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the physical meaning of our procedure is clear
and above all, the remarkable simplicity makes
it valuable.
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We derive a formula for the matrix element (K| B“EFa“ |m) correct up to second order in
both the momentum transfer ¢ and the breaking of SU(3) ®SU(3) symmetry. This leads to
a prediction that £ is very small compared with unity. Our result is independent of any
assumption concerning the structure of the symmetry-breaking Hamiltonian.

It has become increasingly apparent that it is
interesting to discuss the strong interactions in
terms of an approximate SU(3) ®SU(3) symme-
try.»»? That is, it is meaningful to write the
strong-interaction Hamiltonian as H=H,+€H’,
where H, is SU(3) ®SU(3) invariant, H’ simulta-
neously breaks SU(3) and SU(3) ®SU(3), and € is
small enough that a perturbation expansion makes
sense. The symmetric limit (¢ =0) is to be under-
stood as one in which the octet of pseudoscalar
mesons is massless, allowing the axial-vector
currents to be conserved without requiring the
presence of SU(3) ®SU(3) multiplets of particles.
The practical advantage to adopting this picture
of the strong interactions is that an expansion in
powers of € provides a systematic way of keep-
ing track of corrections to SU(3) and partial
conservation of axial-vector current, since €H’
is responsible for both the mass splittings among
SU(3) multiplets and the small “extrapolation er-
rors” encountered in any application of partial
conservation of axial-vector current.

In this Letter we show how applying the above
ideas allows one to calculate some symmetry-
breaking terms in form factors for processes
such as K;3 decay. Specifically, we prove the

following theorem:

Theorem. — Let Fp#, b=1,+++,8, denote one
of the vector currents and IM,(p)), a=1,---,8,
a covariantly normalized pseudoscalar-meson
state with momentum p*. Further, let us ex-
pand the matrix elements of 9, & ! as follows:

K '
<Ma(.b)iaufrb (O)IMC(P ))
=a_+a,t+ta tie. .. (1)
0 1 2 ’
where ¢=(p-p’)®>. Then, it can be shown that
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where f 5. are the structure constants of SU(3),
m, is the mass of the ath pseudoscalar meson,
and f, is defined by the matrix element of the ax-
ial current between a pseudoscalar-meson state
and the vacuum,
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Before discussing the proof of this theorem,
we shall devote the next few paragraphs to a dis-
cussion of its theoretical and experimental im-
plications.

Adopting conventional notation, the matrix ele-
ment for K -7 +leptons is expressed in terms of
two form factors F,(f) and F_(t). In practice,
this matrix element is usually parametrized in
terms of two constants,

£= F_(O)/F+(0) and X, Emﬂz [dlnF+(t)/dt]t=0

The theorem quoted above provides one rela-
tion between £ and A, which is accurate to O(€?).
In a straightforward manner one finds it to be

[L__f_] Mgy

2/, f

o
III

X, +O(€). @)
m

If we take, as seems to be indicated by the en-
ergy dependence of K;3 decay, 1,~0.02 and f,
=1.3f;. (as determined by the ratio of K 12 ton w2
rates{{we find that the two terms on the rlght—
hand side of Eq. (4) nearly cancel, giving a (poor
ly determined) value for ¢ of ¢ ~0.1.

Experimentally® such a small positive value of
¢ is compatible with the observed K, 3/K 13
branching ratio, but it is in serious disagree-
ment with recent measurements of muon polari-
zation in K 3 decay which tend to give values for
¢ around -1. The discrepancy between these two
different types of experiments may be due to an
unexpectedly large ¢ dependence in F, or F_, or
to a breakdown of u-e universality (which would
require a complete change in our picture of the
weak interactions), or may cease to exist as
more experiments are conducted. In any case it
is crucial to know whether the value of £ is small
and positive or is around -1. Clearly if the val-
ue of ¢ is about -1, in disagreement with Eq. (4),
then we will have to reconsider either (i) the
whole idea of SU(3) &SU(3) symmetry or (ii) the
Gell-Mann-Cabibbo theory of semileptonic de-
cays, which relates the weak current to the (al-
most) conserved SU(3) &SU(3) currents.

There is an additional point worth making with
regard to the experimental situation, and it is
that Lee* has calculated the form factors F, and
F_ using a phenomenological Lagrangian pos-
sessing a broken SU(3) ® SU(3) symmetry. His
form factors (necessarily) satisfy our theorem,
and if one accepts his particular interpretation
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of the “vector-dominance” hypothesis, one pre-

dicts a rapidly varying F_; hence, one obtains a
possible explanation of the discrepancy between

the different measurements of &.

Another point worth making is that we can fur-
ther divide the symmetry-breaking Hamiltonian
€H'’ into €,H"” + €,H", where H” breaks SU(3)
®8SU(3) and SU(3) but not SU(2) ®SU(2) which is
broken by H”. This is an interesting thing to do
since the extreme smallness of the pion mass
leads one to suspect that €, «< €;. Neglecting
terms of order ¢, entirely one has the usual soft-
pion theorem of Callan and Treiman and Mathur,
Okubo, and Pandit® which can be written as

F m )+ F_(m,*)=f /f+ O(c)) (5)

to remind us of the order of the terms being neg-
lected. If one now considers Eq. (2), we see that
it gives us a relation correct to second order in
the total symmetry-breaking Hamiltonian €,H"”
+€,H"”. We can combine these two results to ob-
tain a result correct up to terms of order €,* and
€,€,. Assuming that ¢, is really small compared
with €,, this should be better than either Eq. (2)
or (5).

