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terpreted as indicating a band-type proton mo-
tion in niobium. " In this picture of a nondegener-
ate proton semiconductor the temperature depen-
dence of the diffusion constant is given by that of
the proton concentration in the conduction band.
The stronger temperature dependence for deute-
rium can be attributed to a larger bandgap. How-

ever, it is also possible that for deuterium, com-
pared with hydrogen, the next higher band gives
the main contribution to deuteron conduction. A
discussion of the isotope dependence of Do in the
band model requires a more detailed knowledge
of the band properties. A realistic theoretical
band model for the proton mobility will have to
take into account the local lattice distortion
caused by the proton when located in interstitial
sites. Therefore, a model similar to the polaron
appears to have a good chance for a successful
description of the results.

Discussions with J. Schnakenberg, T. Springer,
and W. Schilling are gratefully acknowledged.
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LOW-TEMPERATURE THERMOPOWER OF DILUTE ALLOYS*
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A new mechanism —the virtual recoil of solute iona —is investigated and shown to
cause the dominant contribution to the thermopower of dilute alloys at low temperatures.

where e(e) is the conductivity which the sample
would have at T =0 if the Fermi energy were e
and is given by

o'(e) = -(e /A)D(e)v (e)T(e). (2)

The fact that the magnitude and sign of the
thermopower of dilute alloys is a strong function
of the specific type of solute present has been
well established, '~ and has long been an unsolved
theoretical problem. In this Letter, it is shown
that a major contribution to the low-temperature
thermopower arises from the virtual recoil of
the solute ions. Using a free-electron model we
indicate how by taking this mechanism into ac-
count qualitative agreement between theory and
experiment can be obtained for alloys of alkali
metals in K.

The electron-diffusion thermopower S is given
to first order in temperature T by the well-known
relationship'

S =(m k~T/3e)[s in@(e)/se]

Here 0 is the volume of the sample, D(e) the en-
ergy density of electron states, and v(e) their
group velocity. The relaxation time 7(e) is given
by

i/ge ) =P-,Q(k, k')(i-cos&-, ), (3)

with Q(k, k'), the probability per unit time that an
electron is scattered from k to k', given by

Q(k, k') = (2w/8) I T- -1~5(e--e- )k'k k k' '

Tk& being the transition amplitude for scattering
from k to k'. We determine Tkg taking as our
model a gas of free electrons interacting with a
random array of impurities through a potential
V(r-T-g), g being the displacement from equi-
librium, due to lattice vibrations, of the impuri-
ty whose equilibrium position is l. If for conve-
nience we take l = 0, then in the notation of sec-
ond quantization the operator V is given to first
order in y by
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z/s

) (r-))=) v-m-, c-I(+l(k-k')) (a - +a- -)BI,
kk' q, S-

where

&-lf i(k-k') r
k'k

ck~, ck are creation and annihilation operators for electrons of wave number k, and aq S~, aq S are
creation and annihilation operators for phonons of frequency ~q S and polarization S in a lattice con-
taining N atoms of mass M. For convenience, we have assumed the masses of solute and solvent to
be equal.

To second order in V the amplitude for elastic scattering is found to be

k'k" k"kT- V
k k"

(n )+ (n-„) 1+ (n )-(n „)
+ V „v „(k -k-)5(k-k-) 5 q k"

+
k'k" k"k 2MB» « „6'»-E«„+L «6«- E'« l(d»

k'q5 qS k k" qS k k" qS

This expression includes contributions from the processes shown diagrammatically in Fig. 1. We note
in (6) that because the energy denominators are different for the scattering processes in Figs. 1(d) and

1(e), we have some terms proportional to the occupancy (nk„) of the intermediate state. Their deriv-
ative near the Fermi surface is large, and provides a major contribution to the thermopower. On the
other hand, the other second-order terms are not strongly energy dependent, and subsequently we ne-
glect them. Using (4), we then find

2

Q(k, k') ~ lV l 5(e -e )-—V V V- Qk'-k")5(k —k") 5k'k k k' N k'k k'k" k "k
k q5

(n„„)
2M (~--~-„)'-(h~ «)' k k'

From (1) and (3), we see that we may restrict our consideration to k, k' on the Fermi surface. In this
ayproximation, the various matrix elements may be taken as functions of the angle between k and k'
only. We write all matrix elements in the form Vkk~ = Vpg(8kk~), where V, is the matrix element for
k=k' and g(8) expresses the angular dependence. Using (I) and (3) and replacing sums over wave vec-
tors by integrals over energy and solid angle dO, we find

~D(~)~l dA(1-cos8 —)
1

7' 6 kk'

x [g(8 )] - ' —gg(8 ) fdic'g(8 )g(8 )(P'-Jp") ~ (P-$")~e, (u ),kk' N M kk' k'k" k "k q
'

q

where it is assumed that k, k', and k" are of
magnitude k F (the Fermi radius), and that the
phonon frequencies &u- f are independent of theq,
polarization S. We have defined

1(E, (d )= D(e')f(e')de'
q J (&-&') (&~ )

q

where f(e') is the Fermi function, ~d m, r are

t the electron mass hnd Fermi energy, respective-
ly. Expanding I(e, cuq) in a Taylor series about
the Fermi energy, we find that to first order,

1(~, (d) = I( f, ~ ) + (e-0)D(&)/(«)*
q q

We neglect the first term in the expansion as be-
ing independent of energy. Using a Debye approx-
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Table I. Predicted and observed values for the pa-
rameter $ related to the thermopower of dilute potas-
sium alloys.

(b) Solute

Na
Rb
Cs

$ (theory)

3.50
-0.19
-1.42

~ (expt)

0.86
-0.19
-0.43

Ce)
FIG. 1. Elastic scattering processes contributing to

the low-temperature thermopower of an alloy.

imation, we perform the sum over phonon fre-
quencies, and find that we may write

S = So[1+PNVD/Vo],

where
(10)

where Vl =(M/m)(&&ad)~/180, vd is the Debye
frequency, and P is a dimensionless constant
which arises in performing the angular integra-
tions in (8). Use of (9), (2), and (1) leads direct-
ly to the result

those of Gudnault and MacDonald for concentra-
tions of 0.2-at.g solute at T=3'K.

The mechanism of virtual recoil of the impuri-
ties alone is seen to account qualitatively for the
experimental results in this system. A more
complete calculation would include corrections
for a number of other effects, such as the ener-
gy dependence of the scattering pseudopotential
and the presence of higher order interactions.
There are, for instance, processes in which an
electron emits a phonon, is scattered by the im-
purity, and then reabsorbs the phonon; the con-
tribution to S from these processes is indepen-
dent of the nature of the impurity, however, and
is accordingly neglected in this treatment. The
effects of these and of multiphonon processes
(which are important factors in the high-temper-
ature thermopower) will be included in a more
detailed calculation to be published elsewhere.

So=m k~T/3eg,

and is the usual result for the thermopower of
free electrons.

%e note that while V, depends on the solute po-
tential, V, depends only on properties of the sol-
vent. For all reasonable values of the parame-
ters involved, PNV, /V, is of order unity and may
be of either positive or negative sign depending
on whether V, is repulsive or attractive.

As an example, we consider dilute alloys of
Na, Rb, and Cs in K Using the pseudopotentials
of Animalu and Heine as quoted by Harrison, we
find the parameter $ (=—S/S, ) to take the values
shown in Table I. The theoretical results were
obtained by renormalizing the pseudopotentials
to the atomic volume 0/N appropriate to the sol-
vent, and taking the difference between the poten-
tial of the solute and that of the solvent as the ef-
fective potential. The experimental results are
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