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THEORETICAL TEMPERATURE-DEPENDENT PHONON SPECTRA OF SOLID NEON

T. R. Koehler
IBM Research Laboratory, San Jose, California 95114

(Received 11 February 1969)

Recent measurements of the temperture dependence of phonon energies in solid neon
do not agree with the results of previous theoretical treatments. This discrepancy is
remedied here with a calculation of the one-phonon Green's function by a perturbative
method which includes the leading corrections to the lowest order self-consistent pho-
non theory. The renormalized phonon energy is then identified with the peak of the
imaginary part of the Green's function. -

Recent inelastic neutron-scattering measure-
ments in solid neon~ have uncovered an interest-
ing temperature dependence of phonon energies
along the [001] direction. The energies were
measured at 4.7 and 25 K in a sample whose lat-

0
tice parameter was 4.402 A (the zero-pressure
parameter~ is 4.463 68+ 0.00009 A). The average
temperature shift of the longitudinal mode was
found to be positive but small and the average
temperature shift of the transverse mode was
negative.

Previous first-principless calculations have
not accounted for these features although phonon
energies within a few percent of the experimen-
tal values were obtained with the lowest order
self-consistent phonon theory. » In this approach
the true crystal Hamiltonian is approximated by
a model harmonic Hamiltonian whose harmonic-

force-constant matrix 4 is determined from the
self-consistent condition 4,& =«V; V& V)), where
the double angular brackets denote the ensemble
average calculated with the density matrix ap-
propriate to the model Hamiltonian.

It has been pointed out' that contributions from
odd-derivative terms should be incorporated into
the calculations. Expressions for the leading
corrections in a perturbative calculation are
similar to those used to obtain anharmonic cor-
rections to the quasiharmonic theory' but with
ensemble averages of derivatives of the potential
substituted for the derivatives evaluated at equi-
librium.

Thus, the leading second-order correction
(there are no first-order corrections) to the ex-
pression given in Ref. 4 for the free energy in
lowest order F' ' is

) !« &))!2
1+n, +n, +n, +n,n, +n~, +n~, 3(n,n, +n,n, -n~, +n, )

( + QP + &d ) ((d + (d -(d )
(1)

— ~X~2~S

and the real 4 and imaginary I' parts of the phonon self-energy are
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Subscripts denoting wave vectors and superscripts denoting phonon branches have been simplified or
eliminated whenever possible in the above expressions. The V& notation has been introduced previous-
y

8 The principal value of x ' is indicated by P(r) . In preparation for the use of a Lennard-Jones
potential, distances are measured in units of o and energies in units of e with X'=I'/mo'e. Tempera-
tures and frequencies will be measured in energy units and n = [exp(P~;)-1] ' with P =1/k T.z B
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Equations (1) and (2) can be verified in a vari-
ety of ways. First of all, they are a limiting
form' of the more general (but computationally
considerably less tractable) second-order ex-
pressions of Choquard. ' Secondly, they can be
obtained from an obvious continuation of the work
of Horner. Thirdly, as has been pointed out
previously and as will be discussed in greater
detail in a subsequent publication, one can follow

any of the derivations discussed in Ref. 5 with
three changes: The potential should be expanded
in terms of the eigenfunctions of the self-consis-
tent model Hamiltonian rather than in a Taylor
series, the zeroth-order density matrix and pho-
non states should be appropriate to that Hamil-
tonian, and terms involving number operators
should be eliminated.

In the first work directed at improving the com-
putational power of the self-consistent formal-
ism, Eq. (1) was applied to a study of the ther-
mal properties of solid neon and argon ' Space
limitations do not permit a discussion of the de-
tails, but we would like to emphasize that the re-
sults are in considerably better agreement with
experiment over the entire temperature range
than were previous calculations with less sophis-
ticated theories.

