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The electroproduction function Fy(—v/4?), defined as the limit of the structure function
W y(g?, v) for v —, v/4? fixed, is experimentally observed to approach a constant for
—v/q* —=, We derive this result from an integral representation of the scattering amp-
litude and the assumption of Regge behavior for the limit » — =, ¢ fixed.

Bjorken' has recently shown that the electroproduction structure functions® W;(k, v), i= 1,2, defined

» . v vg 7.4
2—?'—/d4xe7q "<pl[J#(x),JV(o)]lp>=<pu——K“><py— %)Wz- <gw- ” ")wl, (1)

by?

are expected to have simple behavior in the limit*
kK=o p=-v/k fixed. Bjorken derived

LimuW,(k, v) =F,(p), LmW, (k, v)=F (p), (2)
A A

where the limits satisfy 0 < F;(p) < <. Present
experiments® are in agreement with (2) and, fur-
thermore, indicate the a priori rather surprising
property

F,(p)

p_‘mconst#O. (3)
In this note we shall present a derivation of (3)
and estimate the value of the constant. The es-
sential idea is to relate the A limit to the Pom-
eranchuk-dominated Regge limit® v—~, k fixed.”
The derivation is not rigorous, but is valid in the
absence of pathologies.

Current Regge-pole theory® implies

a-2 o
Wz}—z’wg(l()l/ , Wx'R‘")x(")V

b

where « is the £=0 intercept of the leading appro-
priate Regge trajectory. Assuming that the Pom-
eranchuk trajectory with @ =1 dominates, we have

W, 'ﬁwz(")"—l, (4)

w, -ﬁwl(x) v, (5)

where w;#0.
Our essential assumption is that 7, satisfies the
Deser-Gilbert-Sudarshan (DGS) representation®
o 1
Wy(k, v) =f0 daf_ldb Kko,(a, b)
X8(k+2bv+bi-a)e(v+d).  (6)
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We assume that the spectral function o,(a, b) van-
ishes rapidly for large a but that it may be singu-
lar at 5=0. We shall always take v> 1 so that we
can put €(v+5)=1 in (6).

In the A limit we find

K 1
VW,—Z -z-fda Oy (a, Eﬁ;) .
Thus, in order that the limit be finite, we must
have

Jdaoy(a,1/20)=0. )
Then (6) gives
1 1
Wy = = Z’gfdaog’<a,2—p)a = F,(p), (8)
where

0,'(a, b) =80,(a, b)/db.
If 0,’ were finite at 6 =0, we would have

?

p-vm

Fyp) =2 - 4—2 [ daoy"(a, 0)a.

To see if this is possible, we calculate the R
limit of (6):

K a=K
A 2Vfdao,<a, - ) )
We now take v> —k> 1 so that, since o, is as-
sumed to vanish rapidly for large a, we can as-

sume that —a/k « 1 inside the integral. Then,
using (7), (9) becomes

K ’ LS
Ya i 4»’]“"’ ("" 2u)“’
v> —-k>» 1. (10)
Thus, ignoring possible difficulties at »=0, we
find

? K
W,-ﬁmfdao,’(a,O)a. (11)

Since this violates (4), we must conclude that
0y’ is singular at 5=0. It must, in fact, diverge
linearly to account for the extra power of v~!
in (11). Therefore we can write

0,'(a, b) =ola)b~*+ 1(a, b), (12)

where 7(a, b) is less singular at 5 ~0 than 5.
It then follows from (7) [which implies [da0,(a,
b)=0] that both

Jdao(a)=0 (13)
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and [da 7(a, b)=0.
Insertion of (12) into (10) gives

1 =1
W,-E— 7y fdao(a)a—wzv s

v>=-k>1. (14)

Thus we are now consistent with (4) and find that
wy(K) ~w, is independent of k for large k. We can
find w,(k) for general « by integrating (12) to ob-
tain

0,(a, b) =0(a) Inb + nla, b), (15)

where 7 is less singular at ~0 than Inb. Substi-
tution in (9) gives, in view of (13),

K

W, 5 Z—Vfda o(a) In(a=—kK) =wy(k)v =2, (16)

This reduces to (14) for large k. For use below
we define here the photon amplitude

ﬁ/‘z(v) == lim k"'W,(k, v)
k=0

and find from (16) that

- _L s
Wz(")jz” 30 fdao(a)lna_wzu .

We now return to (8) and use (12) to find

F,(p)

== -1 [daola)a =w,,
which is the desired result (3). Although it is
conceivable that w, =0, we shall indicate below
that this is not the case. Thus (3) will be satis-
fied in any theory obeying Bjorken behavior (2),
Regge behavior (4), and the representation (6)
with a rapidly decreasing spectral function.

We can obtain a rough estimate of w, as fol-
lows. We assume that the ¢ integrations are ap-
proximately saturated near some effective squared
mass a,. Then

Jdao(a)1na = [daola) [lnao+ a=ay, ]
Qo

~q,~! [da o(a)a,
using (13). Thus we have
Wy Zwaa, "t
Now the total 1p cross section cy(v) satisfies

- -
— 41rzaw2— 41r301w2a0 .

oy( v)

Taking a,}’2 to be the p mass and using 0,()
~120 ub,' this gives w, ~0.6, in rough agree-
ment with the experimental® value ~0.35 in view
of the uncertainties in our choice of g, and oy (o).
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The above procedures can be applied to W, in
exactly the same way. The representation is'*

W, (k, v)
= _[dadb[vol(a, b) +5,(a, b)16(k + 2bv+ b?=a),

and we find

Rw L0y, w (k) ~w, k™t am
Fl(p)=éjtj1a o, (a,%)m—wlp. (18)

Estimating as above, we find ~w, =w,.

The form (15) of the spectral function can also
be used to determine the asymptotic properties
of the complete amplitude T,(k, v), where W,
=7~1Im7,. In fact, this form can be derived
directly from the DGS representation of T, by
considerations similar to those given above.

Although we have made extensive use of the
representation (6), our conclusions do not de-
pend on its validity. We can obtain the same re-
sults directly from the representation (1) by us-
ing (4) and (5) to determine the behavior of the
commutator near a lightlike surface. This in-
formation is sufficient to determine the A limit
of (1) and the result is in agreement with (3).
This derivation will be given elsewhere.

Let us now compare our analysis with that of
Abarbanel, Goldberger, and Treiman.” These
authors assumed that the residue function w,(«)
is such that 0 < F,(p) <  and that the A limit can
be obtained by first taking the R limit and then
taking k= -v/p. Our use of the DGS representa-
tion enables us (i) to relate the large-« case to
the k=0 case and thus roughly indicate that F,(p)
#0 and (ii) to take the A limit directly, without
assuming that the above double limit is equiva-
lent to the A limit.

Although our analysis is far from rigorous,
we conclude that the property (3) is not so sur-
prising but is likely to be a consequence of the
generally accepted behavior (4) and the repre-

sentation (6) or (1). Real optimism, however,
must await further experimental tests of (3) and
(18).
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