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The structure functions for inelastic electron-nucleon scattering are studied in the
Bjorken limit in the framework of canonical field theory. The "parton" model of Feyn-
man is derived and the structure functions' asymptotic behavior for large energy trans-
fers is computed.

In this note we report some preliminary results derived from a field-theoretical study of the struc-
ture functions 8', and 8', summarizing inelastic electron-nucleon scattering, as defined by

E
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where l P) is a one-nucleon state with four-mo-
mentum P&, Z&(x) is the total hadronic electro-
magnetic current operator, q& is the four-mo-
mentum of the virtual photon, q = -Q &0 is the
square of the virtual photon's mass, and Mv
=-I' q is the energy transfer to the photon in the
laboratory system. An average over the nucleon
spin is understood in the definition of 8'».

Bjorken' has shown on general grounds that W,

and S'~ become experimentally important probes
of small-distance nucleon structure in the experi-
mentally accessible limit Q', Mv-~ and su = 2Mv/
Q fixed. In particular, if they are nonvanishing
in this asymptotic limit, W, and v@'2 should be-
come nontrivial functions of ~. We have studied
the structure functions in the Bjorken limit on the
basis of canonical quantum field theory, starting
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from the familiar interaction Lagrangian and cur-
rent operator for the charge-symmetric theory
of pseudoscalar pions and nucleons with y, cou-
pling.

First, we will present our results and interpre-
tation and then sketch the formal calculations
from which they emerge. A more detailed de-
scription of the formalism will appear in a forth-
coming paper. Working in an infinite-momentum
frame of the nucleon, we find that only certain
classes of diagrams or amplitudes survive in this
limit. To identify them we find it useful to "un-
dress" the current operator and go into the inter-

action picture with the U matrix,

U(t) =(exp[ i-f dt' H (t')]] (2)

The fully interacting current and the correspond-
ing free or "undressed" current are connected in
the well-known manner by the perturbation series
of time-ordered products of the interaction, or
the U matrix,

Z (x)=U-'(t)j (x}U(t),
p.

where j (x) has the same form in terms of in
fields as does Z&(x) in terms of fully interacting
Heisenberg fields. Our first result states

=4x
I dxe —(UP~j (x)j (0)~UP); UP)—= U(0)~P).

2 f zqx EP
p. v M p, vq~ Mv-~ QQ

ZU&1

(3)

Equation (3) permits a very intuitive physical in-
terpretation. In the Bjorken limit, the nucleon
can be regarded as composed of free constituents
described by the infinite sum of terms generated
by U~P) These .interact with the photon as free
point particles and the current operator describ-
ing this interaction has the form j&=

tt~y&g~
+t(m+S&w -w S&w+) in terms of free proton and
charged-pion fields as indicated. We view this
result as a field-theoretic derivation of the "par-
ton model" of independent point constituents, pro-
posed by Feynman. ' We believe that this result
is more general than the simple model implies.

A basic ingredient required to prove (3) is the
existence of an asymptotic region in which Q' can
be made greater than the transverse momenta of
all the particles involved, i.e., of the pions and
nucleons that are the (virtual) constituents of
UP). The present high-energy scattering data
strongly indicate that the transverse momenta of
the final particles are indeed very limited in
magnitude. Accordingly, we will take the exis-
tence of a transverse momentum cutoff as our
fundamental assumption. This cutoff is a param-
eter in the theory and is invariant under Lorentz
transformations along the P —~ direction.

We have computed the structure functions 8' in
the large-u region ignoring the renormalization
loops, a procedure which will be partially justi-
fied later. Then, order by order in g', the pion-
nucleon coupling constant, a simple class of dia-
grams dominates, namely, the ladder diagrams
with pion lines as the rungs as shown in Fig. 1
which pictures the square of the matrix element;

the vertical line signifies that we are computing
only the absorptive part describing the produc-
tion of real multipion states. Contributions of
all other diagrams in the P -~ system are small-
er by at least one power of lnu. Examples are
diagrams with crossing pion lines, diagrams
with currents interacting with pions, diagrams
with a Z in the nucleon line describing nucleon-
antinucleon pair formation, and those with final
states involving pairs. ' To leading order in inta
»1 for each order ing', the series of contribu-
butions can be summed for the proton and neutron
to

and

(P (n)
vW2 = vW2 = 2c)w

vW -vW = --c w

Wi/ vW2 = + w/2M,

(4)

where

3g' k
& maxg= ——In 1+

4m 4m M

k~~ is a cutoff for the transverse momentum
to be described below, and the constant c is not
fixed by summing an exponential series of pow-
ers of lnu. Several remarks can be made:

