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An expression is derived for the average reaction cross section using the two-chan-
nel, multilevel form of the unitary low-energy scattering matrix. It expresses the av-
erage cross section as a function of the transmission coefficients only and is valid for
all values of the transmission coefficients. It is shown that over a wide range of the
values of the transmission coefficients the values calculated using the Hauser-Fesh-
bach expression agree very well with the present model.

It has been known'~' for quite some time that
the Hauser-Feshbach expression'~4 for the aver-
age reaction cross section, which is derived un-

der the assumption that the transmission coeffi-
cients Tc for the various channels c are much
less than unity, fits the data nicely even if the
values of the Tc's are not much less than unity.
In the recent statistical analysis of the heavy-ion
reaction data by Gadioli et al. ' for the cases
where the transmission coefficients were defi-
nitely not much less than unity, they found that if
they employ the improved relation'y' between the
transmission coefficient and the ratio of the av-
erage partial width to the average spacing, then
their calculation overestimates the cross sec-
tions. This procedure would have been correct
had the authors used a better expression connect-
ing the average reaction cross section with the
ratios of the average partial widths to the aver-
age spacing. The two main difficulties in deriv-
ing such an expression are (l) keeping track of
the unitarity constraint on the low-energy scat-
tering matrix and (2) avoiding the approximations
which are usually valid when the ratio of the av-
erage partial width to the average spacing is
much less than unity. Only recently'~' has it
been possible to overcome these difficulties par-
tially and derive expressions for the transmis-
sion coefficients, which are valid for both the
sharp as well as overlapping resonances. The
object of the present work is to develop the earli-
er formalism' further and derive an expression
for the average cross section in terms of the
transmission coefficients for the case of two
channels. This expression will then be com-
pared with a similar expression which is derived
using the picket-fence model' and also with the
Hauser- Feshbach expression. '~' The comparison
between the present expression and the Hauser-
Feshbach expression will show why the latter re-
mains a good approximation even when the Tc's

are not much less than unity.
We now give the derivation of the expression

for the average cross section. The low-energy
scattering matrix 8 is written in the form'

where the background matrix V is the unitary
and z&'s are the complex poles of S, z& —-e&
--,'iI'~. The complex quantities G~ are the vec-
tors in the channel space with components G&c.
Let us now consider the case of two channels c,
c', then unitarity implies the following relations'
between G&'s and z&'s:
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where gv and B» are given by
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The average reaction cross section (vcci) is de-
fined by

&.„,) =(v/f ')&IS,(E)l'),

where ( ) denotes an energy average~ and k~ is
the wave number in channel c. Even though it is
possible to derive an expression for &lScci(E) ')
with V a general unitary and symmetric matrix,
we shall not do this here, since our main inter-
est is in the resonance part of S(E). We there-
fore put the matrix V = &.

The energy average of
l Scca(E)l' using the rela-
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tions (2) is given by'

(5)

tions including the expression for the Hauser-
Feshbach cross section. Had we used this ap-
proximation in expression (5), we would have

ended up with the following expression for the av-
erage reaction cross section:

It is easy to show using the relations (2) that

the quantity Q&G&c'G&cI'/gp is real .Using an

earlier technique' to evaluate the sum in expres-
sion (5) when both I and N become large, such
that the ratio I/N remains constant, we find that

(tScc~(F)~') is given by

approx)
cc'

[in(1-r )][in(1-r )]

k ' [ln(1-T )]+[ln(1-T,)]c c cl
(10)

(/S (E))') = I-exp~ —— I, (6)

where D is the average spacing.
The next step in our derivation is to eliminate

the real quantities (G&c'), using the expressions
which connect them with the transmission coeffi-
cients. ' without the width fluctuation factor the
Hauser-Feshbach expression is written as

T T
c c

'=k *r .r,
C C C

To arrive at the corresponding expression in our
two-channel model, we take the probability dis-
tribution of Gpc nd p ndent of t"pc' This to-
gether with the expression for the transmission
coefficients and expressions (4) and (6) immedi-
ately give us the desired expression

[ln(i-r )][in(i-r, )]&c
ln 1-T +Ln 1-T

Table I. Average reaction cross sections based on
various models for the case of two channels c,e',

are the transmission coefficients for the chan-
nels c,c'. All cross sections are expressed in the
units of &/k~2. H.F.=Hauser-Feshbach, p.f. =picket
fence, approx =cross section based on the approxima-
tion which leads to expression (10), and M =present
model.

c T c H. F ~ p. f. Approx'

It should be pointed out here that expression (10)
is the same which was used by Gadioli et al. ' in
the hope that it will fit the cross sections better
for large values of the transmission coefficients,
since it can also be obtained by using the im-
proved relation'~6 between the transmission coef-
ficient and the ratio of the average partial width
to the average spacing in the well-known expres-
sion ~' for the average of

~
S cc~(E) P.

