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The residue matrix of the pole at E = Mg is
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The transition amplitude of ¢ 1, to a state |n) is
= 1/2
(n|Hl® )=(nl(2R /T, )] ),

and of &g to a state n) is
= 1/2
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From these relations it is easy to derive the fol-
lowing sum rule:
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where 6m=mL—mS. In (7) only terms linear in
x are retained and I'; was ignored compared
with I's.

This sum rule differs considerably from (1). It
states, for instance, that the overlap can ap-
proach unity if 6m > I'g. This statement still ob-
tains if one keeps all orders of x in (7). Thus
there appears to be no restriction once the mass
difference is large compared with the widths.

There is a further restriction on Pg and Py,
that is on |®g) and | ® ), if one wants to interpret
K and Kg resonant states as linear combina-
tions of K, and K,, the states of definite CP.
Then | ® s) and | € 1) must be linear combinations
of two states | ®,) and | ®,), where | ®,) and | &,)
have definite CP properties. This further as-
sumption does not change the sum-rule result.
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A Veneziano model for the odd-normality (7) contributions to mp double-charge-ex-
change scattering is found. In the model, the leading trajectory is not parity doubled
and its residues satisfy the factorization condition. An argument is given for the exis-

tence of high-mass exotic resonances.

We have investigated some of the problems
which occur when one attempts to construct a
model like Veneziano’s® for scattering ampli-
tudes in which more than one of the particles has
spin. The new features are the possibility of par-
ity doubling and the question of factorization of
the residues (nondegeneracy) along the Regge tra-
jectory. As an example, we have studied mp dou-
ble-charge-exchange scattering, nt+p~ -7~ +p*.
Resonances occur only in the s and « channels,
which are identical, and we are freed from the
complications of dealing with channels which
communicate with the p or the vacuum.

Let the pion momenta be p and p’, the p mo-
menta be g and ¢’, and the final polarization vec-
tors be € and €’, with e-g=€’-q’=0. The primes
refer to the final state. The scattering amplitude
is £'V6“Tuv, and T, can be expanded in terms
of four scalar invariant amplitudes:

T =A(s P P +B P ’
» (s,u) P, (s,u)l 24,9, PV]

C ’
+ (s’u)qvqp +D(S’u)guv’ (1)

where P=3(p+p’). Under exchange of s and u,
A, C, and D are even and B is odd.
It is convenient to use the familiar “parity-con-
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serving” helicity amplitudes as defined by Gell-
Mann et al.??

m3T 1, =AQ%s +(2B-A)EWQ*(1-z)
+[C-B+3A]E?Q*(1-2)? + D(Q*-E%2),
mV2T,,~ =DE +[C-B+3AlEQ*(1-2z)
+3(2B-A)Q*W,
T,,” =[C-B+}A1Q%2-D,
T, =-[c-B+1A]Q% 2)

Consider, for simplicity, a model in which on-
ly the pion (A4,) trajectory contributes. A realis-
tic model, of course, should include the w tra-
jectory also. We use the parameters suggested
by Ademollo, Veneziano, and Weinberg,* namely,
my =0 and ay(s)=s in units such that 2m,?=1.
Then the invariant amplitudes will be written as
a linear combination of terms of the type

Rl (s, 1) = T(k=s)T (=) /Tom s -u1). (3)

For example,

Rl . kI
> Am Fm (s,u), (4)
k,l,m

A(s,u)=

and similarly for B, C, and D.

The sum in (4) must be restricted by the condi-
tion m <k +1, so that the residues of the poles in
s are finite-order polynomials in z,and obey m
2k, and m =1 so that for fixed u, A, B, C, and
D grow no faster than s@r@), Furthermore, it
follows from (2) that the pion pole cannot appear
in D, so that p0!=pk0=o.

We choose as our representation®

A =A000F000+A11°(F11°+F1m) +‘4220(17220_‘#1;*202)
+‘41111;*11.1 +A2uF2”,

B =Bllo(F110—F101) +BZZO(F220"F202),

C= COOOFOOO+ Cllo(F110+F101) + szo(F220+F202)
+ ClllFlll + Czllell’

D =D,"'F, " + D, 'F, 1. (5)

In order that the physical helicity amplitudes
be bounded, for large s at fixed u, by s®7%/ it
is necessary that the amplitudes defined in (2)
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Expand A, B, C, and D at large s as

an(u)_l

a”(u)+a2(u)s oee,

A=a,(u)s
etc. Then the conditions (6) are satisfied by

a,(u)=4c,(),

b,() =2c,(u),

a,(u) + 4b,(u) + 4c,(u) + 8d,(u) = 0. (7

Conditions (7) must hold at all # in order that the
spin of the leading exchanged trajectory be in
fact no greater than a;(u). Because of the form
of the representation (5), the functions in (7) are
finite-order polynomials in %, and therefore” can
be satisfied by a finite number of conditions on
ARl B, kL C,,kL and Dy, kL. In fact, the
rules (7) hold provided

AM+A AP =4[C, 0+ C,2+C,Y),

B+ B, +-2[C,"°+C,* + C,”,

8D, = —16[C," + €, + C,*] +[24,%°-4,1]
+4[2¢,7-C M,

AM=0,

c,M=0. (8)

