
VOLUME 22, NUMBER 8 PHYSICAL REVIEW LETTERS 24 FEBRUARY 1969
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A formal theory for the investigation of crystal surfaces by the scattering of particles
is developed. Expressions satisfying the condition of unitarity are presented for diffrac-
tion as well as one-phonon inelastic scattering, including the effects of surface bound

states. The possibility of detection of surface phonons by scattering of low-energy He

atoms from a cleaved surface is investigated.

The scattering of penetrating particles (neu-
trons, photons, electrons) has proved most use-
ful to investigate the structure and the elementa-
ry excitations of solids in the bulk, partly be-
cause it is amenable to a detailed theoretical
analysis in the Born approximation. We propose
to show in this Letter that the methods of quan-
tum scattering theory can provide a framework
for analyzing the scattering of nonpenetrating
particles and deducing information on the surface
properties of solids. We shall discuss specifical-
ly the scattering of light rare-gas atoms, such
as He, from perfect cleaved surfaces of simple
solids, such as LiF or Si, with the aim of study-
ing the surface-phonon spectrum. However, the
method applies as well to other particles, such
as low-energy electrons, and their interactions
with any kind of elementary excitation near the
surface (e.g. , plasmons).

We describe first the kinematics of the scatter-
ing process. A particle with wave vector p;, hav-
ing components P; parallel to the surface and Pz&
perpendicular to it, is reflected into the state of
momentum pf, with components Pf and Pzf. In
elastic scattering Pf = P;+ G, where G is a recip-
rocal lattice vector of the surface, and p =pf'.
Here, and in the following, the convention is that

Pz, must be negative and Pzf positive for an ac-
tual process. In one-phonon-exchange processes
(absorption or emission) Pf-P;=G+Q and (I'/2m)
&&(pf'-p ')=+@&(Q, &), where &(Q, &) is the fre-
quency of a phonon of momentum Q parallel to the
surface and label &. For surface (Rayleigh) pho-
nons' & is a discrete label, and knowledge of
and Q completely defines the scattering angles;
hence the measurement of energy and momentum
transfer for a given order of diffraction (i.e., for
a given G) is sufficient to give the dispersion re-
lation ~(Q, &) vs Q. For bulk or mixed' phonons
& is a quasicontinuum label involving the momen-
tum perpendicular to the surface, and for a given
energy the scattered beam exhibits a spread in
angles. If for the moment we assume that there
is only an acoustic branch, it is rather easy to

T, =exp(i6. )[ qi1V. ~6 +f .j,l 2 S 2
(2)

where N= mL/2& ~Pz~ is 7T times the density of
states for perpendicular motion (& is the size of
the quantization box), &fs indicates that the first

show that for a given energy transfer there is no

overlap in scattering angles for the three types
of phonons, and the well defined beam due to the
surface phonons is the most widely separated
from the elastically scattered part.

A formal theory of surface scattering can be
developed starting from the two-potential formal-
ism of Gell-Mann and Goldberger. 4 The total po-
tential ~ due to the scattering surface is divided
into a "large" part U of a simple form, and a re-
mainder ~-U to be treated approximately. In
our ease it is natural to relate U to (&), the ther-
mal average of ~ over the vibrations of the solid.
Usually ~ is taken as a sum of atomic potentials
V, each having Fourier transform & (Q, qz).
We define

U-(z)=Z f(dq /»)e'er:iq (z-z )JK l z z l

"l' (K, q ) exp(-&f(K)-&](q )),

where the sum runs over atomic planes paral-
lel to the surface and &l is the Debye-Wailer
exponent' for atoms in the 1th plane. e Then ( &)
=QGUG(z)eiG'R and we choose U= UG(z). The
eigenfunctions of U for outgoing wave (+) and in-
coming (-) boundary conditions will be denoted
by p' '; they are products of a vibrational wave
function for the solid, a plane wave for particle
motion parallel to the surface, and a normal wave
function y' '(Pz,'z). When Ugives rise to total re-
flection of the incident particles, g' (-pz, z) = e'~

'(Pz,.z), where e~~ is in fact the S matrix for
Uscattering. In the following we drop the label
(+) with the understanding that (-) and (+) are al-
ways associated with positive and negative Pz, re-
spectively. There may also be bound states, g&(z).

The T matrix for V scattering can then be writ-
ten
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term in (2) is present only for the specularly re-
flected beam, and tf; obeys the equation

t, =v, +Q v (E E-+is) it
2 C C C CZ

(3)

with vft=exp(-262)[xf' ', (V U-)y +'J. The reflec-
tion coefficient R is computed by averaging 4~&&

XI Tf2I2&(Ef-E, ) over initial phonon states and

summing over final phonon states, Unitarity re-
quires that the sum of R over all emerging beams
be equal to 1.

For very low incoming energies there is no
diffraction and only inelastic scattering about the
specular beam is allowed. To lowest order tf,
=vf; ("distorted-wave Born approximation") and
the reflection coefficient, upon keeping only the
one-phonon absorption terms, is found to be

tt(p, p. )=(22m/& pip, l)Q [n(Q, ~)/iv(Q, v)]le(Q, ~) (vU-) . I ~(@(p -p )/2m+Id(Q, v)).

