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We present experimental verification of the parametric enhancement of thermal fluc-
tuations, the power balance, and the parametric threshold.

We wish to report observation of steady-state
parametric enhancement of fluctuations at plas-
ma-drift mode frequencies, leading to eventual
coherence and saturation effects. We obtain
quantitative experimental agreement with the gen-
eral theoretical predictions' ' valid for steady-
state parametric phenomena in any system with
Bose -like excitations. The nonlinear parametric
enhancement of the fluctuation spectrum may be
regarded as a tool for magnifying the details of
the original (linear) fluctuation spectrum of a
system in a nonequilibrium steady state. Sup-
pose an external oscillator supplies input power
Pp x at frequency ~p to such a system, exciting
a coherent mode with frequency wp and amplitude

pp which we shall call the "pump. " If there ex-
ists a unique or limited number of fluctuating
lower-frequency mode pairs Pfi(~I) and nfl(~2)
such that +, + &2 =„' the spectrum of thermal
fluctuations

&(~)= lim (lp (~)'I)
fl T

may be greatly sharpened near &, and ~„and
the integrated power around these frequencies
greatly increased. The line shape of S(&u) in the
vicinities of y and 2 as a, function of

leap

l has
been derived in general for two lossy oscillators
coupled parametrically' and for the electrostatic
modes associated with density fluctuations in a
plasma. '~ In addition, I pp I saturates as a func-
tion of P, because of channeling of energy into
the enhanced fluctuations around , and ~2.' Be-
fore presenting the experimental data we derive
expressions for the enhancement a.nd the nonl. in-
ear saturation, applicable to the experimental
results reported in this paper.

As shown by Goldman and DuBois and Gold-
man' for electrostatic modes, the nonlinear Pois-
son equation determines the fluctuating potential

Nfl(kl, Id), where ~ is close to cu, and I &a, —&u I is
close to 2. Poisson's equation takes the form
of two coupled equations and describes the para-
metric mode coupling between any three electro-
static modes (e.g. Langmuir modes, ion-acous-
tic modes, drift waves, etc.), one of which (the
pump) is coherent:

e(k, ~)C (k, ~)+4 MC (k -k, cd-~ )fl 1' 0 fl 1 0' 0

4wep (k, &u)

Q, 2
1

e(k -k, (d-(d )4 (k -k, (d-(d )

4wep (k -k, &u-&u )

4 (k, cu) = eP (k, Id)/8,
fl

where pfl(k, ~) is a thermally fluctuating charge
density source, e(k, u) is the linear longitudinal
dielectric function whose zeros give the electro-
static collective modes at , and (d„Mis the di-
mensionless mode-coupling matrix element,
is the common temperature of electrons and ions,
and @,= ego/&, where yo is the real amplitude of
the coherent pump.

For a stable system in a nonequilibrium steady
state, with mode coupling ignored, we may use
a formal extension of the fluctuation-dissipation
theorem,

(~p (k, &u) I') k'tIt(k, &ar) ime(k, &u)

where 0 is the (large) volume of the system, and
f(k, +) is some nonresonant function of ~, of k,
and of parameters describing the nonequilibrium
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configuration (such as density or temperature
gradients). For an equilibrium system, f= l. As
shown by Goldman, ' for lossy mode coupling (M
complex), f may have a weak dependence on pc.

In the presence of mode coupling, the solution
of Eq. (1) is best exhibited by specializing to the
case of experimental concern, &, = &, = the funda-
mental frequency in a system with finite geome-
try. Vfe a,iso assume that k~ is the fundamental
wave number and that the wave number of the
pump is k, = 2k„and use the acousticlike disper-
sion relation for drift waves, ccl(kl) =kl VD
where VD is the electron diamagnetic drift veloc-

ity. This implies' ~c(kc) =2+,(k, ). In the neigh-
borhood of a resonance, &„the drift-wave di-
electric function is

k ' [~-v (k )+iy (k )]D 1 1 1 1
k '

&c (k )1 j. 1

where kD'=4wne'/& is the Debye wave number
squared .y, is a positive relaxation rate (achieved
experimentally by end-plate losses and ion-ion
collisions). With the above approximations, we
find a line shape not very different from that of
DuBois and Goldman' (for parametrically cou-

!
pled Langmuir and ion-acoustic waves satisfying
&u, »~, and y, »y, ):

a'k 2y f(k, &u)
1 1 1' (~-~ )'+y '(1+& '/V . ')

1 1 0 crit
(»)' ~ [(~-~ )'+ y, '(1+ v o/& .,)']l.(~-~,)'+ y, '(1-wo/v .t)'] ' (2)

where ~, =
I ~,(k, ) I and

k2 ey . y
1

~ ~

crit 1

[1+(~o'/~„,t')]
("1) 'M=O( 1)[1(y /q )]0 crit

[1+(~o'/v „,,')]

(4)

I' d&u

"0 2 M=O

where ~~ = 0 is the assumed linear fluctuation
spectrum without mode coupling. Equations (4)

defines the threshold epcrtt/e. (kl'/kD') IMI
will be called the coupling coefficient.

