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The trajectories and residues of p and p’ Regge poles are determined in the range 0
=t =>-1.0(GeV/c)? from a simultaneous fit to (i) continuous-moment sum rules, using
7N phase shifts up to 2 GeV/c, and (ii) 1 p—7% scattering cross section data above 4
GeV/c. The p’ trajectory is found to be roughly parallel to the p and about a half-unit
lower. The 7—p— 7"z polarization is correctly predicted in magnitude and sign.

The theoretical interpretation of the nonvanish-
ing polarization in the reaction 7=p - re-
mains an open question.! Contributions from
complex-J-plane singularities in addition to the
p-meson Regge pole are required in Regge mod-
els; we denote these by p’. Possibilities for p’
include secondary Regge poles, conspiring poles,
Regge cuts, or conspiring cuts. Several p+p’
models have been proposed,? but the high-energy
data alone do not yield a unique solution. Addi-
tional information on the nature of the p’ ampli-
tude can be obtained from continuous-moment
sum rules (CMSR), which relate Regge parame-
ters to integrals over low-energy phase shifts.?
In this Letter we present results for the p and p’ |

exchange amplitudes obtained from a simulta-
neous fit to (i) CMSR using 7N phase shifts up to
2 BeV/c, and (ii) do(m~p — %) /dt and o(7~p)
—oy(n*p) data above 4 BeV/c. The 7~p ~° po-
larization measurements add only a weak con-
straint and were not included in the data set fit-
ted; the resulting polarization predictions agree
in sign and magnitude with experiment.

The contribution from a Regge cut can be pa-
rametrized to a first approximation by an effec-
tive Regge pole. If a crossing-odd 7N amplitude
a(v, t) has the asymptotic pole form

a(v,t)= —VEiYi(f)(Voz-Vz)%ei, 1)

the resulting CMSR are
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Here v =(s-u)/4M; v, = u +t/4M is the normal
threshold. The nucleon pole contribution at vpg
=(2u2~t)/4M is understood to be added to the in-
tegral.

For the reaction 7—p —~ % we take the two
crossing-odd amplitudes* A’~ and vB~ with Reg-
ge asymptotic forms

’ - 2 2 1 =1
A =_V2i,yi(vo - )z(az )’

vB= =¥ B 2-HE Y, 3)

where the summation is over i=p, p’. The a;(t)
are the trajectories. The coefficients y;(¢) and
B;(t) contain the residue functions and also the
-1/cos(3ma;) factors of the usual Regge parame-
trization. The characteristic Regge phase fac-
tors are included in the powers of v 2-12.

sin[%w(ei—e—l)]. (2)

We evaluated the left-hand side of Eq. (2) for
the amplitudes A’~ and vB~ using the recent
CERN phase-shift results.® The upper limit is
v,=2.075+¢/4M. We considered the following
ranges of € and ¢:

1.0>€¢>-5.0 in steps of 0.5,
0=t=-0.5 in steps of 0.1 (GeV/c)?,
-0.52¢t=>-0.95 in steps of 0.15 (GeV/c)2.

We did not ultimately use the full range of €
above. For €>-1, the integrals are very sensi-
tive to the precise phase shifts near threshold
and also to the extrapolation in the unphysical re-
gion, u+t/4M <y <E;EN/M. When t<-4Mpy
=-0.52, the s- and p-channel cuts overlap, and
the low-energy part of the integral becomes
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more dubious. We have therefore suppressed the
low-energy contributions by taking € < -1, except
at £=0. The high moments (large |l¢|) can also be
misleading, since they are very sensitive to the
amplitude at the upper limit v,: Recent measure-
ments show that some fluctuations are present
above 2 GeV.® Sum rules will only be reliable to
the extent that they average evenly over such
fluctuations, without overemphasizing a small-v
region. In practice, we found that the CMSR

with le |>3 were not entirely consistent with the
lower moments and with other data; so we dropped
them.

We simultaneously analyzed the remaining
CMSR and the 7—p — 7% cross section data’ using
three complementary approaches:

(a) Analysis at fixed-¢ values. No assumptions
about the £ dependence of trajectories and resi-
dues are then required. Scattering cross section
data are interpolated where necessary.

