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Hard-meson partial conservation of axial-vector current and partial conservation of
vector current are imposed upon the Veneziano amplitudes. It is seen that these deter-
mine inelastic amplitudes (e.g. , 7|7)--mAi, etc. ) in terms of corresponding elastic ampli-
tudes (e.g. , 7(m -n7t). Mass formulas for the &and 6meson, equality of many trajectory
slopes of either normality, and mX scattering lengths are obtained, in good agreement
with experiment:

Several authors' have recently combined Veneziano's original formula for scattering ampltudes' with
the Adler soft-pion condition' to obtain several interesting new results. These include a number of
mass formulas and the equality of slopes of Regge trajectories of opposite normality. In this Letter
we wish to make use of the field-current identities to obtain hard-meson partial conservation of axial-
vector current (PCAC) constraints on the Veneziano amplitudes. We find the Veneziano amplitudes in
general consistent with these continuous PCAC constraints. In this way we obtain several new mass
formulas (e.g., for the 5 and x mesons) and equality of slopes of trajectories which do not necessarily
have opposite normality, all in good agreement with experiment. In addition, the hard-meson tech-
nique gives a complete determination of decay amplitudes such as A, -3m, KA - 2~+K, etc., and af-
fords a natural explanation as to why inelastic forward amplitudes for processes such as mm -mA, van-
ish asymptotically. ' A number of coupling constant relations are also obtained.

As a prototype of our method we consider the m-A, system. The field-current identity for the axial-
vector current Aa&(x) reads'

A (x)=g a (x)+E 0 w (x), (1a)

which yields the PCAC condition

(- +m )w (x)=g (S' ) 0 a (x).
2 2 -1

a A m p a (1b)

The Feynman amplitude for the process wa(P1) +Alp(P2) -wc(P3) +wd(P4) for an off-shell A, particle
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(all other particles on the mass shell) can be decomposed into its invariant amplitudes as

(abed) ' 1(abed) 2(abed) 2 3(abed) '

where c (p2)T& is the corresponding on-shell amplitude for P2'=-m~'. Equation (1b} now yields

[2F m g ]T (s t u'P ) =(t+u-2m )E -(t-u)F +2P [E +F ],
2 -1 (I) 2 2 (I) (I) 2 (I) (I}

m A A. 7T 1 2 2 1 3
2

where T(f}(s, t, u; p, } is the corresponding off-shell vs- mv amplitude. The Lovelace-Veneziano sw

-mm amplitude for I=2 is'

I'(1-a (t))I"(1-a (u))
p p

2 2 I'(1-a (t)-a (u))
P P

(2)

(3)

(4)

The absence of doubly-charged mesons and satellite terms in the Veneziano formula implies that the
t —u antisymmetric amplitude F,~" vanish. Equation (3) then yields

I'(1-a (t))I'(1-a (u))
(2) 2 2i P pE. (s, t, u, P2 ) 0(—P2 I

P P

where

P (P ') =-P (P ') =[2m 'E u ']a 'P (P '); a '=(2m '-2m ')1232AgApg2'pp
The slope condition is, of course, the same as found by soft-pion methods. ' In addition, however,
the hard-pion method has completely determined the mA, - mm amplitude in terms of the ww-mw ampli-
tude. ' We note that one of the two independent amplitudes that arises in a general mass-shell analy-
sis of e&T& has been evaluated to be zero. The strictness of the Veneziano form is further indicated
by the fact that while in the general Ward's-identity analysis' one can only determine the mm -mm am-
plitude in terms of the divergence of the mA, -an amplitude, here one may invert the relation and
solve for the full wA, -mm amplitude.

One may straightforwardly calculate the A,pm couplings in terms of the pmw coupling from the above.
Defining the vertices (with all particles on the mass shell) by

&[&I" (p+~)-pb (p)+s (e)l=«b [n" G +(2E ) (I-~~)q"e'],

Z[p (k +k )-v (k )+s (k )]=~ (k -k ) G (7b)

one finds Ag =1 and Gst44=2m~'Es(~) 'Gpss, w ere A~ is the A, anomalous moment. '0 From Eq.
(3) we /so see that Et goes asymptotically as u p (rather than the maximally allowed behavior"

t)-1
of u P ) and hence automatically vanishes in the forward direction.n t

We consider next the gX- gK amplitude and its connection to the gKA- mK and mK-A, K amplitudes
through the partial conservation of the strange and nonstrange axial currents. If we let T(f) be the iso-
topic amplitudes for nK elastic scattering, then the absence of satellites and of I= 2 poles leads to"y"

T(x/2& [3y y ]st ut '

y(3/2) 2 yut'

(8a)

(8b)

where
I'(1-a (s))I'(1-a (t))

Vst I'(1-a (s)-a (t))KQ p
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The off-shell mK-A, K and rKA —mK amplitudes may be written as'

' =q TI+Q T +P T,

T =0 G +K G +P G,(KW)
1 p 2 2)LL 3

and the two PCAC conditions relate these to the mK elastic amplitude according to

(10a)

(lob)

Equations (8)-(11) then determine the inelastic amplitudes in terms of the elastic ones. Thus the If
=0 amplitudes are