Vile wish to point out an important application
of the parametric excitation by means of Eq. (2):
The introduction of the pump p, serves to ampli-
fy any form factor f(k„&u)that may be present in
the original (linear) fluctuation spectrum and
makes it possible to study the original spectrum
in the equilibrium and nonequilibrium regions.
The forms for the line shape given here and in
Ref. 3 are fairly general and not restricted to
electrostatic modes. The enhanced peak and the
integrated spectrum around cu, are easily related
to the &,=0 values,

and (5) have been derived assuming the pump am-
plitude po independent of the enhancement of the
fluctuating spectrum. Since a finite power P,
is supplied to the system, po must always re-
main below pcr;t to conserve energy. Quantita-
tively, Po must equal the power dissipated at
o due to the linear dissipation yo plus the ex-
cess over equilibrium of the incoherent power
dissipated at w, by the linear dissipation y, :

= C 9 + C —[S(&u)-S (ur)], (6)

where

C =2k 'y and C =2k 'y (8'/e').

Equation (6) indicates that the pump power must
change as a result of the enhancement of the fluc-
tuating spectrum around the signal frequency.

Our experiment was conducted in a highly ion-
ized cesium or potassium plasma of a Q device. '
The plasma is generated by contact ionization of
a neutral alkali beam by a hot tungsten plate at
each end of the column and is confined radially
by a uniform axial magnetic field. The neutral
beam is adjusted to obtain a density-gradient
maximum near the center of the column. A tem-
perature- and a potential-gradient maximum oc-
cur near the plate edge. The resulting plasma
has a diameter of 5 cm (distance between 30/c
points) and a temperature gradient of approxi-
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mately 90 deg/cm monotonically decreasing from
the center toward the edge. Our investigation
of parametric coupling is mainly concerned with
drift waves occurring near the density-gradient
maximum although similar parametric process-
es also take place for waves occurring near the
plate edge. In a cylindrical plasma, these waves
are essentially ion-acoustic waves propagating
azimuthally, almost perpendicular to the axial
magnetic field (k&»k ii), the periodicity of the
wave in the azimuthal direction giving rise to
resonant modes with integral relationship k&
= m/r0 where m = integral azimuthal mode num-
ber and r0= radius at which the mode is observed.
Plasma drift waves are chosen for the paramet-
ric experiments because their damping rates
could be varied arbitrarily close to the margin-
ally stable limit (z«&u) through changes in the
magnetic field, density, and the column length;
secondly, their linear dispersion (d =k VDe eas-
ily satisfies the conservation of wave numbers
and frequencies as required by parametric pro-
cesses4:

&u =&@|+(u2, ko =k|+k .

Excitation of the higher mode (the pump) was
achieved by modulating the potential of either a
floating probe or a probe biased at or below the
plasma potential. e Drift waves were detected by
a floating Langmuir probe. Both the excitation
and the detection probe were placed at the densi-
ty gradient maximum. To effect parametric ex-
citation, the excitation probe is driven at the fre-
quency 0=2, corresponding to the ~ =2 mode.
A spectrum analyzer is swept near the m = 1
mode to monitor the fluctuation spectrum. Rep-
resentative power spectra of the floating-poten-
tial fluctuations as the pump amplitude p0 is in-
creased are plotted in Fig. 1(a) together with the
line shape predicted by Eq. (2) for the equilibri-
um condition [f(k, ~) = 1]. The threshold epcrit/&
= 0.04 chosen for the best fit to the line shape is
consistent with that determined by other criteria
mentioned below. The asymmetry present in the
experimental curve could be caused by density
and temperature gradients whose effects are con-
tained in f(k, (u). In the more nonlinear regime
above threshold the spectrum about , narrows
considerably ((50 Hz) and phase coherence be-
tween the signal and the pump is evident in Fig.
1(b). A higher order of nonlinearity begins to ap-
pear with the generation of an m = 3 mode possi-
bly due to the interaction of the signaI back on
the pump. It is unlikely that this enhancement of
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spectrum couM result from changes in zeroth
order plasma conditions (e.g. , changes in the
density gradient or temperature) because the
self-consistent pump ep /0 is always less than

0 0
10/o. ' Furthermore the pump frequency must
fall within a narrow range (50 Hz) about an opti-
mum frequency and the peak of the enhanced
spectrum occurs always at exactly half the pump
frequency.

