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Three values of the electron-phonon mass enhancement A, for zinc and cadmium are
compared: one obtained from the ratio of the electronic-specific-heat density of states
and the band-structure value calculated from a pseudopotential approach, one calculated
directly by means of the same pseudopotential, and one extracted by other authors from
values of the superconducting transition temperature Tz and the Debye temperature e.
For both metals the agreement between all three A, values is very good, indicating the
correctness and uniqueness of the pseudopotential. Calculations performed with other
proposed pseudopotentials give very different values of A, .

We want to report in this Letter a remarkable
test which we have performed on the validity and
uniqueness of the pseudopotential approach. We
have calculated by completely different methods
two values of the electron-phonon mass enhance-
ment X and compared these values with each oth-
er and with a third empirically determined value.
The agreement is very good and therefore gives
confidence in the uniqueness of the pseudopoten-
tial as well as in the ability of the method to de-
scribe accurately such in principle unrelated ex-
periments as the de Haas-van Alphen effect, the
electronic specific heat, and the superconducting
transition temperature.

Stark and Falicov have proposed' an experi-
mentally determined pseudopotential for zinc and
cadmium, based on a highly nonlocal model,
which they obtained by an overall fitting of the
Fermi-surface extremal cross-sectional areas
to Stark's own' de Haas-van Alphen frequencies.
The band structure obtained agreed with the ex-
perimental data to about l% and had an internal
consistency' which was much better than that.
The resulting band structure has been used pre-
viously to determine other Fermi-surface param-
eters~ and comparison with experiments has
again yielded good agreement. A further compar-
ison with the available optical data' has also re-
sulted in fairly good agreement. From the above
band structure' we have calculated the density of

here kB is the Boltzmann constant. This formula
yields

A. ,(Zn) = 0.43, A, (Cd) = 0.36. (3)

We have also calculated X directly by means of
the formula

2
k- k', o. h(u (k—k')' (4)

where k and k' label electron states at the Fermi
surface, n indicates phonon polarization and
branch, and the integrations are over solid an-

electron states with the results reported in Fig. &.

The density of states at the Fermi level Nbs(eF),
when compared with the same value for the free-
electron model Nfe(eF ), yields for the parameter

p
-=Nbs(e F)/Nfe(e F") the calculated values

p, (Zn) = 0.59, p, (Cd) = 0.54.

From these values the electron-phonon mass en-
hancement X can be easily calculated using the
experimental values of the coefficient y of the
electronic specific heat'~':
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X2(Zn) = 0.42, X,(Cd) =0.40, (6)

generate and purely transverse. The extended
zone was replaced by an equivalent sphere. The
phonon frequencies &u~(q) in zinc were chosen by
averaging the values obtained from neutron scat-
tering. For cadmium, where no neutron data
are available, the spectrum was chosen to be
identical to that of zinc, but each mode was
scaled down by the experimental ratio of sound
velocities, as determined from the elastic con-
stants. " The matrix element (k'IVlk) was taken
to be the nonlocal pseudopotential of Stark and
Falicov, ' with a smooth curve interpolated through
the values of k' —k = G (any reciprocal lattice vec-
tor) and through the point ——', eF at k'-k = 0;
Nbs(e F) was obtained from (I). The final result
was
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with an estimated accuracy of about 20%.
Several authors" "have obtained X from ex-

perimental values of the superconducting transi-
tion temperature T~ and the Debye temperature
e. These values involve reasonable assumptions
on the value of the Coulomb-interaction param-
eter p, and the discrepancy between authors is
mainly due to different values which p. is as-
sumed to take. McMillan" obtains

FIG. 1. The density-of-states curves for Zn and Cd.
Abscissas are in Rydberg units and ordinates in states/
Ry (Bohr radius)3. Corresponding free-electron curves
and Fermi energies are also shown.

