
there by introducing the unnormalized trial func-
tion

N

U[cp (r) + Q c„(k)y (r)by~jl 0)
n'~ 0

(3)

as the approximate nth polaron Landau-level
wave function. In Eq. (3) the c, (k) are varia-
tional parameters, cp is the nth harmonic-oscil-
lator electronic wave function,

~ 0) is the phonon-
vacuum state, and U is the unitary transforma-
tion given by'

U=exp(-ir gkbl, bq) exp[2ip p&(~co/~uc)j

xexp[Zf»(bg bk)] (4)

where f» = —v»/(I+0'). The value of N at which

the sum is truncated in (3) is chosen by requiring
that the calculated energy change negligibly upon
increasing N. For n=0, 1 and 2 states, we find

N = 20 is ample for ~uc/&u„o(1.
Spectral densities at energies above Ez(0)

+Rcuqo can be calculated in the same approxima-
tion as (3) by applying the method of Rodriguez
and Schultz" to this problem. Details of the cal-
culations for excitation energies above and below

S~qo will be submitted for publication elsewhere.
In order to compare theory with experiment we

must calculate u for CdTe from (1). Although
km qo is well known (21.1 meV), and the band
mass m can be well estimated from the low-fre-
quency cyclotron mass (m = 0.09), considerable
uncertainty remains in n because of uncertain-
ties in e, and e . From the infrared reflectivity
found by Mitsuishi' and co-workers, e„=7.13,
and from the direct measurement by Berlincourt,

Jaffe, and Shiozawa, "e, = 9.6+ 0.2. Assuming
that these values, measured near 90'K, are es-
sentially unchanged at temperatures ranging from
4 to 80'K, we obtain the value n = 0.28 for CdTe
at our experimental temperatures. Considering
all the uncertainties, we believe this value
should be accurate to within 20 /0.

The conduction ban6 of CdTe should show a
small but measurable nonparabolicity even in the
absence of polaron effects, due to interaction of
the conduction band with the nearest valence
bands. Neglecting spin, the Landau-level ener-
gies for a = 0 are given to a good approximation
by

EG EG 4 , eH——+ —1+—(n+-,')I
2 2 EG mc

where EG=band gap =1.6 eV in CdTe. One can
show that for sufficiently large band gap the cor-
rected polaron Landau-level energies are

where (), denotes expectation value in the nth po-
laron Landau-level wave function. To a suffi-
cient approximation in our work we can replace
(v~), -(m4)o by 2(R&uo)', giving for the calculated
energy (including band nonparabolicity) of the
n =0 to n = 1 transition

(6)

We expect that corrections to (6) from a more
rigorous treatment of the polaron effects in a
nonparabolic band would be typically of order
(xk(d p pE+(1)/EG and therefore are very likely to
be negligible. A more complete band calculation
which includes the spin-orbit split-off valence
bands changes (6) only slightly if we use the val-
ue 6=0.9 eV." We find that the spin splitting at
the bottom of the conduction band is of the order
of 0.05h~, so that our neglect of spin energy in

(6) is well justified.
Results. —In Table I we compare observed and

calculated energies of the n =0 to n = 1 Landau-
level transitions. The zero-field polaron masses
used in the calculations were obtained by forcing
agreement between (6) and the resonant field ob-
served at 337- p. excitation. We obtain in this
way polaron masses of 0.0966 and 0.0963 for n
= 0.3 and 0.4, respectively, both in excellent
agreement with 0.0963 + 0.0008."

Results for n = 0.3 and 0.4 are in agreement
with measured resonance energies to within es-
timated experimental uncertainty, although en-
ergies calculated for u = 0.3 are systematically
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higher than observed.
The field dependence of the transition energy

of the resonances reported in this paper com-
pletely rules out the possibility that any of them
arise from a shallow (-14-meV binding energy)
donor impurity transition. One of us (D.C.) has
in fact studied the magneto-optical spectrum of
the shallow donor in CdTe. This work will be
the subject of a future publication.