A continuous monitor of both the self-consis-
tent pump power Po (proportional to yo') and the
peak fluctuating signal power [proportional to
S(~,)] as functions of P, " is shown in Fig. 2.
The departure of P0 from the initial linear rise
coincides with the increase in S(&u, ) required by
power conservation described by Eq (6). In the.

FIG. 1. (a) Representative power spectra illustrating
the enhancement from fluctuation about 5.42 kHz as
the pump power at 10.84 kHz is increased. The theo-
retical curve (dashed) is obtained from Kq. (2) with yi
=1& 10 and y0 jycrit= 0.85. The ordinate has been ex-
panded in the lower trace. (b) Oscillogram showing
the signal on the excitation grid (upper trace) and the
wave detected by the Langmuir probe near threshold.
The lower trace representing the simultaneous occur-
rence of the self-consistent pump and the excited co-
herent signal can be Fourier decomposed as cocos(2 f~)
+q&cos(cu&t +u), where e = 0. A preliminary analysis
similar to that of R. Qoldman [University of Maryland
Technical Note No. BN-521, 1967 (unpublished)] for
three coherent modes has shown that optimum coupling
should take place for this condition of nearly zero
phase shift.
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region where S(~), the power spectrum about &u„
is sufficiently enhanced and can be determined
accurately, Eq. (6) is verified by showing that
the sum of the dissipated power around ~o and

(d, varies linearly with I', as shown in Fig. 2.

Replotting the peak spectral density S(~,) as a
function of the self-consistent pump power po' in

Fig. 3(a) shows that the experimental results can
be described theoretically by Eq. (4) provided a
threshold of epcrit/6=0. 04 is chosen. This
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FIG. 3. (a) Peak spectral density S(~&) normalized to the spectral density without mode coupling SM 0(cu1) as a
function of the normalized PumP wave amPlitude fit) 0/Pcrit. The theore '

he theoretical curve is described by Eq. (4). The da-
tassium lasma N =1.5&10 cm, T =2200 K, B =660 G. The axial column length=70 cm.

ion of the dam in rate of the signal mode. The(b) Normalized threshold pump wave amplitude eycrit/8 as a function o e amping ra e
different s mbols represent different runs. The coupling coefficien ( 1 / Dt (k ~k ) IM l is given by the inverse slope of

9 3&the line best fitted to the experimental data. The ranges of the experimen p

eren sym
imental arameters are 7.0 && 10 cm & No

&2&10 cm 3 and 650 G&B&800 G. The data are for a potassium plasma.
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threshold agrees within a factor of 2 with the cal-
culated threshold of 0.08 computed from the non-
linear fluid equations describing drift waves.
Near threshold where the power spectrum can be
accurately measured we have also found a simi-
lar though less rapid increase in the integrated
spectrum as described by Eq. (5). Thus the
threshold for parametric excitation is defined
consistently as (1) the value of ey, /8 that yields
the best fit of the enhancement of &(~), &(~,),
and f~ &(v)d~; (2) the value of ep+8 beyond

1
which phase coherence is detectable between the
pump and the signal corresponding to a narrow-
ing of the frequency spectrum.

To facilitate parametric excitation under low

pump power and to simplify the theoretical treat-
ment, we have adjusted the plasma parameters
(magnetic field and density) such that z, «ur, .
Under these conditions, both the threshold pc»t
and the damping z, are experimentally deter-
mined. The results given in Fig. 3(b) indicate
approximately a linear variation and verify Eq.
(3) which states that the threshold must increase
with the damping rate of the signal mode. The
measured coupling coefficient k l' I M I/kD' ob-
tained from the inverse slope is 0.7+0.2 com-
pared with a calculated value' of 0.25. Consider-
ing the plane-wave approximation used in the
theoretical calculation this agreement is toler-
able.

In summary, our experimental results have
demonstrated the following: (1) The enhance-
ment from fluctuations has the theoretically pre-
dicted functional form; (2) the saturation of the
pump amplitude is in agreement with the power
balance between the source, the pump, and the
signal; (3) the variation of the threshold with the
damping of the signal mode is functionally cor-
rect and checks approximately with the theoreti-
cally computed coupling coefficient.

Our experiments have demonstrated the impor-
tance of parametric coupling for even relatively
low-amplitude resonant drift modes in a plasma
of finite geometry. Our findings differ consider-
ably from the calculation in an infinite plasma
which shows the parametric coupling to be insig-
nificant. The methods used here in identifying

the parametric process through observation of
the enhancement from fluctuations is quite gen-
eral and should be applicable to a large class of
parametric processes.
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