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The one-exciton, one-magnon system is treated for a suitable antiferromagnetic insu-
lator, MnF2. Zone-edge excitons and magnons are found to interact quite strongly.
Bound states are found to exist under favorable circumstances. The line shapes of mag-
non sidebands of excitonic transitions are modified. Expressions are given for the exci-
ton-magnon coupling constants in terms of the parameters describing interionic ex-
change.

We have studied the one-exciton, one-magnon
system in an antiferromagnetic insulator. Inter-
ionic exchange (including superexchange) pro-
vides the major source of interaction between
these excitations. Approximations of the type
customary in dealing with antiferromagnets re-
duce the many-body problem to a two-particle
scattering proble; the latter has a simple
structure permitting explicit solution. The ex-
tent to which interaction modifies the dominant
features of the magnon sideband of the excitonic
transition can then be displayed. The most dra-
matic effect is the existence of bound states be-
low or above the two-particle continuum when
certain conditions are satisfied. '

We have concentrated particularly on the mag-
non sideband of the lower eA I-(4AI, E&) absorp-
tion line in MnF, . In this we were motivated by
the description of preliminary experimental re-
sults most kindly provided by D. S. McClure and
R. S. Meltzer. Their results indicate a large,
negative exciton dispersion in the c direction.
The sideband peak corresponding to constituent
&-point excitations thus lies some 19 cm ' below
the zero-magnon line, while the presence of an
additional split-off component 1.6 cm ' lower
still suggests the presence of a bound state. '

The exciton state considered has the same or-
bital occupancy as the ground state. This ensures
that coupling to lattice distortions is unimpor-
tant. Moreover, it is easily shown that the cou-
pling of the exciton to adjacent spins through a
direct Coulomb interaction plus spin-orbit cou-
pling is small compared with typical exchange
energies. .On the other hand, Anderson's expres-
sion for the interionic exchange, ' which is ex-
pressed as a sum of contributions from electrons
occupying individual orbitals (more strictly,
Wannier states) centered on adjoining sites,
gives rise directly to exciton dispersion and to
exciton-magnon coupling comparable in magni-
tude with exchange energies in the ground state
(-50 cm '). Each of the interaction terms cou-
pling a pair of sites i and j has the form of a
scalar product of operators which transform as
spin vectors at the two sites. One such interac-
tion term is the usual exchange S( ) S (~). It will
suffice to consider only nearest-neighbor (n.n. )
pairs (same sutflattice) and next nearest (n.n.n. )
(opposite), since only they have nonzero exchange
constants in the ground state. The exchange con-
stant is modified if a site is occupied by an exci-
ton. We write the modified exchange constants
J~' for nearest and ~2' for next-nearest neigh-

910



VOLUME 21, NUMBER 13 PHYSICAL REVIEW LETTERS 23 SEPTEMBER 1968

bors. In general, an exciton will experience dif-
ferent exchange interactions with the inequiva-
lent n.n.n. in perpendicular (110) planes. This
complication does not affect the qualitative fea-
tures of the solution, and it will be ignored here
for clarity. Another type of interaction term
transfers the exciton from site to site. Define a
standard form, T( ), for the l&S I= 1 vector oper-
ator connecting ground and excited multiplets at
site i by requiring that T be Hermetian and

(exciton, S '= ~I(T -&T )
g X

xlground S '= ~)=-~2.
z

In the present case, T is invariant under the op-
erations of the site symmetry group acting on the
orbital functions. The transfer term coupling
n.n. on the same sublattice, 2L,T(f) T(2), leads
to exciton dispersion 4Llcos(kz). In lowest or-
der, transfer of an exciton to the other sublat-
tice via 2L,T( ) T(&) can take place only to a
n.n.n. occupied by a spin deviation. Thus the ef-
fect of this term on the exciton dispersion is
negligible, but it provides an important form of
interaction between an exciton and magnon on op-
posite sublattices. Finally, there are terms
S(') T(&). These only connect states far apart in
energy (-3 eV) compared with the magnitude of
the coupling, and thus have no important effect.
They will be neglected in the following. Our
Hamiltonian thus contains exchange terms, which
are allowed to be different fox the excited multi-
plet, and exciton transfer terms both within and
between sublattices. Single-site anisotropy
terms can also be included. It will prove con-
venient to measure energy in units of 1&,S. The
strengths of the exciton-magnon interactions are
summarized by dimensionless coupling constants
5 = [(S-l)J, '/S J,]-1 and a = L,/S'Zz. Here S is the
ground-state spin, f for MnF, . The potential
experienced by a magnon on the sites adjacent to
an exciton is described by 6, while & scales the
sublattice interchange scattering. We expect &

(0 (attractive interaction); a may have either
s lgn.