X,(Zn) = 0.38, A, (Cd) =0.38; (7)

while Garland, Bennemann, and Mueller quote

X,(Zn) = 0.48, A.,(Cd) = 0.45. (8)

gles. The electron-phonon matrix element I is
given by

M k-k+q+Q, n

a=-i e ~ q+Q

xS(G)(k+q+Gl&lk) (5)

where I, is the ionic mass, N the number of
atoms, S(G) the structure factor, ~~(q) and eq~
the frequency and polarization of the qa phonon,
respec e ly, and G is a reciprocal lattice vec-
tor wh makes q lie in the first Brillouin zone.
Finally, (k'I VI k) is the matrix element of the
pseudopotential between states k' and k on the
Fermi surface.

In order to evaluate (4) and (5) we have repre-
sented the six phonon branches by three spheri-
cally symmetric modes in an extended zone; one
of these branches is taken to be a purely longitu-
dinal mode and the other two are taken to be de-

Comparison of (3), (6), (7), and (8) shows very
good agreement among the four pairs of values,
the largest discripancies appearing between the
empirical values (8) of Garland, Bennemann,
and Mueller and the other three sets of values.
All four pairs are within the uncertainty of the
calculation of (6).

One further corroboration of the validity of the
pseudopotential proposed by. Stark and Falicov
comes from the fact that, when the calculation
of (4) and (5) was repeated using the Heine-Ani-
malu model potential, " the results were appreci-
ably different:

X (Zn) = 0.27, X (Cd) = 0.10;

the remarkable agreement was destroyed.
In conclusion we would like to point out that, if

the pseudopotential of a given metal were known

to be as accurate as we believe the potentials are
known in the present case for zinc and cadmium,
the path followed by McMillan" and Garland,
Bennemann, and Mueller" can be reversed and
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the superconducting transition temperature T~
could thus be calculated with a reasonable degree
of accuracy. Magnesium, "which is known to be
normal to temperatures down to about 20 mdeg, "
could be a good test case.
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The Ruderman-Kittel (A. &2) and pseudodipolar coupling constants (B&2) in lead have been
calculated relativistically using a procedure developed earlier and adapted to Dirac or-
thogonalized-plane-wave functions. For the conduction electrons, pseudo wave functions
were obtained from the pseudopotential parameters of Anderson and Gold, the plane
waves in the linear combination being replaced by Dirac orthogonalized-plane-wave func-
tions. Our theoretical values for A~2 and B&2 are 4811 and 1477 cps, respectively, in
reasonable agreement with experimental values of 4800+ 500 and 2200+200 cps.

The indirect spin-spin interactions'~2 charac-
terized by the Ruder man-Kittel (RK) and pseudo-
dipolar (PD) parameters &|2 and &», respective-
ly, in metallic lead, have recently been studied
by Alloul and Froidevaux' using the spin-echo
technique. In trying to obtain a theoretical esti-
mate of A» to compare with their experimental
result, these authors utilized the RK approxima-
tion which replaces the 0-dependent spin densi-
ties and effective masses involved in the theory
by their values at the Fermi surface. Using the
free-electron Fermi momentum, these authors
obtained a vanishingly small theoretical value for
&» as compared with 4800+ 500 cps from experi-
ment. 3 Evidently, a more detailed analysis in-
volving the k dependence of the pertinent quanti-
ties involved in the theory, ' together with a prop-
er consideration of the relativistic nature of this

heavy metal, is required. Such a theory has re-
cently been developed~ in terms of Dirac ortho-
gonalized-plane-wave (DOPW) functions and ap-
plied to the alkali metals rubidium and cesium.
It is particularly interesting to apply this theory
to a heavy metal like lead where relativistic ef-
fects are of much greater importance as eom-
pa, red with the alkali metals. A second motivation
for the present application to lead is that for the
alkali metals, the disturbing result was obtained
that the theoretical values of &» were an order
of magnitude smaller than experiment. Since the
experimental values of &» in the alkali metals
were rather small, it was not clear whether the
origin of the discrepancy was to be ascribed to a
weakness of the theory or inaccuracy of experi-
mental results. A more definitive answer on
this point is expected from calculations on lead