(b) Analysis over a range of {, parametrizing
the a;(¢), B;(t), and y;(¢) by polynomials in ¢.
This approach injects a minimum of prejudices
about ¢ dependence, but the polynomials tend to
blow up outside the ¢ range considered.

(c) Analysis over a range of ¢, parametrizing
the residues with smooth functions such as e,
(t—to)ebf, aeCl, etc. and the trajectories by a(t)
=a(0) +a’(0)¢. The advantage here is a smoother
extrapolation to larger £. Basically the same re-
sults were found with each of these methods.

Representative forms for the residues found
from the fits to the CMSR and scattering data are
shown in Fig. 1. The crosses are results of anal-
yses at fixed ¢; the solid curves represent a pa-
rametrization with the smooth functions

a (t)=0.55+¢,
p
a (t)=0.8t,
p
yp(t) =-10.8(1 +£/0.23) exp2.75¢,
‘yp,(t) = -58.6¢(1 +¢/0.55) exp2.0¢,
B (t)=-202a expl.48¢,
p p
Bp,(t) = -329¢ exp5.0¢.
[Units: ¢ in (GeV/c)?; y; in GeV~Y; B, in GeV—2].
Our results can be summarized as follows:
(i) The p and p’ trajectories proved to be corre-
lated. A typical solution for the trajectories is

listed above.® If the p’ is a bona fide Regge pole

866

(and not an effective-cut contribution), then a
straight-line extrapolation would place a JP=1"
particle in the mass region 1000-1200 MeV. No
such meson has been reported.

(ii) The coefficient B, changes sign at the point
ap = 0, in accord with the usual interpretation of
the dip in do(n—p - %) /dt at ¢ ~-0.5. The coeffi-
cient y _(#) changes sign near ¢=~-0.2, as previ-
ously suggested by the crossover phenomenon in
elastic scattering. Moreover, y,/(f) changes
sign, but near {~ -0.6, so that InA’~ and ReA’~
do not vanish at the same place.® The results for
Yp! and Bp: are not inconsistent with linear-resi-
due zeros at o, =~1.

(iii) The quantities ap’s Yp's and B, are all
small near £=0. The simplest parametrization
consistent with the fixed-f results is to make all
three vanish at £=0. This parametrization is
just a convenient simplification, since not all
these zeros have to occur at £=0 or be correlat-
ed with each other. Possible origins of the be-
havior near #=0 include the following: (a) a p’
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FIG. 1. Residue coefficients for p and p’ Regge poles
obtained from a simultaneous fit to CMSR and 7~p
— n'n cross section data [cf, Eqs. (2) and (3) of text].
The crosses denote results of fixed-t analyses, assum-
ing trajectories as given. The solid curves represent
the parametrization shown in the text.
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Regge pole that chooses nonsense at ap’ =0:

yp,ocap,, Bp’map,;

(b) a conspiring p’ Regge pole?:

'yp,OCt, Bp,OC ap,.
Both conjectures are based on the smallness of
a,s near t=0.

If the p’ represents an effective cut, then fac-
tors of ay’, ap’+1, etc. are not expected in the
Yo' and B, coefficients.

(iv) The p’ amplitudes are not negligible com-
pared with the p at present accelerator energies,
and polarization is predicted in 7=p - 7% of the
same size and sign as experimentally observed.
The predictions with the above parametrization
are compared with the data!® in Fig. 2. Although
the details of the predictions are somewhat de-
pendent on the choice of parametrization, the
broad qualitative trends of the curves in Fig. 2
for —-£<0.5 are common to all fits to the CMSR
and cross sections.

The predictions for the polarization at very
small |¢|(<0.1) are sensitive to perturbations
from the given parametrization at £=0. The qual-
itative behaviors of the polarization near /=0 re-
sulting from various parametrizations are

(a) 'yp,OCt, Bp,crt,

P(n=p - 1%) < ()2 and positive as shown in
Fig. 2;

(b) yp,oct, Bp,oc(t -t), t >0,

0 0
P(1~p - °n) < (~¢)*/? and negative;

~t), Bp,oct, t >0,

0

(c) Y g o (¢ 0

P(r=p - %) < (~£)1'2 and positive. The present
polarization data favor possibility (¢). This ar-
gues against a conspiring p’ amplitude.