Here Q=Pf-P;, p is the mass density of the
scattering material, n(Q, &) and e(Q, v) are, re-
spectively, the occupation number and the polar-
ization vector for the (Q, v) phonon mode, and

(VUQ)fi is the matrix element between X(Pzf' z)
and )t(Pzt, z) of the vector (2QUQ, dUQ/dz). A

similar formula holds for phonon emission. For
the actual calculations reported below we chose
a simplified potential of the form V(z-uz) and

computed the surface displacement uz in the con-
tinuum isotropic elastic theory with a Debye cut-
off. Then instead of (1) we have simply U(z)
= ( V) = f(dq/222) exp[iqz-1V(q)JV(q) and in (4) we
have only the z component of VU, namely dU/dz.
The physical meaning of (4) is then transparent.
The effective scattering potential is the expan-
sion of U(z-uz)-U(z) to first order in uz, since
hnl ez I /2piv is, in the classical limit, nothing
but the square of the amplitude of perpendicular
displacement of the surface due to the (Q, v)

mode of oscillation at thermal equilibrium. A

plot of the differential scattered intensity versus
scattering angle for helium on silicon is given in
Fig. 1 for a perpendicularly incident beam, when

V(z) is approximated by a step function.
To show the approximations to be made in a

more general treatment, we consider the case
when the only emerging elastic beams are the
specular beam s, and one diffracted beam g.
From (3) the approximate soluble equations are

t . = iN v t . +-Q v (E -E +is) 't ., .
S2 g Sggi S 2 2

t =v .-2N v t +Q v (E E+to) 2t-
gt gi S gs Si g 2

t.=v.-iNv t iNv t-
g ggi S SS2

where f denotes a continuum or bound state that
can be reached from i by the absorption or emis-
sion of a single phonon. After squaring and av-
eraging, vgi is effectively replaced by exp(i5, )
x (UG)g;, and similarly for vfg,

' while vfi will in-

which is the solution of (6) when diffrachon is ne-
glected. The sum over P in (6) represents a sum
over the phonon quantum numbers Q, & of the con-
tinuum states, while the sum over b is the con-
tribution from the bound states and can be great-
ly simplified by noting that the dominant terms
are those with &g -E;.

I 5

cjoy
m

X
1,0

Iij

Ct

05

BULK PHONONS

SURFACE

PHONONS

EMISSION ANGLE —6 [RADIANS )

FIG. 1. The inelastic scattering of a low-energy
(4 K) beam of helium which is incident perpendicularly
on a silicon surface at room temperature (300 K). The
differential scattered intensity dR(pf, pz)/d&f d&f is
plotted against scattering angle & for the absorption of
phonons of the Debye energy (eD= 658 K). The surface
phonon contribution is a 0 function of strength shown
by the straight line. There is no possibility of phonon
emission at this energy.

volve (V UQ)f; or (V UG+ Q)f; and similarly for
vfg and vsf. Equations of the type (6) lead to a
completely unitary treatment of diffraction and
one-phonon processes. ' For example, a reflec-
tion coefficient corresponding to Eq. (4) but sat-
isfying the unitarity condition is obtained by us-
ing

t, = v,]1+ N[Q N lvfi fi s p p sp

+Z lv ~l'(E.-E +t~)-'J)-', (6)
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Another important case is the possibility of dif-
fraction occurring resonantly in and out of an in-
termediate bound state &, of energy Ey =&; and
parallel momentum P;+G. Through solving an-
other set of equations similar to (5) we find that
the essential features of the specular elastic
beam are well described by

it is better to use nonnormal incidence so as to
increase the angular separation between elastic
and one-phonon beams, and there is really no
need to use an incoming beam of very low ener-
gy

Ne would like to thank Dr. F. O. Goodman for
illuminating discussions.

where f el= &, l (UG), b l' and &tot is I'el plus the
contribution of phonon scattering. The inelastic
ore-phonon absorption coefficient is similar to
(4) except that (VUQ)f, is replaced by (&Up)fi
+(&UG+q)fb(UG)bi/(Ei-Eb+if'tot). The general
case of several diffracted and several bound
states can be treated in a manner similar to the
simpler cases outlined above.

In conclusion, we have shown that surface scat-
tering can be treated by taking matrix elements
of the effective potential (l) between wave func-
tions of the smoothed average potential U. The
essential point is the introduction of the reduced
matrix t. These results generalize previous
treatments of surface scattering. ' The angular
distribution and intensity of the one-phonon scat-
tering have been computed as an example in the
simplest possible case. For actual experiments
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The theory of exciton-enhanced Raman scattering is formulated in terms of the scatter-
ing of polaritons by optical phonons via the exciton part of the coupled modes. The ex-
pression for the exciton contribution to the scattering tensor is given, within a constant
factor, in terms of the same parameters that determine the exciton contribution to the
frequency-dependent dielectric constant. The theory also provides a new mechanism for
the exciton contribution to the electro-optic effect.

Leite and Porto' have reported a marked en-
hancement of Raman scattering by LO phonons in
CdS at low temperatures (77 K) at frequencies
near the absorption edge, and have explained
their results in terms of Loudon's theory of res-
onant Rarnan scattering via electron-hole-pair

intermediate states. Birman and Ganguly' have,
however, pointed out that the creation of virtual
excitons dominates the resonance Raman scatter-
ing by LO to TO phonons and have interpreted
Leite and Porto's data on this basis. More re-
cent data' for CdS indicate that the ratio of the


