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resonance produces no noteworthy structure in
p. We have found that the behavior of ay above
ka = 0.6 is completely insensitive to a 10% varia-
tion in &0, and consequently, pT' is unchanged
above 0.33'K. However, a smaller yo produces a
larger p T' at lower temperatures. We also tried
y2= 3.92 and found that over the range 0.3'K- T
&0.5'K ITS is flat like the experimental data, but
its value is 10%%uo larger than for y, =2.22. An ex-
perimental determination of p at lower tempera-
tures would be useful in fixing the para, meters
more precisely.

We are indebted to Professor T. M. Sanders
for several discussions, and particularl. y fo: ern-
phasizing the importance of the +-wave reso-
nance, and suggesting the treatment of the l ~ 3
partial waves. We have also had beneficial dis-
cussions with Dr. B. Gyorffy and Dr. J. Lekner.
David Saul has kindly assisted us with the numer-
ical calculations.
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Using techniques developed in the quantum theory of the laser, we show that the fre-
quency of the radiation emitted from a superconducting tunnel junction may be pulled
slightly from 2eV/8 and present a physical discussion and numerical estimate of the
effect.

Recent experimental' activity has been directed
toward measuring the ratio of the electronic
charge to Planck's constant. The basis' for these
measurements is the observation that when a pair
tunnels between two superconductors maintained
at a potential difference ~, a photon is emitted
having a frequency ~ =2e Vjh. It is the purpose
of this communication to indicate a slight shift in
the frequency of the emitted radiation due to cavi-
ty pulling effects. Techniques developed in treat-
ing the theory of laser oscillators'~4 will be ap-
plied to this problem.

In our model we consider the junction to be at
absolute zero and to consist of two identical thin
films separated by an oxide barrier. When pairs
tunnel across the barrier they excite a single
mode of the electromagnetic field having an eigen-
frequency il and a bandwidth v/Q. In order to
maintain charge neutrality pairs must be removed

from one side of the barrier and added to the oth-
er by means of an external circuit.

We treat the problem as an exercise in nonequi-
librium statistical mechanics in analogy with the
quantum theory of the laser. The radiation-su-
perconductor system will be coupled to reser-
voirs which represent the effects of a finite cavi-
ty Q in the case of the field, while in the case of
the superconductors the reservoirs represent the
wires (of normal metal) which are necessary in
order to maintain charge neutrality. After dem-
onstrating the frequency-pulling effect, a simple
physical argument will be given which leads to
the same result. It is hoped that for the reader
not interested in the details of the calculation,
this latter discussion mill provide a satisfactory
physical explanation of the frequency pulling.

We now outline a, calculation' of the pulling ef-
fect. The state of the superconductors will be
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taken as that corresponding to strongly coupled
BCS states. In this limit the electronic kinetic
energy is neglected in comparison with the inter-
action energy between electrons. Furthermore,
we consider only the electron pairs within a nar-
row region (&F+&~D) of the Fermi surface. We
are interested in states of the coupled-supercon-
ductor system in which there are 4 excess pairs
on the left-hand side. As a result of the voltage
established by an external battery, the mean val-
ue of (&) is equal to the difference between the
mean number on the left, NL, and the right, Ng
The state of the superconducting junction will
then be represented by

I I)=2~a~ I &),

where ay is the probability amplitude for having
& excess pairs. We expect the state of the radia-
tion field to be very close to that of a pure coher-
ent state,

1 l

~
u) =Q [a (n! )

'
J ~

n)e

where o.'is a complex c number and
~ n) is an ei-

genstate of the photon-number operator. Through-
out this discussion we make the Ansatz that the
superconductor-radiation density matrix is of the
factorized form

p(t) =&(t)N'r(t),

where 0 is the density operator for the supercon-
ductor system and r =~ o.)(o.'~. While the factoriza-
tion Ansatz is quite adequate for the purposes of
demonstrating a frequency shift, it will be re-
moved in future publication.