(1) The recent Stanford Linear Accelerator
Center data4 indicate that vW, (P) for the proton
approaches a constant for large u. This demands

( =1, or k ~/M =0.3,
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FIG. 1. Dominant ladder diagrams for large so. Sol-
id nucleon and dashed pion lines are labeled with indi-
cated momenta.

which is consistent with the indication from other
high-energy collision data, &&max -400- 500
MeV.

(2) The fact that W(P) and W(") approach each
other rapidly makes it desirable to estimate the
next leading contributions in Inzo since the differ-

!
ence W(P)-W(") is very important in calculating

! q !
= (q2)&~2+0(P 2) (7)

where the nucleon momentum P is along the 3
axis. We now rewrite Eq. (1) as

the proton-neutron mass difference. Notice that
the sign of W(P)-W(") is negative. We also need
these next leading contributions to evaluate c and
verify that the series of leading terms yields the
dominant sum. '

(3) The ratio of structure functions in this lim-
it, W,/vW2=+w/2M, corresponds to a vanishing
of the ratio of "scalar" to "transverse" photoab-
sorption cross sections for virtual photons of
mass Q' on protons. It corresponds to the Callan
and Gross result for a spin-& quark current be-
cause as we have seen the current interacts with
the spin-& nucleon in the high-u limit.

(4) The multiplicity of pions produced is given
by 8 = $ lnzo.

We can only sketch here the proof of the asser-
tions we have made above and reserve details for
our forthcoming paper. In the infinite-momentum
center-of-mass frame of the electron and the nu-
cleon in which we carry out our calculation, ' we
have

2Mv-Q 2Mv+ Q
8 4~

W =4m (E /M)Q (UP!j (0)U(0)!n)(n! U '(0)j (0)!UP)(2m)'8'(q+P P). -
pv P n v n

(8)

If a final state! n) is not directly attached to the current because of the intervention of U(0), the energy
denominators introduced by the time integrals in the expansion of the time-ordered products in (2)
connect states differing by q in general. This comes about because each order of U describes the ab-
sorption or emission of a pion and the associated energy denominators in this case connect states be-
fore and after the current has introduced a momentum q = (Q')"'. Thus the contributions of these dia, -
grams vanish in the limit Q'-~. To illustrate what we mean, consider the diagram in Fig. 2. Using
the momentum labels of the particles denoted in the diagram, Weinberg's argument' implies that both
g and l-g, the fraction of momentum carried by the nucleon and pion lines, respectively, along the P
direction must be positive. Hence, the energy denominator in question is

1 -n(I-n) 1

p+q[p+qqp+Q+q(l g)pp+]q(1-t7)+0+2(1-q)kq+AP(1-q)q

and such terms can consistently be dropped so long as the pion acquires a finite fraction of the mo-
mentum in the P -~ frame when (Q')"' »!km~!. A corollary of this discussion is that diagrams with
currents attached to two different lines are excluded by the same reasoning. We have now shown there-
fore that the U(0)'s adjacent to the final states! n)(n! may be effectively replaced by unity.

By similar arguments we can show formally, order by order, that the transformed proton state UP)
can be treated as an eigenstate of the total Hamiltonian with eigenvalue E~. To show this let E sym-

QPbolically denote the energy of one of the multipion+ nucleon states in the perturbation expansion of
! UP). In the irdinite momentum frame, Ep Elp is of the orde-r of 1/P multiplied by the sum of squares
of some characteristic transverse momentum and some characteristic mass. However, qo given by
(7) appears in the energy delta function in (8) and thus for Qm, Mv- ~ and ur & 1, Ep Ewp can be neglect--
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ed relative to qo. One can then make use of the translation operators to restore the space-time depen-

dence to obtain (3). This establishes the "parton model" by allowing us to work with free point cur-
rents and the superposition of essentially free (i.e., long-lived) constituents in describing the proton's

ground, state in the infinite-momentum frame and in the Bjorken limit.
%e can now formally sum the series of the leading contributions from the class of diagrams we have

