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AN EXTENSION OF THE VENEZIANO REPRESENTATION

Donald E. Neville
Temple University, Philadelphia, Pennsylvania 19122
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This paper extends Veneziano’s representation from nr—rw to IIII— NV, where I (V)
is a pseudoscalar (vector) SU(3) octuplet or singlet.

This note extends Veneziano’s representation
for the nm - mw scattering amplitude to I ~1IIV,
where II is a pseudoscalar octuplet or singlet and
V is a vector octuplet or singlet.!”® The SU(3)
structure proposed here for III1 -I1V can be justi-
fied by arguments largely independent of the de-
tails of IIIl - IV scattering (or of the Veneziano
representation for that matter). It is likely,
therefore, that this same structure applies to all
meson-meson scattering processes.

Because we choose to work with external parti-
cles having the same spin and parity as Venezi-
ano’s, our amplitude will have the same Lorentz
dependence as his; only the SU(3) dependence
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will differ:

_ By v, P, 0O
T_e;wpoe P1 P2 P3 A(s,tu). (1)

A is a scalar in Lorentz space and a tensor with
four subscripts in SU(3) space. We set

A= (E/W)[Wst—ﬁst)Bst

-(M_-M_)B

su " su su—(Mtu—Mtu)Btu]’ 2)

where the SU(3) subscripts (suppressed, for clar-
ity) are now on the M;j and M;j, B=const, and
the Bjj are the Euler beta functions chosen by



VoOLUME 22, NUMBER 10

PHYSICAL REVIEW LETTERS

10 MARCH 1969

Veneziano:

_L-a(s)ra-a)

B =" r-als)-al)

@)

We choose the M;; to have the same SU(3) struc-
ture as the quark-loop Feynman diagrams shown
in Fig. 1. (The M;; are identical to the M;; ex-
cept that the internal quark loops are counter-
clockwise.?) This choice is motivated by the
quark model, since each external meson disso-
ciates into a Q@ (quark-antiquark) pair [SU(3)
quarks, (33*)]. The “sides” of quark boxes Mj,
1171ij face toward channels 7 and j. This insures
that there are no 10, 10*, and 27 resonances (or
Regge poles) in the theory: For example, the
two beta functions with s-channel poles, Bgt and
Bgy, are multiplied by tensors Mg¢, Mst, Mgy,
Msy, all of which contain an intermediate 3 3*
state if cut in two by a horizontal line; hence

ina(s)

C(als) +alf)-1) i[l +e
L(a(s))C(alt) m

1

A=P sinTa(s)

In Eq. (5) the SU(3) tensors P(u;) project out pure
SU(3) state p; (= octuplet or singlet) in channel i;
and in going from Eq. (2) to Eq. (5) we have ex-
panded the tensors Mj;, Mij in series which de-
fine the scalar coefficients C;; and Cif® as fol-
lows:

M, =£Cst(ut)P(ut),
Mst=§séts(“s)})(us)’ etc. (6)

012 =012(ig) is the parity of P(ug) under the in-
terchange II, - 1II,; i.e., 0, =+l for ug=1 or 8 p;
0,,=-1 for pg =8 p. Similarly for 013 =013(up)-
The 0;; enter in because we have used the rela-

(st) (su) (tw)

FIG. 1 SU(3) structure of Mg, Msy, and Mz,. All
internal lines are SU(3) quarks. External lines 1234
=[IIvV.

=l (Eus—cus)P(“s) *

none of these contribute to SU(3) channels 10,
10% and 27. o

M;jj and M;j may be calculated by straightfor-
ward Feynman theory applied to an underlying M
- QQ vertex (M =meson), or one may use SU(3)
tensors, e.g.,®

b a.,c d
Mst_nla II3c Vd H2b ) @)

Mgy is identical to Mg; except for Iy —II,. The
various plus and minus signs in Eq. (2) are de-
termined by the Bose symmetry requirement of
total antisymmetry of A under interchange of any
two pseudoscalar mesons.®

It is straightforward to check that the asymptot-
ic energy, signature, duality, and superconver-
gence behavior of the original Veneziano repre-
sentation have been preserved. For instance, to
verify signature, one can manipulate Eq. (2) to
the form?

i1 —ima(t)

05l =
sinma(s) € ,;~CpPut)p. (5)

l tions

C o

%919C%us =Cs? 13 etc., ™

Cut™ Cst,
which follow because the tensors Mg,, M;s differ
by II, -~ II,, etc. Equation (5) is the generaliza-
tion to III - [1V of Veneziano’s Eq. (10). In the
7T —~7Tw case 0;5=-1 only, since 77 -7Tw admits
only the p trajectory. The present case admits
the even-signature A, trajectory as well.

The verification of superconvergence is like-
wise straightforward. In fact, one can show that

17 ’ ’
L ImBst(V , Hv'dy

(R)

= JLV ImBs ¢

W', v'av’, (8)
where Bst(R) (R for Regge) is that part of the
P(ut) term in Eq. (5) which comes from Bg;.”s°
Equation (8) means that the Bg; term is finite-
energy summable by itself: I.e., the summabil-
ity does not come from a conspiracy between Bg¢
and By, or By,. This is crucial, of course, be-
cause now the Bg¢, Bgy, and By, terms have
markedly different SU(3) structure and conspira-
cies are therefore impossible.

Similarly, the By, and By, terms must each be
superconvergent or finite-energy summable by
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themselves. By, contributes neither to ImA nor
to ImA (R), while Bgy, is superconvergent in the
sense that

LUImBSu(v', Hy'dv' = (const)Ua(t); (9)

i.e., the By, sum rule diverges one power more
slowly than one would expect from the asymptotic
behavior B, ~v®{l)=1.1° Note that Bg, must be
superconvergent near {=0 and not merely finite-
energy summable there because the factor Mg,
—Mg, multiplying Bg, contributes to ¢ channels
which contain no Regge poles.