The tunneling of a pair from left to right is ex-
pressed in terms of the spin operators6 as SLsg
The inverse process (from right to left) is given
by SgsLt. The operators SL and Sg are sums
over the individual pair operators

S = s
L, A P L, R

genfrequency, a~ and a are the creation and anni-
hilation operators for the field, ~L~ is the ~ com-
ponent of the spin operator for the left-hand side,
g is the coupling constant between the electron
pairs and the radiation field, and the operator ~
equals SLSg~. The total time evolution of the
density matrix is given by

p = (i/-~)[&, p]+ (sp/st)
cavity loss

+ (Bp/Bt)
wire

The cavity-loss term due to the leaking of radia-
tion out of the cavity is given by8

(&P/&t) . = =(v/Q)[a aP+pa a]
cavity loss

+ (v/Q)[apa ], (8)

where v/Q is the passive cavity bandwidth. The
effect of the wire in removing electrons from the
right-hand superconductor and placing them in
the left-hand superconductor is found' to be

(Bp/Bt) = —2A[ss p+pSS ]+A[S pS], (7)wire

where ~ is a constant which may be expressed in
terms of the dc current and other known parame-
ters.

Upon taking the superconductor states in Eq.
(5) we obtain an equation of motion for the radia-
tion density matrix in an interaction picture:

r = -iQ[a a, r J i(g/k)(-(s )[a,r]+(S)[a,r]}

—~(v/Q)[a ar+ra a]+(v/Q)[ara ], (8)
1

where

(S)= Tr(S&).

Likewise an equation of motion for the coupled-
superconductor density matrix is obtained from
(5) by taking the trace over the radiation:

where &L ~~ is the spin-flip operator which ef-
fectively removes a pair of momentum P from L
or R. The Hamiltonian for the superconductor-
radiation system in which the left-hand supercon-
ductor is maintained at a voltage' V while the
right-hand side is kept at zero voltage is

o = —i(2e U/5)[ S o JLz'

-i(g/k)J n[s, o]+ o.+[S, o]]

—,A[SS o+oSS ]+A[S oS],

where we have used the fact that

(9)

+AQa a+[2eUJS +g(s a+Sa )0 Lz (4)
o. = Tr(ar).

where Bo is the usual Hamiltonian for the right- We may obtain an expression for (S) as it appears
and left-hand superconductors, tt is the cavity ei- in Eq. (8) by multiplying Eq. (9) by S and taking
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the trace:

d(s)jdt = -i(2e V/5)(s)-i(g/8) u(t)A

+ (S)wire'
I"(&u-0)

v/2Q
(17)

In the present case v/Q greatly exceeds the rate
I', and Eq. (16) becomes

where

( a I. I.

Taking I' from (12) this may be written as

v= a) (v-/2Q) i((u O-)(I/2e)(N '-N ')
L

ware
r(s),

whel e

I' = (I/2e) (N '-N ').
L (12)

Using Eq. (7) it is found that to a good approxima-
tion the last term in (10) is given by

The physical content of Eq. (18) may be under-
stood in the following way. Consider an atom
(atomic frequency ~) to be placed for a time T in

a cavity characterized by an eigenfrequency 0
and a quality factor Q. The radiation emanating
from the cavity-atom system is then at a fre-
quency

The expression for I" is obtained by relating the
coefficient A as it appears in (7) to the dc cur-
rent. We separate out the high-frequency time
dependence of (S(t)) by writing

v= [-'(v/Q)~+ (1/T)&1[-'v/Q+ 1/T] ',

which for v/Q»T ' becomes

v = ~-(v/2Q)-'(&u-0) (1/T). (20)

(S)= iguhD-(v v), -
where

D(&u —v) = [i(&u-v)+ I']

(13)

Substituting Eq. (13) into Eq. (8) we obtain the
following equation of motion for the Josephson-
radiation density matrix:

(s(f)& = '"(s(i)&',

where the frequency & is the same as that of the
radiation. That is, the frequency of (S(i)) and the
frequency of the emitted radiation are locked to-
gether just as the frequency of the atomic polar-
ization and that of the electromagnetic radiation
are locked together in the laser problem. Noting
that (S(&)) is oscillating at a frequency v and con-
sidering the steady-state situation in which d(S(t))'/
dt=o, Eqs. (10)-(12) lead to the following deter-
mination of (S):