%e have meanwhile been studying the implica-
tion of Eqs. (1) and (2). Phonon dispersion rela-
tions in the [001] direction and the thermal prop-
erties of solid neon have been obtained using an
all-neighbor model and a Lennard-Jones 12-6 in-
teratomic potential V(r) = 4e[(&x/r)" (v/r)e] w-hose

parameters were chosen to give the experimental
lattice spacing and sublimation energy at O'K in
this calculation. The parameters are cr = 2.7813
A and &=36.558'K.

The exact method of determining the phonon en-
ergies is quite important. The renormalized pho-
non frequency (d~ was not simply identified with
&u'= ~+A(e), where Id is the lowest order self-
consistent phonon frequency, but rather is identi-
fied with the maximum of the imaginary part of
the Green's function

ImG =Im(2ur /[(&d ) -0 +2~AQ A 0 2 2 Q' CkQ

where &=L denotes a longitudinal and e= T a
transverse mode. " This is the same condition
as Eq (3.4) in R. ef. 5 for determining the "best"
set of frequencies.

This method is illustrated in Fig. 1 for zone-
boundary phonons in the [001) direction. Here,
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FIG. 1. The imaginary part of the Green's function
for longitudinal and transverse zone-boundary phonons
in the [001]direction and the real and imaginary parts
of the self-energy for the longitudinal mode only as
functions of 0 at 4.7 and 25'K. The values of the unre-
normalized co and incorrectly renormalized (d' —= (d

+A(u) frequencies are also indicated.

ImG, b, , and I'LL are shown as functionsTT LL

of 0 at 4.7 and 25'K. The graph also indicates
the position of co and co'.

The most noteworthy features of the graph con-
cern the longitudinal branch and can be readily
understood in terms of the behavior of 4LL and
I . The fact that co~L differs significantlyLL

ILfrom co results largely because ~ falls at a
local minimum of b,L~; ~ ~ then falls in a region
where bL'L is larger, giving rise to an even
greater shift. The nearly identical shape of
ImGJ-l. at both temperatures is because ~ ~(25'K)
and v& (4.7'K) are nearly equal in value and areI
located in a region where both ALL are nearly
identical in shape.

Figure 1 also shows that the temperature shift
can be different for ~g, ~', and ~. This point
is illustrated more fully in Fig. 2, where tem-
perature shifts versus wave vector in the [001]
direction are plotted. The agreement with exper-
iment is quite reasonable. Unfortunately, these
small effects are very difficult to measure and
even the remarkable agreement at the zone bound-
ary does not provide clear evidence for the valid-
ity of the calculation.

The experimental and several theoretical pho-
non dispersion curves in the [001] direction are
shown in Fig. 3. The experimental curves were
taken from Ref. 1 and were determined there by
a force-constant analysis of the neutron-scatter-
ing data. The theoretical curves show the phonon
energy as determined by the quasiharmonic ap-
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FIG. 3. Experimental and various theoretical pho-
non dispersion curves in the [001] direction.

proximation and by ~, cu', and ~R at 4.7'K.
The ~R curves are in fairly good agreement

with experiment for the transverse branch and in
rather poor agreement for the longitudinal branch.
This is probably, in large part, model dependent,
a hypothesis which will be tested in future calcu-
lations. However, the temperature-shift calcula-
tions should be less model dependent.

Striking features of the longitudinal branch are
the pronounced flattening of the dispersion curve
for ~R near the zone boundary and a quite oppo-
site effect for co'. These effects can easily be
explained by the shape of the &(Q) curve in the
vicinity of the zone-boundary frequency and by
the overall large value of b. This latter feature
is due to the large anharmonicity of solid neon
and is probably not model dependent. Since the
flattening is not likely to be found by a force-con-
stant analysis of experimental data, a more ac-
curate experimental determination of the longitu-
dinal dispersion curve in the region of the zone
boundary mould provide an interesting check on a
well-defined theoretical prediction.