We emphasize again that most of the above con-
clusions are independent of the details of the
Veneziano representation or the reaction IIII
—~IIV. If part of the s-channel resonant amplitude
is merely finite-energy summable at ¢ =0 rather
than superconvergent, then it must cross to only
1 plus 8 in the ¢ channel, besides being only 1
Blus 8 in the s channel, and the st box structure
of Fig. 1 is inevitable for this part of the ampli-
tude. Crossing symmetry (in the present case)
or the dynamical similarity of s, ¢, and « chan-
nels (in other cases) then demand (superconver-
gent, not just finite-energy summable) su and tu
terms in addition to the sf one.!! The simplest
assumption to make about the remaining nonbox
part of the amplitude at least for the present is
that it is identically zero. An SU(3) amplitude of
the form (2) is then the simplest possibility.!?

In the exact SU(3) limit the present formalism
demands nonet symmetry in a dynamically well-
motivated way, since deletion of either 1 or 8 in
any channel would destroy the simple crossing
properties of the model.

For production amplitudes with 5, 6, -+ - exter-
nal particles, presumably the quark square would
generalize to a quark pentagon, hexagon, «--.

The author is grateful to Dr. Jerrold Franklin
for several discussions and to Dr. Gabriel Vene-
ziano for introducing him to several of the refer-
ences mentioned in the footnotes.
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n
2 Tl@+2n+1)(dn+a +2)/T(2n +2)
n=0

=Tl +27+3)/T27a+2)(a+1).

Eq. (16) of Ref. 1 gives the sum over odd-J resonances.
gtrictly speaking, we should investigate the zero-

moment sum rules too because the ¢ channel now con-

tains both even- and odd-signature amplitudes. The

zero-moment sum rule for By, can be evaluated using

Eq. (0.151.1) of I. S. Gradshteyn and I. M. Ryzhik,

Table of Integrals, Series, and Products (Academic

Press, Inc., New York, 1965), and is well obeyed;
however, the superconvergence relation for Bg,, does
not converge as it should for « (¢) <1. This relation
might be better obeyed if “lower order” beta functions
were added to the simple form (3) {i.e., beta functions
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of the form I'lm—a )ITIn—a(t))/Tim+n—a(s)-a(t)],
m and/or n>1} because (a) the lower order terms are
more important at low energies which the zero-mo-
ment sum rule emphasizes, and (b) By, is more sensi-
tive to these corrections than is Bg;. In fact, fors
— o with @ (s)+a(¢) fixed, the so-called “lower order”
corrections to By, diverge faster than the leading beta
function. It is necessary to sum an infinite number of
them to get proper Regge asymptotic behavior. See
Stanley Mandelstam, Phys. Rev. Letters 21, 1724
(1968).

UThe tu box is just the real Regge term in nonreso-
nant channels, discussed by H. Harari, Phys. Rev. Let-

ters 20, 1395 (1968).

12Presuma.bly nonbox amplitudes would be required
when unitarity corrections would be incorporated into
the model, since the vacuum “trajectory” contribution
does not have the quark loop structure. Nonbox ampli-
tudes might also be required when the nonet symmetry
is broken to SU(2). Even in the SU(2) limit the finite-
energy summable part of the amplitude must have the
quark loop structure (with broken-symmetry quarks);
however, there could be appreciable nonloop correc-
tions (necessarily superconvergent) which shift reso-
nance positions and residues from their nonet symme-
try values.
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We show that the Hamiltonian suggested by Gell-Mann, Oakes, and Renner can be ob-
tained as a spontaneous breakdown of chiral SU(3)® SU(3) symmetry.

It has been recently suggested' ™ that the phys-
ics of strongly interacting particles can be better
understood as a breaking of chiral SU(3) ® SU(3)
rather than SU(3) symmetry. A specific model of
this breaking has been analyzed by Gell-Mann,
Oakes, and Renner.? The basic assumption is to
write the strong-interaction Hamiltonian in the
following form:

H=Hy+ euy=V2 ug), (1)

where H, is invariant under SU(3) ® SU(3), and
the scalar u; (=0, - - -, 8), together with the cor-
responding pseudoscalar partners v; (i=0,-.-,8),
belong to the representation (3, 3*) ®(3*, 3) of
SU(3) ®SU(3).

In this note we want to point out that Eq. (1)
may be understood as a dynamical breaking.
More specifically, we will show that SU(3) ®SU(3)
symmetry breaks spontaneously along the direc-
tion u,—V2 ug, and that an effective Lagrangian
function can be deduced containing a breaking
term which belongs to the representation (3, 3*)
®(3*, 3) of SU(3) ®SU(3).

Let us denote by £ a function which describes

the system of strongly interacting particles. It
may be the S matrix, or the Lagrangian, or the
Hamiltonian. Just for definiteness we shall call
it the Lagrangian, Let us assume that £ is fully
invariant under SU(3) ® SU(3). The occurrence of
a spontaneous breaking is equivalent to the exis-
tence of stationary points of £ other than the ori-
gin.* In order to show that, we have to express
£ as a function of the “fields.” To this purpose,
we introduce the “elementary” fields Ujv; (=0,
- ++, 8) which transform according to the repre-
sentation (3, 3*) ®(3*, 3) of SU(3) ® SU(3) symme-
try. They may be regarded as mathematical ob-
jects in terms of which one may construct the
representations of SU(3) ® SU(3) without neces-
sarily implying a physical interpretation for
them.

It is convenient to introduce the notation

to o o
w = A%
g Up g (@)
where
a_ 1 8 a a_ 1 8 a
UB -5 lg()\lui)ﬁ y VB g lzz_“,o()\v)B ,