The method we have used for calculation cor-
responds to the Holstein-Primakoff method in
spin-wave theory. An exciton creation operator
4j is defined which leads from the n spin-devia-
tion component of the ground multiplet, Sz'=+(-,'
-n), to the n spin-deviation component of the ex-
cited multiplet, Sz' =+(~s-n), with unit matrix
element. So defined, @j commutes with the usu-
al spin-deviation operators a and aj. For a site

on the "up-spin" sublattice, the vector operator
T is replaced by quasiboson operators as fol-
lows:

T = -4 (2-n/S)"2[1-n/(2S-1)]"2

+ @(a )'/[S(2S-1)]"'

T =4 S "'[1-n/(2S-1)]'"a+H.c./

z

Here n =a~a. The operator S is expressed in
terms of a and aj in the usual fashion. Note,
however, that if an exciton occupies a site, then
S, the ground-state spin, is replaced by S-1.
Also, the various exchange terms must be pro-
vided with projection operators N=4~@ or (I-N)
as appropriate. The Hamiltonian is expanded in
successively higher powers of the quasiboson op-
erators in the usual fashion. Interaction appears
first as the terms biquadratic in exciton and
magnon operators. In the usual spirit of the Hol-
stein-Primakoff method, we ignore higher order
interaction terms. We also neglect magnetic
"polaron" effects, which would clothe the exciton
in virtual magnons; they can be shown to be un-
important in this system. Finally, certain inter-
action terms are discarded which arise from the
lack of perfect alignment in the spin-wave ground
state4 and vanish for zone-edge magnons. This
is justifiable since the interesting interaction ef-
fects involve excitations at the zone edge, where
there is a high density of states. The states of
interest have an exciton and magnon present on
opposite sublattices and total crystal momentum
zero. Labeling such states by the exciton's mo-
mentum, the two-particle energy Sz(k) of the
noninteracting excitations has D4g symmetry.
The states are degenerate under sublattic inter-
change, since no magnetic field is assumed
present. The interaction terms retained merely
cause the exciton and magnon to scatter off one
another, possibly switching sublattices in the
process. The effective fourfold symmetry is
preserved. The symmetry of the Hamiltonian
enables one to separate the exciton-magnon wave
function into noninterfering components. In the
equation of motion for such a component the in-
teraction takes the form of a separable potential.
Thus the solution of the wave equation can be
written down without further approximation.

The line-shape function will be presented here
only for the m-polarized, electric dipole absorp-
tion (Ez). This will be applicable to the experi-
mental observations mentioned above. The true
crystal symmetry is only D2p', lower than that
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XR ($)

I 1-(5+a)R (() I' (2)

Here $ is the scaled energy (in units of 1QZ,S),
and Rz($) is defined by

R ($) . (2)'
[u(k)cosgk cos~2k sin-,'k ]'

X P Z

g+ie-h, (k)

Rz„($) is defined analogously with the cosines
replaced by sines. The imaginary parts of these
8 functions are just the noninteracting approxi-
mations to the corresponding absorptions, as
one sees by setting o.'= &=0 in Eq. (2). The func-
tion u(k) appearing in Eq. (3) has its usual mean-
ing for antiferromagnetic spin waves. The ab-
sorption by the two "components" is superposed
incoherently. If those scattering terms which
break the effective, fourfold, dynamical symme-
try had been retained in the Hamiltonian, inter-
ference terms would be present by which the rel-
ative sign of » and X could be observed (in prin-
ciple). Note that if lmR has a peak at some crit-
ical point, the effect of the factor in the denomi-
nator is to reduce the absorption at that point to
a very small value. The peak appears shifted by
an amount and in a direction determined by ~ + e
and the sign of the real part of R. The bound-
state condition for the» component is (&-&)
~Rz» (&) = 1; for the & component, it is (Ii+ a)
&&Rz($) = 1. The R's are purely real outside the
energy range of the two-particle continuum. The
( for which one of these conditions holds gives a
bound-state energy; it is easy to see that there
can be at most one such bound state per compo-
nent. The integrated absorption by a bound state
in the» component, if one exists, is 4wtPf(&-o.')'