Next we may impose the condition that the lead-
ing trajectory not be parity doubled, i.e., that
there is no 1~ particle at s =1, etc. We cannot
require that all the daughter trajectories have
only particles of a single normality without add-
ing an infinite number of terms in (4), as has
been shown by Freund and Schonberg in a related
problem.” The condition can be obtained from
(2) and the partial-wave expansions of To, To; ™,
and T,,*:

Too= ];io(zpl)P ()t ] (s),
-1 (22.‘*1) 1 -
To1 “&j;[j(j+1)]1/zpj @oy ),
£ (2j+1)
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Here ¢ V]i are elements of the partial-wave
matrix between states the magnitude of whose
helicities are p and v, spin j, and parity i(—l)].
The ¢,,* are all normalized identically. Then,
if the pole at s =n does not appear in ¢,,”+, the
residue in D(s,u) grows as u”~1 instead of u”
for large u. Therefore, the no-parity-doubling
condition is

D,*=0. (10)

A more complicated question is the factoriza-
tion of the leading trajectory. We require that
the residues of the poles of the matrix ¢/ ~(s)
factor at s=j. From (9), it is seen that this is
equivalent to requiring that the coefficient of z”
in the residue of the pole at s =r, multiplied by
the corresponding coefficient of z"=1in T,,~, be
equal to the square of the coefficient of z%~1 in
the residue at s =n of V2T,,~. We obtain these
coefficients from our representation (5). They
turn out to depend on only three combinations of
the Amkl, etc., namely

D=D,",

C=C,"+C2°+C,

M = (4,1~ 24,). (11)
Factorization is achieved provided

XooX 11=2(X¢1)% (12)
where

Xoo=+3)n-3)2C+M]-3(n+3)°D

- +3)%n+1)C-(n-3%)*C/n,
X,,=-nlD +2(-1)C],
Xo=n"(n+3)D +2(n +$)n-1)C
-(n-3)*2Cc+M)]. (13)

Equation (12) must hold for all ». In general,
one might not expect a solution, since (12) is an
infinite number of conditions on a small number
of coefficients Amkl, etc. However, our model,
with its limited number of terms, admits two
solutions:

C=M=0,

D#0, (14)
and

D=2C,

M =-4C. (15)

Thus, it is possible to achieve factorization

and no parity doubling with a finite number of
terms. Notice that we cannot require that the
daughters factor, or even, unlike Freund and
Schonberg, that they are not parity doubled.®

Next, let us attempt to impose the Adler self-
consistency condition. There are no threshold
poles in our problem, so the physical helicity
amplitudes should vanish when s =« =3. In our
representation, this reduces to D =0 at that
point. There are no conditions on A, B, and C.
Lovelace® and Ademollo, Veneziano, and Wein-
berg* have suggested that each invariant ampli-
tude contain at least one term which vanishes
automatically at this point, as do those of our
terms withm =0 and m = 1. [However, we can-
not have terms of this type only in A, B, and D
since the conditions (7) and (10) imply immedi-
ately that B(s,u) =0, and the leading trajectory
is not there at all.] The only term in D(s,u) is
D,", and therefore D(3,3) =0 requires D, =0.
This does not violate the condition'® that the
leading trajectory have only one parity, but is
clearly inconsistent with either of our solutions
(14) and (15) to the factorization problem unless,
again, everything is zero.

Note, however, that one can add to D a very
low satellite term, Dmlemkl(s,u), where m <1
+2 in order to achieve D(3, 3) =0, without affect-
ing the parameters of the leading trajectory,
thereby retaining factorization. Essentially this
is because the Adler condition is a condition on
the residues of all the s-wave particles in the
model, most of which lie on daughter trajecto-
ries, and is therefore independent of the problem
of describing correctly the leading trajectory.
Thus it is no longer clear that the assumption is
compelling that the self-consistency condition is
fulfilled by the blowing up of the gamma functions
in the denominators, as suggested in Ref. 4,
rather than by cancellation. Nevertheless, the
quantization conditions derived there seem to
agree strikingly with current algebra and with
experiment.

Finally, there remains a more general feature
which should be observed. Because u = -2Q%
+const and because the leading term in the resi-
due of the pole at s =n is u’, the signs of the res-
idues of all particles along the leading trajectory
alternate. This is a general feature of all pro-
cesses without £-channel resonances, i.e., those
in which the ¢ channel has exotic quantum num-
bers.

This alternation is a success of the double
charge exchange part of the 7-7 model of Love-
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lace,? since the s-channel isospin resolution of
this amplitude is

1
%T(O)"'ET(l) + %T(Z).

Therefore, the alternating signs along his degen-
erate p-f, trajectory simply mean that (-1)/ al-
ternates, as it does. The same is true in other
cases.'® Here, however, we want the 7 and the
A, to have the same isospin. Addition of further
satellite terms F”im (s,u) cannot change this fea-
ture, and the only recourse is to include an /=2
t-channel trajectory. If the trajectory is low
enough, the mass of the lowest I =2 particle will
be high enough not to disagree with present ex-
periments. We have verified that with the inclu-
sion of such a low-lying trajectory there exists
a solution, similar in form to the above, with
factorization and without parity doubling for the
leading trajectory, satisfying the Adler condition,
and with the same sign for the residues of all the
particles on the leading trajectory. A detailed
and more general account will be published else-
where.
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