In the present problem electron pairs remain in
the left superconductor (like an atom in its upper
state) on the average for a time TL, = DjvL„where
&L is the mean drift velocity of pairs in the left
side and D is a characteristic dimension of the
superconductor. In analogy to Eq. (20) we would

then expect a shift of an amount

(21a)

However, the pairs then pass into the right-hand
superconductor (now act like an atom in its lower
state) and tend to pull the frequency in the oppo-
site direction. The pairs "remain" in the right
side on the average for a time Tg given by

T = D/v

where Ug is not the same as &L since there are
fewer electrons on the right-hand side carrying
the same current; therefore we expect a shift in

the opposite sense during this time Tg,
r = —iQ[a ta, r]+ (g/h) 6 v=~+(v/2Q) '(~-O)(1/T ), (21b)

&&( u+D+(m- v)[a, r]-uD(cv-v)[aT, r])

--,'(v/Q)[a~ar+ra~a]+ (v/Q)[ara~]. (14)

From Eq. (14) it may be shown" that in order to
achieve oscillation we must have

and the frequency & is given by

and the total frequency shift from (21a) and (21b)
is

v= (u-(v/2Q) '((u-Q)[ T '-T '].
L (22)

Now TL ' may be expressed in terms of the cur-
rent and the number of carriers on the left-hand
side as

v= [—,'(v/Q)(u+ I'n][ —,'vlQ+ r]-'. (16) T '= v /D = (I/2e)NL 8 L
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with a similar expression for Tg '. The fre-
quency (22) may then be written as

v = m —(v/2Q) '(&u —0)(I/2e) (N ~ —N ~), (23)

which is the result (18).
Finally, let us estimate the magnitude of the

frequency pulling,

v-v = (I/2e)[(N -N )/N N j((u-Q)(v/2Q)

For a current of 10 ' A, I/2e is of the order of
10' -10". The difference in the number of pairs
NI -N& may be estimated by knowing the capaci-
tance of the junction (C = 1 p, F) and the voltage
V (=10 ' V), to be of the order of 10' pairs. The
magnitude of Nl. or +g for a volume 10 cm' is
of the order of 10". From these numbers we find

v —&u = (l, -]0)& (&u —Q)(v/2Q)

so that if (~-&) is around v/2Q, the pulling would
be between 1 and 10 Hz. As Eq. (18) seems to be
very sensitive to the number of pairs on the
right- and left-hand sides, it would be interesting
to measure the frequency pulling for supercon-
ductive films of different thicknesses.

We would like to thank Professor L. W. Gruen-
berg and Professor P. C. Martin for helpful dis-
cussions, and Professor M. J. Stephen for colla-
boration on certain portions of this work.
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The attenuation of Alfven waves in bismuth can be analyzed to show the detailed varia-
tion of the relaxation time with magnetic field. For the example presented, which has
the magnetic field along the threefold axis, variations between 2.5&10 and 6.0&&10

sec are found around an average value for 7 of 4.3X10 sec.

The transmission of Alfvdn waves in bismuth
has been used in several laboratories to deter-
mine the effective masses and number of charge
carriers. '~ In addition, the attenuation coeffi-
cient of Alfvdn waves is directly related to the
carrier relaxation times r (which are, in gener-
al, tensor quantities). In this Letter we show
that in addition to average values for v, we can
obtain good numerical values showing the varia-
tion in 7 with magnetic field using data on the at-

tenuation of Alfvdn waves. This variation in 7
with magnetic field is, of course, responsible
for the de Haas —Shubnikov effect.

Numerical values of 7 in bismuth from Alfvdn-
wave experiments have been obtained by McLach-
lan' and Marsten and Kao. ' A theoretical study
has been performed by Brownell and Hygh. In
each of these studies it is clear that the relaxa-
tion times are not isotropic. In each of the pre-
vious studies only the average value of the relax-