To do this, one simply changes the argument
of the form factors in Eq. (5) from z=mg? to ¢
=my?~m,°. As we shall show, one then has

F (m

o 2 2
m_ )+ F (mK mﬂ)

Efﬂ/fK +0(€,€,) + O(€,?). (6)

In order to show that Eq. (6) holds, one first ex-
pands in powers of €, and €, using the fact that
F,(0)=1+0(e,?) + O(€,?) + O(€,€,). A comparison
with Eq. (2) then shows that there are no errors
of order ¢, or ¢, in Eq. (6). On the other hand,
Egs. (5) and (6) differ only by terms of order ¢,
[remember m, ?=0(c,)] and, therefore, Eq. (6)
cannot contain terms of order €,% which givesthe
result that it is accurate to €,¢, and €,2.. Unfor-
tunately, the point ¢ =mg?-m_? is outside the
physical decay region; so in order to test Eq. (6)
one will have to use some model to extrapolate
the form factors.

Let us finally turn to the proof of our theorem.
Since the result for a, in Eq. (2) is just the Ade-
mollo-Gatto theorem,® we need only concern our-
selves with the calculation of a, up to terms of
order €2

The essential point in this calculation is that
the pseudoscalar mesons dominate the diver-
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gences B“Sa“5 of axial-vector currents except for symmetry-breaking terms of order €. As a result
one can write

[dxdty P %Y 0 |T(a)\sa5X (x)BOEFCSO(y)auEFb“(O)) 0)

1 m 2 m 2

_ a b
2__ 2 2_,., 2

i 7 (P-m D) (p7-m )

n , 2
<Ma(1>)l 8,5, )l M _(p")+0(€), (7

where the right-hand side is the on-mass-shell matrix element considered as a function of /= (p—p")>.
The reason that the correction terms to this expression are of order €? is that the divergence of the
vector current 3“8’ pt is itself of order €, and this multiplies the terms of order € coming from the
corrections to pole dominance.

Having established Eq. (7) one simply follows the standard procedure of integrating by parts, re-
placing the derivatives 9,, 98, and Bu by explicit factors of momentum. This procedure leads, as is
usual, to a long string of equal-time commutators. Fortunately, not all of the resulting terms are
relevant to our result, since we are only interested in the coefficient a, as defined in Eq. (1). Effec-
tively, this means that we may ignore any terms in the expansion of the right-hand side of Eq. (7)
which are independent of ¢ or of order £, etc. Also, since we are free to take p%=p'2=0 in Eq. (7) we
can ignore terms which vanish at this point.

If one uses these facts and works through a considerable amount of algebra one finds that the rele-
vant part of the time-ordered product appearing in Eq. (7) contains only the terms

. 1ag AO ot . 1n s AO . ,
—t abcpxpo Mc (=", —chbap)\po Ma (p), HNacb(p_p ); ®)
where we have defined
Y 4 +iq- 5\ 5
6 M @)= [d xe TN 0|TE P (05, 0))]0) ©)
and
4 iq-
N (@)= fd*x ™ x(OIT(Zac(x)a ufrb“(o))|0> (10)
with
_ 5u 50
za:ac(x)-a(xo)[a#sfa (x), g, 0)]+a-b. (11)

In obtaining Eq. (8) we have assumed that all time-ordered products are redefined so as to be covar-
iant in order that we may ignore Schwinger terms. To complete the proof, we need only note that
since auffa“ and Zgp are both of order €, the term N,qp is of order €? and thus can be ignored. We
may now determine the coefficient a, in Eq. (1) if we know the constant C, in the term MauV(O) = Cagu v
Evaluating C, is easily enough accomplished by writing

187 2 4 4 +igex 5u 5v .
= = |d T®G F -
a,aM,""@=Cq +0(q )= [d xe (ol ( JFo 0 @e g o)l 0|z (0)[0). (12)
Noting that to order € the 7 product is dominated by its meson pole we get
+im 4

4y = a : 2
Caq2+ O(q )_ (qz_maZ)(zfa)Z _Z<0 IZaa(O) IO>+ O(6 )- (13)

Finally equating coefficients of ¢* in Eq. (13) yields C,= —i(2f,) ™%+ O(e?) which, together with Eqgs. (7)
and (8) gives the value of a, quoted in Eq. (2).
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Relations between coupling constants derived from the Veneziano amplitude for 7K
—pK, combined with a previous result, allow us to predict the (observed) suppression
of the KK decay mode of the A, meson.

In a recent publication® we have obtained several results pertaining to the decays of various mesons
within the framework of the Veneziano model.? One of the results [Eq. (8’) of Ref. 1] was predictive of
the decay rates of the spin-2* A, meson®:

= 2
I‘Az_.p”I‘Az__m-Z'YOO;t 1100 MeV?2, 1)
In this Letter we extend the considerations of Ref. 1 to include K-mesonic systems and are thereby

able to present a more comprehensive picture of the decay systematics of the A, meson.
We consider the process

b
K(py)+7" () ~K(bg) +p (D) @)
described by the amplitude
ba L.V A b b -
M=, oy AT A, ), 3)

where A® permits the Veneziano representation

w [ T-a,(s) r-a, @) ]
A (s, t,u)=pT(1-a(t)) I‘(2—ozK*(s)—a(t))ir‘(z-aK*(u)—oz(t)) .

(4)

The su term is absent in order to eliminate any I =3 resonances. a(t) denotes (quasi) degenerate
p-w-f°-A, trajectory5 [a(t) > 0.50 +0.9¢] and ag *(s) denotes the degenerate K*(890)-Kx(1420) trajec-
tory [ag*(s)=0.28 +0.9s].
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