T '0'=c (8 +8 ), T '0'=c (& -I3 ), T ''=0,
1 1 st ut ' 2 2 st ut ' 3

G "'=g (& +& ) G "'=g ( — ),1 1 st ut ' 2 2 st ut ' 3

(12a)

(12b)

where Vst = b-aK*(s)--ap(t)&st and

c =c =(6a ')'"(E m&'g& ')y,
1 2 p g A A

(13a)

g = g =-(6a ')'"(E m 'g ')y. (13b)
p K KA KA

In addition, the K* and p trajectories must obey
ap(ms ) + aK ~(mK') = 1 = ap(mK') + aK*(ms')
which implies

a '=a '; a (m ')=a (m ')=~.K* p
' K* K p n

(14)

Equation (14) predicts mK~ = 905 MeV in excel-
lent agreement with the experimental value" of
891 MeV. The slope relation aK+' = ap' is fur-
ther verlf. ed by noting that it pred cts a JP = 2+
"Veneziano recurrence" at 1392 MeV, in good
agreement with the KN(1420) mass. If one nor-
malizes y of Eq. (8) to give a K* width of 50 MeV,
one obtains for the S-wave mK scattering lengths
the values a1=0.25m ' and a3=-0.098m ', in

2 . m 2.
good agreement with the soft-pion current-alge-
bra values" of aI =0.26m~ ' and a 3 = -0.13m

2 2
and consistent with the present data. " With this
normalization, one also finds I'(K~(1420) -Ks)
= 50 MeV in excellent agreement with experi-
ment" (=49 MeV). Equations (12) and (13) deter-
mine the complete KA -2m+K and m+K-A, +K
amplitudes. In particular, one may relate the
residue of the K* pole to that of the p pole to
yield the relation (GK*K„)'= (—,')Gp„sGpKK a re-
sult that also follows from SU(3) invariance, and
agrees with experiment to within about 10%.

We consider next sx elastic scattering (where
z is the I= 2, 0+ meson). If in addition to pion
PCAC one also assumes partial conservation of

vector current (PCVC), i.e., that the divergence
of the strangeness-changing vector current is
proportional to the x field, then one may deter-
mine the AyK m~ and m~ —m'K* inelastic ampli-
tudes in terms of the w~ -n~ amplitude. We as-
sume, as usual, that there are no satellites and
no I= 2 resonances and use the K~(1320) trajec-
tory in the s and u channels and p trajectory in
the t channel. The two partial-conservation laws
then imply that aKA' = ap' and the mass formula
mz' =m~'-mp'+m&'. The latter yields mI(
=1095 MeV in agreement with the present experi-
mental value" of 1100 to 1200 MeV.

Pion PCAC a.llows one to relate nq-A, q ampli-
tudes to elastic mq scattering. Assuming the
5(962) trajectory in the s and u channels and the
v trajectory in the f channel, "one finds (in ad-
dition to determining the inelastic amplitude) the
results a~(ms') =-,' = a6(m&') and a6'=ac'. (The
last relation follows only from the hard-meson
PCAC and cannot be obtained by soft-pion tech-
niques. ) This leads to the mass formula m6'
=mp -m '+m &' yielding m g = 935 MeV, to be
compared with the experimental value' of 962
MeV. One may also calculate the S-wave scat-
tering length for the mg channel. Assuming" j. g
=60 MeV we find a0= 0.011m' '. (The soft-
pion value for ~o is zero since g is an isoscalar. )

Lastly, one may check on the self-consistency
of our model. Thus the mm -mm amplitude re-
quires certain constraints among the trajectory
and residue parameters which affect the vcr-mo
amplitude where some of the same vertices oc-
cur. These consistency requirements are satis-
fied. Thus the Veneziano amplitude for mo-mo.
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reads

T =g [V(a (s), a (t))+V(a (u), a (t))

+V(a (s), a (u))],

where for convenience we have normalized as(ms')
=1. One may now determine the mv-A, O ampli-
tude by PCAC [which also implies a&'= ao'
=(2mo'-2m„') ']. From this one may calculate
the A,~o coupling in terms of the mmcr coupling
which turns out to be identical to the relation ob-
tained from the ws-Ap amplitude of Eqs. (5) and

(6). (We also find Gsso ——
Gonzo. )

In conclusion, it appears that the partial-con-
servation laws for the m, K, and K particles give
results for mass formulas and trajectory slopes
in good agreement with experiment. Vfe should
like to stress, however, the power of the PCAC
conditions when combined with the Veneziano
forms as functional equations for determining in-
elastic amplitudes. The simple models we have
considered here with no satellites present appear
to be approximations containing various amounts
of SU(3) and chiral symmetries. For the true
physical amplitudes, the f and A, and the v and

p are not degenerate; or, more drastically, I'~
=150-300 MeV and not ~I'p as predicted; Xg is
not 1; SU(3) couplings are not exactly valid, etc.
(In addition, for KK, t)q, and nq amplitudes, the
simultaneous imposition of PCAC constraints on
all external legs proves impossible with only a
single trajectory per channel and no satellites. )
However, SU(3) and chiral invariance are in fact
a reasonable zeroth approximation, which sug-
gests that it should be possible to obtain more
realistic amplitudes with only small modifica-
tions of the ones considered here (and thus main-
tain the good results obtained from the simple
models presented above). A discussion of some
of the modifications needed to obtain more real-
istic amplitudes will be presented elsewhere.
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