[(-d/«)R, „(()]] '.

used to classify the exciton-magnon states. Con-

sequently, the absorption moment couples to two

different "components, "which differ by their
partiy under sublattice interchange but transform
alike under D2g". We take the absorption ampli-
tudes for these two components proportional to &

and ~, and assume the pair of excitations to be
created initially on n.n.n. sites. Then the line-
shape function for the exciton-magnon sideband
has the form

»R (g)
ZXg

I 1-(5—o.)R (() I'
ZXg

For definiteness, we now suppose -6~a. &0.
This is consistent with the restrictions imposed

by Eq. (6) below when the exciton is pure 'A, .
For large enough negative exciton dispersion, the
band minimum corresponds to the & point where
a high density of states causes the R functions to
be singular. Taking the lower band edge as the
zero of energy, for either component, 8= -A
&& I ) I

'"+B close below the band edge and R
= -fA$ "2+B close above it. For the observed
exciton dispersion, A =B = 0.2 in each case. Each
component has a bound state. The II' bound state
has a relatively large binding energy, -$»={(&
-5)A/[1+ (o.'-5)B]] . Its integrated absorption is
8m» $»/{(n-5)[1+ (a-5)Bg. Note that this quantity
is essentially proportional to (&-&) or (»'". For
a splitting comparable with that observed, the to-
tal integrated absorption by the bound state is
not much less than that of the K continuum itself.
This continuum absorption band now starts out
like $+"' rather than $ '". It has a rounded
peak at +k» and then falls off like $ "*. Of

course, the observed band is the incoherent su-
perposition of the & and ~ bands. From the ob-
served ratio of bound-state to continuum absorp-
tion, one can determine»/X= 0.4. The binding
energy of the & bound state is given by an expres-
sion analogous to that above, but with -& = &

+161replaced by I ~ I-&. Its binding should be at
least an order of magnitude smaller than that of
the & bound state, and the shift of the peak of the
& continuum should be correspondingly less.
Consequently, the splitting behveen these ~-ab-
sorption peaks might well be unresolved, as ap-
pears to be the case.

To compare theory with experiment, values of
& and 6 are needed. For purposes of illustra-
tion, we may adopt the Anasatz used by Stout' to
discuss the temperature dependence of the exci-
ton energy. The exciton is identified as 4A„and
the n.n.n. exchange is attributed exclusively to
interaction of the e orbitals. One then finds that
-5= a= —,. (The possible anistropy in J,' is truly
absent in this case. ) For &+5=0, the X compo-
nent is unaffected by the interaction. With»/P.
= 0.4, the peak in the continuum is not shifted
from the band edge, and the splitting is predict-
ed to be just the binding energy, $»=0.043. The
observed splitting is 0.035 in our units. The
agreement is amazingly good in view of the
crudeness of this model of the exchange.

Interest in the magnon sidebands of excitonic
transitions is largely motivated by a desire to
understand more fully the nature of the exchange
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process itself. These optical studies do indeed
provide a useful probe, since both the exciton
dispersion and the coupling constants, & and &,

are directly and sensitively related to the de-
tailed nature of the interionic exchange. The ex-
change interaction, including both "kinetic" and
"potential" exchange, between adjacent sites i
and j has the forms

(ij) (i) (j)
PT PT P

(4)

- () (I N()))SA'), ()(I 2G ))SH)
p p

-(G /W2)T
p

The exciton dispersion is determined by n. n. ex-

w here sp(i) is the spin operator for the electron
occupying orbital p on site i. More generally,
the interaction includes operators which change
the orbital occupancy, but these need not be in-
cluded in dealing with the states considered here.
%e write the '=

~ component of the excited
multiplet: i'I'2)=QPGP Ill), where tp) has the
spin or orbital p down, the others up; p is summed
over $, g, k, &, &. The G's may be chosen to be
real. The various exchange and transfer con-
stants can be easily identified by substituting

change:
(ll')G G (5)

1 pT pT p T

while the exciton-magnon coupling parameters
are determined by n. n. n. exchange:

n=(25J ) 'Q 8 "2'2G G
2 pT pT p T

(25J ) lg J 'tlat)(G 2 + G 2)
2 pT pT p T

Note that if all, or even nearly all, J""s are
positive, we expect -5 & I n I &0.
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The absorption of NnF2 and RbMnF3 in the 4000-A region has been examined. Evidence
is presented for the assignment of a sharp line at the edge of a magnon sideband to a
magnon-exciton bound state.

There has been considerable interest recently
in the optical spectra of antiferromagnetic crys-
tals since the identification of magnon additions
to exciton lines. ' There is now evidence from
several sources that magnon-exciton interaction
affects the shapes of magnon sidebands. ' ~ The-
ories of magnon-magnon interactions have pre-
dicted the formation of bound pairs of magnons
under certain circumstances, but there has been

no experimental evidence thus far. Since the two
magnon case may be considered as a special
case of the interacting exciton-magnon system,
the formation of bound states for the more gen-
eral case is a possibility. %e now have direct
evidence for such a state in the form of a sharp
line at the edge of a magnon sideband (at 25 239.1
cm in MnF~). This interpretation of the sharp
line was suggested by Professor J. J. Hopfield, and
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