claimed to dominate in the large-w region. Ne shall first ignore the charged pions completely, since
they can be taken into account later by a simple consideration, and consider the proton. The contribu-
tion from a diagram as in Fig. (1) involving nba's in the final state is obtained by introducing

g n 2M p d3P n

o)(0)IP)=
(2 ), (n')"'(~

) ( ), , II
( )„,5'(5-0 -k -k -k )IP k k )

up y5(M+ yP 1)y5 y5(M+ yP1)y5up
X

(2E )'''(2E )(E -E -~ ) (E E-(-u -&o — -(o )1 n-1 P 1 1 p n 1 2 n

into (3), evaluating the bare-current matrix element

dxe' "(P Ij 4')j (o)IP )= ~ gjj, y&[M+y(P +e)]you ~(e'+&pn'e)
n u v n 4w E& Pn n

n

and doing the standard traces. For large ~ the integrand simplifies to

1 n 1 ( 1 n-1
= —($ } dq dq 5 q .q ——=-a (( lnw)2[nn']w-~w 0 1 n 1 n w w (n-1)! 0

vW2 2M '

where

and kzm~ is cutoff introduced for the trans-
verse momentum integrals in accordance with
our fundamental assumption. Summing over all
numbers of m 's, we find

vR' [,]=($ /w)exp[/ lnw]=(0w (12)

» include the charged pions in the calculation,
we observe that an initial proton can emit a m

and remain as a proton with coupling constant g
or it can emit a 7t+ and become a neutron with
coupling constant v 2g. An analogous situation ap-

! plies to a neutron. Let the contribution from a
final state with ng"s and a proton be taken as the
basis unit, and denote the total numbers of con-
tributions from all possible final states with n

charged plus neutral pions by Pn and Wn for the
proton and neutron, respectively. They satisfy
the recursion relations

P =P +2N; N =2P +N
n n-1 n-1' n n-1 n-1'

These give

(I- q) P-k~

V

I

qP+ k1+q

FIG. 2. Example of diagram describing pion emis-
sion betw'een currents which vanishes for Q2- ~.

P +N =3, P N= (-1)-n n

n n ' n n
(13)

which convert (12) to (4} and (5).
To discuss the contributions of all other dia-

grams, we need only recall that at each nucleon
vertex with spin-0 pions, the nucleon likes to
give up most of its momentum to the pion. In
fact, the (lnw)n 1 behavior in (10) comes simply
from this fact that each segment of the nucleon
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line has but a small fraction g«1 of the longitu-
dinal momentum of the one preceding it in Fig. 1.
Moreover, the delta function in (10) tells us that
the g's measuring the fraction of energy retained
by the nucleons is smaIl for u»1. However,
when the currents are attached to a pion line, the
delta function would dictate that a pion and not
the nucleon pick up a small fraction -1/w of the
longitudinal momentum from the initial nucleon,
in the large-so region. This is not favored by the
vertex, and hence at least one power of Inu is
lost. If two pion lines get crossed in a diagram,
the two virtual nucleons which connect the two

pion lines on each side have a momentum mis-
match. If a nucleon on one side picks up a small
fraction of the available longitudinal momentum,
the nucleon on the other side has to pick up a
large fraction by momentum conservation. For
a diagram with final. state involving nucleon-anti-
nucleon pairs, the virtual pion creating the pair
is favored to have a large fraction of the avail-
able longitudinal momentum. Finally, for a Z
diagram (an antinucleon or nucleon moving back-
ward in time) the vertex favors a high-momen-
tum virtual nucleon (or antinucleon). In all these
cases at least one virtual particle has a large
fraction of the longitudinal momentum available;
thus at least one power of Inu is lost. Having ex-
hausted alI possible classes of diagrams except
the diagrams involving renormalization loops, we
now have derived the ladder approximation for
the leading term order by order for w»1.