(v) The p+p’ solution given above provides a
reasonable overall representation of data® on
do(n=p — 1) /dt between 2 and 4 GeV/c. How-
ever, for the ¢ range 0.04 <-£<0.12 the fit does
fall somewhat below the measured do/dt. At
larger |1, the fit extrapolates well through the
data. Near £=0 the fit extrapolates through the
mean of the observed energy-dependent fluctua-
tions in do/dt.® These fluctuations are presum-
ably direct-channel resonance effects. The
CMSR of Eq. (2) are approximate to the extent
that resonance contributions for v>v, ~2 BeV
have not been included.
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FIG. 2. Predicted 7~p— 1% polarization compared
with the high-energy data. The solid curves are calcu-
lated from the p +p’ parametrization in the text. The
data are taken from Ref. 10.

(vi) For the most part, previous p+p’ models?
do not provide adequate representations of the
CMSR. The Rarita-Schwarzchild model? in par-
ticular disagrees dramatically with the yB~ sum
rules.
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Infinitely rising trajectories are shown to be consistent with the usual features of dis-
persion theory and Regge-pole theory only if the trajectories behave, to within logarith-
mic factors, as Vs as s — +», For such trajectories the imaginary part must increase

more rapidly than the real part.

Considerable interest has developed in the pos-
sibility that Regge trajectories rise indefinitely
with increasing energy,*

Rea(s) -+ as s =+, (1)

On the basis of the empirical forms of Rea(s) in
the resonance region, trajectories obeying (1)
would be expected to be proportional to s at large
s. However, theoretical arguments®® have been
advanced which suggest that the real part of such
trajectories should be proportional to Vs as s
-+, Reference 2 is a “simple bootstrap model”
whereas Ref. 3 is more general, the main as-
sumption being that certain channels couple to
high-spin Regge recurrences. Independently of
how fast Rea increases, there is an immediate
problem with (1). In general P,(Z) grows expo-
nentially as a - «, and this brings into question
the existence of the N-subtracted dispersion re-
lation for the scattering amplitude. This problem
has been examined by Khuri® on the basis of the
following four assumptions: (i) The scattering
amplitude f(s,¢) is analytic in the cut s plane and
bounded by sV as s - +w for fixed ¢; (ii) f(s, ) is
also bounded by sN as s — +« for fixed, physical
values of Z =cos@; (iii) the Sommerfeld-Watson
transformation for the partial wave a;(s) exists,
and a;(s) is bounded by sN as s -« for fixed I
(iv) the residue function S8(s)° and the Regge tra-
jectory a(s) are analytic with only a right cut and
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are bounded by sN as s — +w,

Of course, if the number of trajectories obey-
ing (1) is infinite, and a “super cancellation”* be-
tween the individual terms occurs, then the diffi-
culty is no longer present. Otherwise the con-
clusion of Khuri’s work is negative, namely, that
(1) is not consistent with the above four assump-
tions.

In this note we wish to make two points. First,
the four assumptions of Khuri are consistent with
(1) if the trajectory increases as Vs to within log-
arithmic factors,

Rea(s) - s%(lns)n(ln lns)m ees AS S =+, (2)

Second, if a trajectory satisfies (2) and its phase
has a limit as s -+, then the imaginary part of
a must increase more rapidly than the real
part,®

[Rea(s)/Ima(s)]~ 0 as s = +wo, (3)

Condition (2) is needed for consistency with as-
sumption (i); condition (3), per se, is not needed
by any of Khuri’s four assumptions. However, it
is needed to insure consistency with an additional
assumption which we wish to consider, namely
that (v) f(s, ) is bounded by sN as s -+ for fixed,
unphysical Z, excluding those values of Z on the
cuts of Py(+Z). Assumption (v) is an extension
of assumption (ii); it is added to the other four