Nonparabolic band effects at n =0 cannot alone
account for the data. At 119 p, , for example,
the band nonparabolic effect accounts for less
than —,

' of the observed shift of the cyclotron
mass. Low carrier concentrations (U~/2v es-
timated to be less than 30 6Hz at 4.2'K) and
high mobility (&u7 & 20) preclude the possibility
of line shifts due to magnetoplasma or lifetime
effects in our experiments.

Some resonances were observed to shift, and
all to broaden, with increasing temperature.
For example, the 337-p, resonance field increas-
es with increasing temperature, shifting 5%
from its 4.2' value at 60 K [see Fig. 1(a)]. This
behavior appears to be due mainly to thermal
population of higher Landau levels (n =1, 2, 3)
giving rise to additional cyclotron transitions.
Thus at 60'K the 337- p, resonance has a signif-
icant contribution from the n = 2 to n = 3 transi-
tion, which, largely because of polaron nonpar-
abolicity, occurs at higher field than the low-
temperature transition (n = 0 to n = 1).

On the other hand, calculations show that the
energy of the 119-p, photon is never equal to the
u = 1 to n = 2 transition energy for any value of
the magnetic field, as suggested by Fig. 2. Thus
no temperature shift is expected and none is ob-
served [Fig. 1(c)].

An arrow in Fig. 1(b) indicates the shoulder,
shifted about 10% from the main absorption peak,
observed on the 172-p resonance at 40'K. Tak-
ing this shoulder to be the n = 1 to n = 2 transition,
we obtain calculated transition energies of 7.38
and 7.21 meV for n = 0.3 and n = 0.4, respective-
ly, as compared with the observed value of 7.22
meV. Interestingly, the 172- p main resonance
appeared to shift downward in field by about 0.5
to 1g at 20'K, but the weakness of the absorption
at this temperature precluded accurate measure-
ment of peak position or of the relative strength
of the shoulder.

The crystals used in this experiment were
kindly supplied by Dr. H. H. Woodbury of the
General Electric Research Laboratory at Sche-
nectady, New York. We wish to thank K. J. But-

2.5—0
Q3
0

2.0—
V)

Z
1.5

O
K

1.0
O
0
R

0.5
C9

LLJ

n = 2, UNPERTURBED

n=1, UNPERTURBED

/' n =0+'hg

557@.
I I I I I,'

I ( I

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
MAGNETIC FIELD IN POLARON UNITS (~UC/~L0

ton (Francis Bitter National Magnet Laboratory)
for the use of his far-infrared spectroscopy
facilities. The valuable assistance of C. D.
Parker at Lincoln Laboratory in perfecting the
experimental techniques is acknowledged.

)Work sponsored by the Department of the Air Force
and the U. S. Air Force Office of Scientific Research.

*Also, Physics Department, Massachusetts Institute
of Technology, Cambridge, Mass. 02139.

fOn leave froin the National Physical Laboratory,
Teddington, England.

'D. M. Larsen and E. J. Johnson, J. Phys. Soc. Japan
Suppl. 21, 443 (1966).

2D. H. Dickey, E. J. Johnson, and D. M. Larsen,
Phys. Hev. Letters 18, 599 (1967).

3C. J. Summers, R. B. Dennis, B. S. Wherrett, P. G.
Harper, and S. D. Smith, Phys. Bev. 170, 755 (1968).

4D. H. Dickey and D. M. Larsen, Phys. Rev. Letters
20, 65 (1968).

'R. Kaplan and B. F. Wallis, Phys. Rev. Letters 20,
1501 (1968).

6R. C. Brandt, D. M. Larsen, P. P. Crooker, and
G. B. Wright, Phys. Rev. Letters 23, 240 (1969).

~K. K. Kanazawa and F. C. Brown, Phys. Bev. 135,
A1757 (1964).

A. L. Mears, R. A. Stradling, and E. K. Inall, J.
Phys. C: Phys. Soc. (London) Proc. 1, 821 (1968).

G. E. Stillman, C. M. Wolfe, I. Melngailis, C. D.
Parker, P. E. Tannenwald, and J. O. Dimmock, Appl.
Phys. Letters 13, 83 (1968).

~ D. M. Larsen, Phys. Bev. 135, A149 (1964).
~~D. M. Larsen, Phys. Rev. 142, 428 (1966).