The sums in k space were over a bcc grid with
8000 points. The approximations P(x) =x/(x
+ g) and xI)(x) = g/(x'+ rP) were used, where q
was small but finite. The sensitivity of calcula-
tions of I' and 4 to the grid size and value of g
has been discussed in a recent publication. " We
have found that ~ is less sensitive to these de-

tails than is ~' provided that the spacing in 0 is
sufficiently fine. The calculations were per-
formed at 0.01 intervals in 0 and g= 0.05 was
used. Enough numerical experimentation has
been performed to indicate that the calculations
are reliable. The details will be given later.

The results of our calculations of the thermal
properties of solid neon based on an all-neigh-
bor model will be presented in a later publica-
tion. They are consistent with those obtained in
Ref. 10 with a one-neighbor model. One as-yet-
unresolved problem which we intend to investi-
gate is whether any simple two-body potential can
be used as the basis for calculations which will
successfully predict both the thermal properties
and the phonon spectrum of solid neon.

We wish to thank N. R. Werthamer for many
valuable discussions and for suggesting plotting
the Green's function and J. Skalyo, Jr., for pro-
viding the error estimates used in Fig. 2.
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MULTIPLE-PHONON RESONANT RAMAN SCATTERING IN CdS
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We have observed nth order (n =1,2, ~, 9) Raman scattering in CdS under conditions
of resonance between the laser frequency and the band gap or the associated exciton
states. The frequency spectrum of these higher order processes demonstrates that the
phonons involved are localized within a small volume of k space centered at I'. We be-
lieve that such spectral features are characteristic of direct-gap resonant scattering,
and the kinematics of their production is discussed.

Different theories of lattice Haman scatter-
ing' ' have as a common feature terms in the ex-
pressions for cross sections which diverge or be-
came very large. This is expressed analytically
by the existence of second-order zeroes in the
energy denominators of the Raman tensor com-
ponents. The number of zeroes depends upon the
order of the scattering process (i.e. , the number
of phonons created or annihilated) and upon the
kinematic details of the process (such as whether
several phonons are produced simultaneously);
according to the theory of airman and Ganguly, '
for any scattering process which proceeds via
electron-photon, electron-lattice interaction,
there are at least two such second-order poles
present. The first of these poles occurs when
the incident photon energy equals the energy of
an optical transition in the lattice (e.g. , the band

gap E or an exciton level Eg-R/na). In a recent
paper we experimentally demonstrated the exis-
tence of this pole in CdS far both first- and sec-
ond-order scattering below the band gap. We
showed that the pole was second order and that
the resonant state was the first exciton level. '
The second pole occurs when the scattered-pho-
ton energy is equal to that of the optical transi-
tion in question. This Letter presents the first
experimental evidence for the existence of res-
onance at the scattered-photon energy. The data
consist of intensity measurements of nth order
scattering features (n = 1, 2, ~ ~ ~, 9) in CdS as a
function of temperature (hence Eg) and laser fre-

quency, for laser frequencies above the band

gap. These observations are the first known to
the authors of Raman processes higher than
fourth.

The data analyzed in the present paper were
acquired by reflection scattering from the sur-
face of a single crystal of CdS. An argon laser
emitting -100 mW was used as the exciting source
and detection was by means of a cooled FVV130

photomultiplier, a Keithley 6108 electrometer,
and a Spex double monochromator. Many geom-
etries were examined, and the results presented
here are essentially independent of scattering
geometry and were corrected for absorption by
means of Loudon's formula.

Figure 1 shows the spectrum obtained from a
relatively pure CdS crystal with 4579-A excita-
tion. Significant features of the spectrum are
the following: (1) The multiphonon lines are
shifted by energies which are approximately 1%
less than exact multiples of the first-order LO
phonon line at -305 cm '; (2) these features re-
main linelike and have widths not much larger
than that of the first-order line (e.g. , &21,p
=1.3AI Lp); (3) all processes higher than second
disappear when the laser frequency is far below
the gap Eg/K

We believe that the features observed above
may be assigned as due to near zone-center pho-
nons. The evidence for this consists of the fol-
lowing:

(1) Phonon dispersion curves have been calcu-


