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INELASTIC EFFECTS IN LOW-ENERGY ELECTRON DIFFRACTION
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The systematic inclusion of inelastic effects in low-energy electron diffraction leads
to (1) broad (10- to 20-eV) peak widths, (2) asymmetric peak shapes, and (3) low reflec-
tivities. A connection between the "dynamical" and "kinematic" approaches to diffrac-
tion theory is developed.

The diffraction of low-energy electrons by
crystal surfaces is a wid ly used experimental
technique for studying surface properties and
has recently stimulated considerable theoretical
attention. ' ' Of particular interest is the spec-
trum of the elastically reflected beam intensity
as a function of the incident-electron energy.
Previous approaches to this problem generally
have considered elastic scattering alone, solving
the boundary value problem by multiple- scatter-
ing or wave-matching approaches. These inten-
sity calculations predict peak widths which cor-
respond to the band gaps in the bulk material,
i.e., of the order of 1 eV. These predictions are
in marked disagreement with experimentally ob-
served peak widths' (10-20 eV) and the discrep-
ancy has remained in spite of ad hoc inclusion of
inelastic-scattering effects by the addition of
small imaginary parts to the phase shift' or to
the Fourier components of the crystal potential.
This Letter reports model calculations of elec-
tron reQectivities which include, for the first
time, the effect of inelastic processes in a sys-
tematic way. The absolute reflectivity appears
as a quantity of the first importance, and our
conclusions are consistent with reflectivities of
the order of a few percent or less. The results
explain the large discrepancies in linewidth be-
tween experiment and current theories and sug-
gest that appropriate modifications to the latter
will remove this variance.

A formalism derived by Yoshioka in a calcula-
tion of inner-potential corrections in high-ener-
gy electron diffraction may be adapted to the
present problem.

The interaction H'(r) between an electron at
position r and the system of electrons and ions
constituting the crystal is

2 Z e
(I)

where rj is the coordinate of the jth electron and

Ry that of the kth nucleus. The effective Hamil-
tonian for the incident electron may then be
written

H = T +H~'Qr + Z, (2)

In this equation H„0'[K]= JH„0'(r) exp(-kK r)d~r,
g and h are reciprocal lattice vectors, and q is
the wave vector of an intermediate electron
state. Matrix elements of the effective one-elec-
tron periodic potential are taken between the
ground state ~0) and excited states ~n) of the crys-
tal, and the integration is over all values of q.
The real and imaginary parts of this potential
correspond to virtual and real inelastic process-
es, respectively. If the interaction between the
incident electron and the ions is neglected in Z,
Eq. (3) is then the self-energy of an electron in-
teracting with a uniform electron gas. ' Band-
structure effects in many-particle systems pre-
sent severe computational difficulties and approx-
imations in the present work have utilized recent
advances in calculations of electron self-ener-
gies in an interacting uniform electron gas.

The reflection coefficient of an electron inci-
dent on the surface is found by matching the log-
arithmic derivative of the electron wave function
at the surface to the same quantity inside the
crystal. Calculations using this method have

where T is the kinetic-energy operator and

H~ (r) is the effective one-particle periodic po-
tential obtained by averaging over the ground
state of the crystal. The additional term Z is a
nonlocal potential or integral operator, whose
Fourier transform may be written, to second or-
der, by
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been carried out by Kronig and Penney' and by a
number of authors subsequently. The wave func-
tion inside the crystal is usually expanded in
plane waves and the one-electron crystal poten-
tial takes some suitable model form. The first
model we discuss, in which the potential is sim-
ulated by a linear array of delta functions, ' may,
however, be solved exactly and is free of trunca-
tion error s. Electron- electron scattering pro-
cesses are included by adding to the crystal po-
tential the energy- and momentum-dependent
self-energy for the appropriate value of r~, as
calculated by Lundqvist' for the uniform electron
gas within the random-phase approximation. The
one-dimensional calculation has been performed
using values of rz and lattice constant appropri-
ate to zinc. Reflectivity behavior for two values
of Vg, proportional to the strength of the delta
function, are shown in Fig. 1. Several features
are immediately apparent: (1) the broad peak
widths, (2) the asymmetric peak shapes for
small values of V, and (3) low reflectivities.
The peak widths and reQectivities are compar-
able with those obtained by Lander and Morri-
son' and by Baker, Blakely, and Strozier. "

In Fig. 2, the width of the 138-ev peak is plot-
ted against Vg. For large values of Vg, the
crystal potential dominates the scattering and
the peak width varies linearly with the potential
("dynamical region"). For very weak potentials
(and correspondingly narrow "dynamical widths"),
the peaks are again very broad and take the fa-
miliar "cosine- squared" kinematic shape. In the
intermediate region between these two limits,
where lifetime effects are important, the abso-

lute ref lectivity is a more sensitive probe of the
scattering mechanism than the peak width. In
the region of very low reflectivity (below the
nose in Fig. 2), the experimental widths (typical-
ly 10-20 eV) imply that the corresponding dynam-
ical widths and hence the Fourier coefficients for
electron scattering are of the order of an elec-
tron volt. This observation shows that the dy-
namical calculations' ' are consistent with large
peak widths, provided that the large inelastic
scattering is included. For incident electrons
whose energy is less than the plasmon energy
(-10 ev), inelastic processes are relatively un-
important. Scattering at these energies is es-
sentially dynamical with correspondingly large
reflectivities and widths which more closely re-
flect the band structure.

The intensity curves always lie inside an en-
velope which corresponds to purely elastic scat-
tering and, in this sense, our results are con-
sistent with the observation of McRae' that the
introduction of inelastic scattering does not alter
the base widths of the peaks. If appropriate elas-
tic scattering is taken and the imaginary part of
the potential increased from zero, the reflectiv-
ity decreases uniformly, though the full width at
half-maximum changes, at first, very little.
For the imaginary parts used in the present cal-
culation and the corresponding very low reQectiv-
ities, however, the width so defined is much
greater than the dynamical width.

Lifetime effects play a much more significant
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FIG. 1. Reflectivity as a function of incident-elec-
tron energy for V&=8.2 eU (full curve) and V&=1.37 eU
(broken curve). Note the change of scale. Upper fig-
ures on ref lectivity scale refer to full curve.

FIG. 2. Potential strength V& plotted against width
of 138-eU peak. The straight line through the origin
corresponds to the width to be expected from a purely
dynamical theory.
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role than polarization effects, which produce a
weakly k-dependent energy shift in the present
model. Peak broadening may occur in a dynami-
cal theory as a result of spatial variations in the
real part of the self-energy. To estimate this ef-
fect, we have computed the Fourier transform of
the polarization potential of a periodic array of
sodium atoms. " For energies usually consider-
ed in low-energy electron diffraction the effect
is negligible, though for very low energies ((10
ev) it may be important.

The basic results of this calculation also hold
for the case of a more realistic three-dimension-
al potential. In particular, the low-energy elec-
tron-diffraction dynamical calculations reported
previously' ' may readily be modified by the in-
clusion of an energy- and momentum-dependent,
spatially homogeneous self-energy. " This con-
clusion is supported by preliminary results from
a calculation in which the wave field inside the
crystal is expanded in terms of Bloch states of
complex momenta and matched to a linear com-
bination of plane waves outside. '~

The emphasis placed in this Letter on absolute
reflectivity has important consequences for fu-
ture experimental work. There are at present
very few published data of this nature.
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