D. M. Larsen, Phys. Rev. 144, 697 (1966).
~3S. Rodriguez and T. D. Schultz, Phys. Rev. 178,

FIG. 2. Sernischematic plot of polaron n= 0, 1, and
2 Landau-level energy versus magnetic field for excita-
tion energies less than +~o. A cursory search for the
172-p transition indicated by the dashed arrow was un-
successful.



VOLUME 2$, NUMBER 18 PHYSICAL REVIEW LETTERS 3 NovEMBER 1969

1252 (1969}.
'4A. Mitsuishi, H. Yoshinaga, K. Yata, and A. Mana-

be, Japan. J. Appl. Phys. Suppl. 4, 581 (1965}.
~5D. Berlincourt, H.. Jaffe, and L. R. Shiozawa, Phys.

Bev. 129, 1009 (1968).
'6D. T. F. Marple and H. Ehrenreich, Phys. Rev. Let-

ters 8, 87 (1962).
~VA. L. Mears and R. A. Stradling, to be published.

OPTICAL PROPERTIES AND ENERGY-BAND STRUCTURES OF SOLID MERCURY*

W. E. Muellerg and J. C. Thompson|:
The University of Texas at Austin, Austin, Texas 78712

(Beceived 17 September 1969)

Optical properties exhibit the different behavior of valence electrons in the liquid and
the solid phases of mercury. Interband transitions occurring only in the solid were iden-
tified with the help of energy-band calculations.

Optical properties of liquid Hg indicate that
the valence electrons of this metal can be re-
garded as free-electron-like. For photon ener-
gies reaching from the infrared to the near uv,
the optical behavior of liquid Hg can be satisfac-
torily described by the Drude theory. ' This
means that in this energy range the two quanti-
ties, plasma frequency and relaxation time, are
sufficient for a complete description of the inter-
action of the valence electrons with an external
electromagnetic field. This also means that the
valence electrons are not involved in any inter-
band transitions to higher conducting states.
Transition from core states to the conduction
band have been observed in the reflection spec-
trum of liquid Hg by Wilson and Rice.' It there-
fore seems that only core electrons participate
in interband excitations in liquid Hg.

The question remains whether this situation is
similar or changed in the crystalline phase of
Hg. Therefore, optical experiments were car-
ried out on crystalline Hg to illuminate this prob-
lem and to examine whether the crystallization
shows an immediate effect in the behavior of the
valence electrons.

Reflectivity measurements on solid Hg were
obtained by following a method described else-
where. ' The sample cell was made out of copper
and the sample substrates consisted of a flat sap-
phire window which closed one end of the cell,
and a 90' sapphire prism with a window base
which closed the other. Opaque polycrystalline
films of Hg were formed by evaporating Hg under
high-vacuum conditions in the cell from a heated
crucible and condensing it on the substrates
which were kept at liquid-nitrogen temperatures.
Data were taken immediately after condensation,
at 100 K. Two independent measurements, the
near-normal ref lectivity and the ref lectivity at
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FIG. 1. Normal ref lectivity of liquid and solid mer-
cury. The Drude curves are indicated for comparison.
(Dash-dot, after Wilson and Rice, Ref. 2.)

an incidence angle of 45', were taken and this
allowed a complete determination of the optical
properties of solid Hg. ' A total of four runs
were made. The experimental error was 0.5%.

The ref lectivities of solid and liquid Hg are
shown in Fig. 1. Whereas the experimental re-
flectivity of liquid Hg follows closely the pre-
dicted Drude behavior between 0.5 and 3.5 eV,
a dramatic change in the ref lectivity of solid Hg
is recognized immediately.

Even at photon energies in the infrared the
ref lectivity of the solid falls off rapidly and
shows strong and explicit structure. It is quite
obvious that the observed structure originates
from energy absorptions of the valence electrons
in interband transitions. Keeton and Loucks'
have calculated electron energy bands of Hg us-
ing the relativistic augmented-plane-wave meth-
od. Their results are shown in Fig. 2. As they
point out, the bands are free-electron-like with
splittings due to the combined effect of the crys-
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