As we have just shown, in the large-u region
all the dominant contributions come from dia-
grams such as Fig. 1. The invariant momentum
transfers to the virtual intermediate nucleon
lines are of minimum magnitudes in this region,
~ g1.e.y

'/(I-q)+qM'=-k ' for g-«1.
J J

We expect then that the neglect of renormaliza-
tion effects and loops that are responsible for the
structure at the pion-nucleon vertices may not be
crucial in this region. To study them we must be
able to master the series expansion in g' rather
than relying on a larger parameter g lnw as we
have done. We conjecture that the cutoff km+ in-
troduced in (5) reflects this structure, measur-
ing the rate of decrease in the pion-nucleon ver-
tices with increasing momentum transfer to the

nucleon. There is no analogous cutoff at the elec-
tromagnetic vertex which is "bare" as in (3) once
the U(0) operating on final states

~ n) has been re-
moved from (8). Once again it will be necessary
to master a series in powers of g' in order to
clarify the vanishing of the elastic form factors
at large Q'. We suspect that the origin of this be-
havior will be found in the vanishing of the wave
function renormalization. Moreover, it will also
be necessary to evaluate terms of order unity
relative to Inu in order to determine the scale
constant c appearing in (4). Our analysis also
suggests that for se =1, detailed dynamics will
play an important role since the structure of the
interaction for very large momentum transfers
at the vertices is being probed in this region.
Thus it is here near u -1 that the small-distance
structure will be most clearly probed. For large
u»1 the structure functions behave in the same
manner as the very high-energy total hadron
cross sections and are dominated by the "Pomer-
anchukon" or the ladder series.

The prediction of pion multiplicities follows
from (10) and (12) if each term in the series is
weighted by n, the number of pions. Our result
that n = (lnw for Inw»1 is a consequence of the
fact that the pions, or rungs of the ladder in Fig.
1, do not interact with each other —i.e., in (3) we
have made the replacement U(0)~n) —n). Our
model also predicts that the pions are focused in
momentum space with transverse momentum less
than k&max about the incident electron direction
while the nucleon recoils with the large trans-
verse momentum q = (Q )"'.

We thank J. D. Bjorken and R. P. Feynman for
discussions of their ideas and work in advance of
publication.
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By considering the decay reactions ~ 3m and q m+7t +y within the framework of the
Veneziano model and the p dominance of the isovector electric current, we fix certain
coupling constants and are able to obtain zero parameter relations among others.

Veneziano has recently proposed a representation of a crossing-symmetric four-point function
whose appeal lies in its ability to accommodate an infinite number of resonances in each channel, re-
tain some semblance of Regge behavior at high energies, and at the same time comply with the low-en-
ergy criteria inherent in the hypothesis of partially conserved axial-vector current. '~' The detailed
behavior of the formula has also been tested by Lovelace' in certain models of K -3~ and g-3m decay
and of the annihilation N+N- 3m. It is our aim in this communication to present several further stud-
ies and experimentally observable predictions of the Veneziano formula which demand no postulates
outside the simplest version of the model except for the use of vector dominance for the photon in the
decays (d - z +y, g-w++z +y, andy-y+y.

(i) cu -3v and u -v'+y. —The decay amplitude for & -3v may be obtained via crossing from the scat-
tering amplitude for n'a+ ~b —ac +~ as given by Veneziano'.

T('(P, )+ (P,)- '(P, )+ (P4))=
' ' „"P,'P2'P3'P (B,+B, +B )

G G

r =13 27 x10-5
(g) -3m '

4v 4v&(~„(p+q) -& (p)+p, (q))
a b

with B~y = I'(I-u(x))I'(I-~(y))/I'(2 —a(x)-a(y))
and a = p-meson trajectory function. Defining the GeV-', we find the relation
cpm and pun couplings

G e eep q, (2)
ab p. vA. O

up@ p, v4a

~(p (p+q) - (p) + (q))
a b b

with all quantities in units of GeV. Setting4

3p = 10.9 and I p
= 115 MeV, we find

G =21.5 GeV
(jt)p&

(6)

P = o. 'G G
VTTW P& P7T7T

(4)

where all three particles in G~p& are on shell.
After performing the integration over the 37T

phase space and setting a' = (2mp'-2m'') ' —= 0.9

=i& G e (p-q) i (3)
. abc

p1T7T

one can easily make the identification

in very good agreement with the values obtained
via superconvergent sum rules. ' It should be not-
ed that the value (6) of G~», when used in the
simplest pole calculation of co-3~, leads to

3~+13.5 MeV.
The pleasing aspect of the result (6), however,

is that when it is used to calculate the rate of w
—r +y by the use of p dominance for the electric
current (with a py coupling Gp =emp~/G „), the

py p pm' ~
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