For small values of Tc and 7'c, expression
(8) reduces to expression (7) as it should, but
when T and T, approach unity, (cocci

.) ap-
proaches its maximum value of 0.5 in the units
of w/kc~ while both (sec~) and (acc t f ) approach

Before we discuss the results we also give the
expression for the average reaction cross sec-
tion using the picket-fence model. ' It is given by
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7he first remark which we would like to pass
here is on the approximation'~'0 of replacing

a 7r

1 ryD()l

(9)
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which is used in a number of theoretical formula-
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Table II. A comparative study of the Hauser-Fesh-
bach and the present model in the presence of many
open channels. H.F.= Hauser-Feshbach cross section
using expression (11),I=cross section based on the
present model given by expression {12), and T~~ =Tz«,
n =1 ~ 10

0.2

Oz

$g =05
h, 0.4

b
g 02

p.f.
M

H. F.

T ~
C

0. 1

0.5

~ ~C

0.01

0. 1

T
C

0.1

0.5

0 ~ 9

0.1

0.5

0.9

H. F.

0.03333

0.07143

0 ' 08182

0 ~ 031 25

0 ' 12500

0.18750

0.03500

0.07800

0 ~ 09 220

0.03867

0.17873

0 ~ 32573

009

0.07

T,=O. I p. f.
M
H. F. 0.5 0.5

0. 1

0 5

0.9

0.00893

0.04167

0.07031

0.00941

0 ' 05613

0.14852

0.90.7o 050. I 0.& 0.S
Tc

FIG. 1. Plots of the average reaction cross section
in the units of &jk& using the Hauser-Feshbach model
(H.F.), picket-fence model {p.f.), and the present mod-
el (M) for the various values of the transmission coef-
ficents.
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unity. This is allowed by the unitarity constraint
(~SooP)+ (~Soo ~')=l. It should be noted here
that the approach of (o ) to its maximum value
unity is much slower than (ooo~P f ).

In Table I we present the calculated values of
the average cross sections using the expressions
(7)-(10) for the various values of T, T,. A

comparison of the values calculated using the
approximate expression (10) with the ones given
by the correct expression (8) shows that the ap-
proximate expression overestimates the average
cross sections. In search of a better expression
for the average cross section when the transmis-
sion coefficients are large, Gadioli et al. ' had
tried to use expression (10) to analyze the heavy-
ion reaction data and had rightly concluded that
it overestimates the cross sections. For values
of Tc - 0.5, the values calculated using the cor-
rect expression (8) are not very different than

(o
CC

H. F.
)

7r T T,
C C

2 mT+T,+ P Tc c c' . Cn
'Pl = 1

and assume in analogy with expression (8) that
(oooo) can be written as

the ones given by the Hauser-Feshbach expres-
sion (7). This explains why the Hauser-Fesh-
bach expression fits the data nicely'~2 even when
the Tc's are not much less than unity. In Fig. 1
we have Plotted (oooiH F.), (oqq~), and (oqq'P' ')
for the various values of Tc, Tc.. A glance at
this figure shows that (o,) is closer to (o,H. F )
than (aooip I )for .a.ll values of To, Toi

It will be interesting to see how expressions
(7) and (8) compare when the number of channels
is greater than two. For m+ 2 channels we
write expression (7) as

(o,) =
CC

k
C

[ln(1-T )][ln(1-T, )]
C CI-exp

( [ln(1 T)]+[ln(1-T-,)]+ P [ln(1-T )]
n=1

(12)

In Table II we show a comparison of the values calculated using the expressions (11) and (12). Again
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we find that the agreement between the two sets
of values is fairly good for a wide range of the

values of T~'s.
I had an illuminating discussion of this problem

with Professor I . E. H. Trainor and would like
to thank him for his criticisms and suggestions.
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The differential cross section for the photodisintegration of the deuteron has been
measured at laboratory photon energies of 222, 254, 302, 342 MeV in steps of 10' be-
tween 20' and 160' in the center-of-mass system.

Recent speculations'~' have made it very desir-
able to check experimentally CP or T invariance
in the electromagnetic interactions of the ha-
drons. One possible test' of T invariance is to
compare the reaction

y+0 fl +P

with the time-reversed reaction

n+P -d+ y

in the region around the first resonance. The
reciprocity check in this energy region could be
sensitive to a breakdown of time-reversal invari-
ance in the yNN* vertex. The most sensitive rec-
iprocity test would presumably be a comparison
of the angular distributions of the two reactions.

The capture reaction is presently being studied
by several groups which are in the process of re-
ducing their data. The photodisintegration differ-
ential cross section in this energy region has
been measured by several groups. ' ' The agree-
ment between the two most recent photodisinte-
gration measurements is good at forward angles
but there is a definite disagreement at backward

angles, and the experiments contain only six to
seven points for each angular distribution. Ne
report here measurements in 10' steps between
20 and 160' in the center-of-mass system at
four energies from 222 to 340 MeV.

The experiment was carried out using the Stan-
ford Mark III linear accelerator. The momen-
tum-analyzed electron beam (AE/E = 0.5%) was
focused upon a copper radiator, 0.05 radiation
length thick. After passing through the radiator
foil, the electrons were deflected into a beam
dump, and the photon beam was collimated to 1-
in. diam and passed through the deuterium target.

The target cell was a vertical cylinder of 3 in.
diam with nickel-plated stainless-steel walls
(0.001-in. stainless steel, 0.0005-in. nickel).
The target was of the condensation type and con-
sisted of three such cells. The first was normal-
ly filled with liquid deuterium, the second with
liquid hydrogen, and the third was empty. The
intensity of the photon beam was measured by a
secondary-emission quantameter located behind
the target. The device was calibrated several in-
dependent ways and the reproducibility of the cal-
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